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Íåîïðåäåëåííûå è îïðåäåëåííûå èíòåãðàëû

Òàáëèöà èíòåãðàëîâ

1.
∫

xn dx =
xn+1

n + 1
+ C. 2.

∫ dx

x
= ln |x|+ C.

3.
∫

sin ax dx = −1

a
cos ax + C. 4.

∫
cos ax dx =

1

a
sin ax + C.

5.
∫ dx

cos2 x
= tg x + C. 6.

∫ dx

sin2 x
= − ctg x + C.

7.
∫

tg x dx = − ln | cos x|+ C. 8.
∫

ctg x dx = ln | sin x|+ C.

9.
∫

ex dx = ex + C. 10.
∫

ax dx =
ax

ln a
+ C.

11.
∫ dx

1 + x2 = arctg x + C. 12.
∫ dx

a2 + x2 =
1

a
arctg

x

a
+ C.

13.
∫ dx

a2 − x2 =
1

2a
ln

∣∣∣a + x

a− x

∣∣∣ + C. 14.
∫ dx√

1− x2
= arcsin x + C.

15.
∫ dx√

a2 − x2
= arcsin

x

a
+ C. 16.

∫ dx√
x2 ± a2

= ln |x +
√

x2 ± a2|+ C.

17.
∫

sh ax dx =
1

a
ch ax + C. 18.

∫
ch ax dx =

1

a
sh ax + C.

19.
∫ dx

ch2 x
= th x + C. 20.

∫ dx

sh2 x
= − cth x + C.
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Ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà
1.

∫
[f1(x) + f2(x)] dx =

∫
f1(x) dx +

∫
f2(x) dx.

2.
∫

Cf(x) dx = C
∫

f(x) dx.

3. Åñëè
∫

f(x) dx = F (x) + C, òî
∫

f(ax + b) dx =
1

a
F (ax + b) + C.

Âû÷èñëåíèå èíòåãðàëîâ, ñîäåðæàùèõ êâàäðàòíûé òðåõ÷ëåí
1.

∫
f(ax2 + bx + c) dx.

ax2 + bx + c = a
(
x +

b

2a

)2 ± ( c

a
− b2

4a2

)
= (m2t2 ± n2).

x +
b

2a
= t, dx = dt.

Åñëè ïîä çíàêîì èíòåãðàëà f(x,
√

ax2 + bx + c) = f1(
√

m2t2 ± n2), òî:

1.
√

m2t2 + n2 ⇒ t =
n

m
tg z, (t =

n

m
ctg z).

2.
√

m2t2 + n2 ⇒ t =
n

m
sec z, (t =

n

m
cosec z).

3.
√

n2 −m2t2 ⇒ t =
n

m
sin z, (t =

n

m
cos z).

Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé

1.
∫

R(sin x, cos x) dx.

t = tg
x

2
, x = 2 arctg t, dx =

2dt

1 + t2
, sin x =

2t

1 + t2
, cos x =

1− t2

1 + t2
.

2.
∫

R(sin2 x, cos2 x) dx.

t = tg x (t = ctg x), x = arctg t, (x = arcctg t), dx =
dt

1 + t2
,

sin2 x =
t2

1 + t2
, cos2 x =

1

1 + t2
.

3.
∫

R(sin x) cos x dx ⇒ t = sin x, dt = cos x dx.
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4.
∫

R(cos x) sin x dx ⇒ t = cos x, dt = − sin x dx.

5.
∫

sinm x cos2n+1 x dx =
∫

sinm x(1− sin2 x)n cos x dx

=
∫

tm(1− t2)n dt.

6.
∫

cosm x sin2n+1 x dx =
∫

cosm x(1− cos2 x)n sin x dx

= − ∫
tm(1− t2)n dt.

7.
∫

sin2m x cos2n x dx =
∫

(sin2 x)m(sin2 x)n dx

=
∫

(
1

2
− 1

2
cos 2x)m(

1

2
+

1

2
cos 2x)n dx.

Ïîäñòàíîâêè Ýéëåðà

1. a > 0,
√

ax2 + bx + c) = ±√ax + t.

2. c > 0,
√

ax2 + bx + c) = xt±√c.

3. ax2 + bx + c = a(x− α)(x− β),
√

ax2 + bx + c) = (x− α)t.

Èíòåãðèðîâàíèå ïðîñòåéøèõ ðàöèîíàëüíûõ äðîáåé

1.
∫ A

x− a
dx = A ln(x− a) + C.

2.
∫ A

(x− a)k
dx =

A

(1− k)(x− a)r−1 .

3.
∫ Ax + B

x2 + px + q
dx =

A

2
ln |x2 + px+ q|+ 2B − Ap√

4q − p2
arctg

2x + p√
4q − p2

+C.

4.
∫ dt

(t2 + m2)k
=

t

2m2(k − 1)(t2 + m2)k−1 +
2k − 3

2m2(k − 1)

∫ dt

(t2 + m2)k−1 .
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Âàðèàíò 1

1.
9∫
3

x dx

(3 + 4x)2

2.
3∫
1

18dx

x(6 + 5x)

3.
7∫
2

9dx

x(36 + x2)

4.
6∫
3

8dx

(1 + 4x)
√

x3

5.
5∫
1

18 dx

(1 + x2)3/2

6.
6∫
5

28 dx

64− 9 cos2 x

7.
5∫
4

11 dx

sin(
5x + 2

6
) · cos2(

5x + 2

6
)

8.
3∫
1

5 tg3(
2x + 3

7
) dx

9.
6∫
1

10 dx

5 + 8e−4x

10.
3∫
1

x ln(3 + 4x) dx

11.
∫

(7x− 6)n dx

12.
∫ 5 dx

(4x + 1)2

13.
∫ 2 dx

x(5x + 4)

14.
∫ 3 dx

3x2 + 15x− 18

15.
∫ (6x + 3) dx

2x2 + 6x + 4

16.
∫ 9x dx

10 + 3x2

17.
∫ 6x dx

5− 4x2

18.
∫

(3− 5x)7/4 dx

19.
∫ 4 dx√

2x + 5

20.
∫ 6 dx√

6x2 + 60x + 126
21.

∫ √
6− 8x2 dx

22.
∫

(4x + 1) sin (7x− 4) dx

23.
∫ (

3x− 3 sin2 (8x + 2)
)

dx

24.
∫ 3 dx

sin(7x + 4)

25.
∫ 5 dx

5 + 3 sin2 (6x + 1)

26.
∫ 2 dx

sin (4x− 2) cos (4x− 2)

27.
∫ 3 sin(4x + 4) dx

cos2(4x + 4)
28.

∫
sin(8x + 5) cos(9x + 1) dx

29.
∫

tg2(3x + 3) dx

30.
∫

arcsin(2x + 4) dx

31.
∫

(3x− 5)e5x+2 dx

32.
∫

sh(3x− 1) ch(3x− 1) dx

33.
∫

9 ln(3x + 6) dx

34.
∫ (3x2 − 5x− 4) dx

4x2 + 48x + 140

35.
∫ 9 dx

27− x3

36.
∫ (2x + 1) dx

(x2 + 3x− 10)(x2 + 6x + 5)
37.

∫ √
7x2 − 14x− 21 dx

38.
∫ x2 + 15x + 2

x3 − 8
dx

39.
∫ 9 dx

4 + 3x4/2

40.
∫

4x(7x + 5)10 dx
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Âàðèàíò 2

1.
5∫
3

x dx

(3− 5x)3

2.
5∫
3

11dx

x(7− 4x)2

3.
8∫
2

7dx

x2(1 + x2)

4.
6∫
3

13
√

x dx

9− 16x

5.
5∫
1

x2 dx√
4 + x2

6.
10∫
9

25 dx

36 + 25 cos2 x

7.
4∫
3

11 dx

sin2(
6x + 6

7
) · cos(

6x + 6

7
)

8.
0∫
−1

3 ctg3(
3x + 6

6
) dx

9.
3∫
0

14e−4x sin2 x dx

10.
7∫
3

ln(7 + 8x) dx

x2

11.
∫

(4x− 3)(7x + 6) dx

12.
∫ 4x dx

(5x− 4)

13.
∫ 4 dx

x(3x− 2)

14.
∫ 2 dx

4x2 − 40x + 100

15.
∫ (5x− 5) dx

3x2 − 42x + 147

16.
∫ 9x2 dx

7 + 7x2

17.
∫ 5x2 dx

6− 5x2

18.
∫

(4− 4x9/7) dx

19.
∫ 4 dx√

8 + 1x

20.
∫ 3 dx√

6x2 − 48x + 96
21.

∫ √
11 + 4x2 dx

22.
∫

(7x + 7) cos (3x + 2) dx

23.
∫ (

6x + 4 cos2 (7x + 6)
)

dx

24.
∫ 3 dx

cos(5x− 6)

25.
∫ 7 sin (7x + 5) dx√

1 + 2 sin2 (7x + 5)

26.
∫ 7 dx

sin2 (4x− 2) cos (4x− 2)

27.
∫ 7 cos(5x + 7) dx

sin2(5x + 7)
28.

∫
cos(5x + 5) cos(4x + 6) dx

29.
∫

ctg2(4x− 2) dx

30.
∫

arccos(6x− 7) dx

31.
∫

(2x + 5)89x+5 dx

32.
∫

sh(2x− 4) ch2(2x− 4) dx

33.
∫

2x2 ln(8x− 1) dx

34.
∫ (5x2 − 4x + 7) dx

3x2 + 18x + 27

35.
∫ 8 dx

343 + x3

36.
∫ (3x + 4) dx

(x2 + 3x− 28)(x2 − 5x + 4)
37.

∫ √
3x2 + 18x + 135 dx

38.
∫ 7x2 + 6x + 8

x3 + 8
dx

39.
∫ 6 dx

x
√

3− 6x
40.

∫
7x2(3x + 3)8 dx
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Âàðèàíò 3

1.
4∫
1

x2 dx

(3 + 3x)2

2.
5∫
3

13dx

x2(6 + 5x)

3.
6∫
2

13x2 dx

1− x2

4.
5∫
2

12dx

(16− 4x)
√

x3

5.
5∫
2

x3 dx√
25 + x2

6.
3∫
2

18 dx

36 + 49 sin2 x

7.
1∫
0

4 dx

sin3(
6x + 4

9
) · cos(

6x + 4

9
)

8.
5∫
4

8 ctg4(
2x + 3

5
) dx

9.
5∫
0

17e−4x cos2 x dx

10.
4∫
3

x3 ln(36 + x2) dx

11.
∫

x(6x + 7)(4x + 1) dx

12.
∫ 2x dx

(4x + 2)3

13.
∫ 8x dx

(7x− 6)2

14.
∫ 7 dx

3x2 − 24x + 123

15.
∫ (2x + 6) dx

6x2 + 84x + 588

16.
∫ (x2 + 7) dx

9 + 4x2

17.
∫ (x2 + 4) dx

3− 7x2

18.
∫ 5 dx

(6 + 2x)8/6

19.
∫ 9x dx√

3 + 3x

20.
∫ 2 dx√

3x2 − 6x + 111
21.

∫ √
5x2 − 10 dx

22.
∫

8x2 sin (5x + 1) dx

23.
∫

4 cos3 (5x + 1) dx

24.
∫ 9 dx

sin3(3x− 3)

25.
∫ 3 sin (5x− 4) dx√

1− 3 sin2 (5x− 4)

26.
∫ 5 dx

sin (2x− 4) cos2 (2x− 4)

27.
∫ 2 cos2(7x− 5) dx

sin(7x− 5)
28.

∫
sin(4x− 7) sin(3x− 3) dx

29.
∫

tg3(5x− 1) dx

30.
∫

x arcsin(2x− 6) dx

31.
∫

(8x2 + 7x + 1)ex−5 dx

32.
∫

sh2(2x + 1) ch(2x + 1) dx

33.
∫

6x3 ln(3x + 3) dx

34.
∫ (4x2 + 2x + 5) dx

5x2 − 50x + 370

35.
∫ 5 dx

81− x4

36.
∫ (6x− 7) dx

(x2 − 2x− 35)(x2 − 3x− 28)
37.

∫ √−3x2 − 24x− 36 dx

38.
∫ −1x2 − 18x + 48

x4 − 256
dx

39.
∫ (7 + 3x) dx

5 +
√

x

40.
∫ 8x dx

(6x− 5)6



Íåîïðåäåëåííûå è îïðåäåëåííûå èíòåãðàëû 11

Âàðèàíò 4

1.
3∫
1

x3 dx

7 + 6x

2.
6∫
1

18x dx

(6 + x)(5 + x)

3.
7∫
1

x dx

2x2 + 3x + 6

4.
8∫
2

8x dx√−1 + 6x

5.
10∫
6

x2 dx√
x2 − 25

6.
3∫
2

23 dx

81− 16 sin2 x

7.
1∫
0

5 dx

sin(
3x + 2

7
) · cos3(

3x + 2

7
)

8.
2∫
1

7 dx

tg(
3x + 5

5
) + 1

9.
5∫
2

5 dx

5 + 9e−5x

10.
4∫
3

10 sin
(
ln(7x + 3)

)
dx

11.
∫

xn(5x + 2)2 dx

12.
∫ 6 dx

(3x + 3)3

13.
∫ 9x2 dx

(4x + 3)

14.
∫ 6 dx

6x2 + 6x− 120

15.
∫ (4x + 3) dx

5x2 − 30x + 25

16.
∫ (5x− 4) dx

4 + 10x2

17.
∫ (8x− 4) dx

9− 5x2

18.
∫ √

x(5− 3x) dx

19.
∫ 4 dx√

(3 + 7x)3

20.
∫ 3 dx

x
√−12x2 − 9x + 3

21.
∫ √

11x2 + 3 dx

22.
∫

2x2 cos (9x + 5) dx

23.
∫

4 sin3 (3x− 6) dx

24.
∫ 3 dx

cos3(5x + 5)
25.∫

6 sin (8x + 3)
√

1− 5 sin2 (8x + 3) dx

26.
∫ 8 dx

sin2 (2x− 3) cos2 (2x− 3)

27.
∫ 2 sin2(8x + 7) dx

cos(8x + 7)
28.

∫
sin(3x− 5) cos(5x− 3) dx

29.
∫

ctg3(2x− 6) dx

30.
∫

x arccos(8x− 3) dx

31.
∫

(6x2 − 3x + 7)3x+6 dx

32.
∫

x sh(2x + 7) dx

33.
∫

(6x + 2) ln(7x− 3) dx

34.
∫ (6x2 − 1x + 2) dx

7x2 − 42x− 49

35.
∫ 9 dx

36x2 − x4

36.
∫ (4x− 3) dx

(x2 + 1x− 6)(x2 − 2x− 15)
37.

∫ √
2x2 + 6x− 8 dx

38.
∫ 2x2 − 7x + 9

x4 − 9x2 dx

39.
∫ (5− 1x) dx

4 + 3
√

x

40.
∫ 6x2 dx

(8x− 7)6
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Âàðèàíò 5

1.
9∫
3

x4 dx

3 + 10x

2.
8∫
2

15dx

(7 + 5x)(−3 + 5x)

3.
6∫
2

x dx

2x2 + 6x + 3

4.
6∫
2

11x2 dx√−4 + 6x

5.
12∫
6

x3 dx√
x2 − 16

6.
3∫
2

32 dx

25− 4 cos2 x

7.
0∫
−1

5 tg(
3x + 6
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∫
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√
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∫ √
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√
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√
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√
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∫ √
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∫
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∫

arctg(5x + 6) dx

31.
∫ 9 dx

1 + e4x−5

32.
∫ x dx

sh2(2x + 7)
33.

∫
9x3 ln(2x + 1) dx

34.
∫ (4x2 − 3x− 2) dx

5x2 + 30x + 170

35.
∫ 4 dx

9x2 + x4

36.∫ (6x− 3) dx

(x2 + 11x + 30)(x2 + 4x− 12)
37.

∫ √−2x2 + 24x− 54 dx

38.
∫ 3x2 − 1x + 14

x4 + 49x2 dx

39.
∫ 8x5/2 − 3x4/3 + 4√

x
40.

∫
8x(3x + 7)7 dx
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√
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∫
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34.
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39.
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40.
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4∫
1

20e1x cos2 x dx

10.
4∫
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∫
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∫
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36.
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37.
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∫
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∫ 3 dx

1 + cos(7x + 7)
25.∫
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√
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∫
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34.
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36.
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37.
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38.
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39.
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√
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40.
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∫ 5x dx

6 + 4x2

17.
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√
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√
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√

1 + 5 sin2 (2x + 5) dx

26.
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∫
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31.
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32.
∫

x sh(8x + 3) dx

33.
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34.
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35.
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∫ √
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x
40.
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√
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21e−2x cos2 x dx
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12.
∫ 8x dx

(6x + 7)

13.
∫ 6 dx
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14.
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2x2 − 16x + 40

15.
∫ (6x + 7) dx

3x2 + 6x + 3

16.
∫ 6x2 dx

11 + 3x2

17.
∫ 4x dx
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(6 + 7x)2/3 dx

19.
∫ 3 dx√

2 + 3x

20.
∫ 3 dx√

5x2 + 20x + 20
21.

∫ √
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22.
∫

(5x + 6) sin (9x− 1) dx

23.
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6 sin (4x− 1) cos3 (4x− 1) dx

24.
∫ 3 dx

1− cos(5x + 3)
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√

1− 8 sin2 (2x + 2) dx

26.
∫ 8 dx

sin (3x− 1) cos (3x− 1)

27.
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cos(2x− 3)
28.

∫
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29.
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30.
∫

arccos(7x + 4) dx

31.
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e3x cos2 (4x− 6) dx

32.
∫
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33.
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9 ln(2x + 4) dx

34.
∫ (3x2 − 5x− 6) dx
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35.
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36.
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37.

∫ √
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38.
∫ 3x2 + 9x + 18

x3 + 216
dx

39.
∫ 8x3/2 + 5x5/3 + 3√

x
40.

∫
8x2(7x− 2)5 dx
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∫ √
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√
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∫
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∫
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39.
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∫ 6 dx

(6− 2x)8/6

19.
∫ 2 dx√
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∫ √
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√
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∫
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∫
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∫ √
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∫
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∫ √
2x2 − 20x + 82 dx

38.
∫ 9x2 − 55x + 64

x3 − 8x2 + 16x
dx

39.
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∫
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√
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(3− 6x)3
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(5 + 4x)(−5 + 3x)
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x dx

4x2 − 3x− 2

4.
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1

15 dx√
1 + 6x

√
11− 3x

5.
9∫
3

x2 dx√
121− x2

6.
6∫
5

19 dx

16 + 25 cos2 x

7.
2∫
0

7 dx

sin(
5x + 3

9
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5x + 3

9
)

8.
4∫
2

6 tg(
5x + 4

4
) dx

tg(
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4
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9.
5∫
1

18e1x cos2 x dx

10.
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1

ln(6 + 5x) dx

x2

11.
∫

(6x− 3)2(4x + 6)2 dx

12.
∫ 8 dx

(6x + 2)3

13.
∫ 6x2 dx

(8x− 2)

14.
∫ 2 dx

6x2 + 36x + 54

15.
∫ (3x− 3) dx

4x2 + 40x + 104

16.
∫ (8x− 6) dx

10 + 6x2

17.
∫ (5x2 + 6) dx

7− 11x2

18.
∫

(7 + 2x)9/7 dx

19.
∫

(
√

3x + 1 +
√

4x + 6) dx

20.
∫ 2 dx

x
√−72x2 − 6x + 6

21.
∫ 3x dx√

11 + 3x2

22.
∫

(7x− 2)
(

sin (9x + 2) +

cos (9x + 2)
)

dx

23.
∫

3 cos4 (9x + 3) dx

24.
∫ 9 cos x dx

1− cos(3x− 2)
25.∫

4 sin (4x− 2)
√

1− 5 sin2 (4x− 2) dx

26.
∫ 3 dx

sin (2x− 4) cos (2x− 4)

27.
∫ 6 sin3(3x + 4) dx

cos(3x + 4)
28.

∫
sin(3x + 2) cos(9x + 2) dx

29.
∫

tg4(6x + 5) dx

30.
∫

arcctg(6x− 5) dx

31.
∫

e6x cos2 (8x− 4) dx

32.
∫

x2 sh(5x + 7) dx

33.
∫

7 ln2(5x− 2) dx

34.
∫ (2x2 − 5x− 2) dx

4x2 + 4x− 24

35.
∫ (4x− 5) dx

25x2 + x4

36.
∫ (6x− 3) dx

(x2 + 5x− 14)(x2 + 2x− 8)
37.

∫ √
5x2 + 50x + 145 dx

38.
∫ 5x2 − 13x + 11

x4 − 6x3 dx

39.
∫ 8 dx

4− 4x8/6

40.
∫

6x2(2x + 6)10 dx
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x(7 + 3x)
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x(9 + x2)

4.
5∫
3

13 dx√
1 + 5x

√
14 + 4x

5.
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1

x3 dx√
81− x2

6.
3∫
2

22 dx

4 + 81 sin2 x

7.
2∫
1

8 dx

sin2(
2x + 6

9
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2x + 6

9
)

8.
7∫
6

5 tg(
4x + 5

9
) dx

tg(
4x + 5

9
)− 1

9.
5∫
1

8 dx

6 + 9e−3x

10.
5∫
1

x3 ln(49 + x2) dx

11.
∫

(3x− 5)n dx

12.
∫ 3x dx

(7x + 3)2

13.
∫ dx

(5x− 6)(8x− 6)

14.
∫ 6 dx

6x2 − 72x + 366

15.
∫ (5x + 6) dx

3x2 + 27x + 42

16.
∫ 9x3 dx

10 + 3x2

17.
∫ 2x dx

3− 6x2

18.
∫

(2− 2x4/6) dx

19.
∫ √

6x− 6

9x + 5
dx

20.
∫ 2 dx

x
√−3528x2 + 1008x + 4

21.
∫ 7x dx√

8x2 − 3
22.

∫
(2x− 5) sin (4x + 1) dx

23.
∫

2 sin4 (3x− 4) dx

24.
∫ 7 dx

sin(8x− 3)
25.∫

8 sin (2x + 6)
√

1 + 4 sin2 (2x + 6) dx

26.
∫ 4 dx

sin2 (5x− 3) cos (5x− 3)

27.
∫ 2 sin(5x + 2) dx

cos2(5x + 2)
28.

∫
cos(7x + 5) cos(3x− 3) dx

29.
∫

ctg4(8x + 3) dx

30.
∫

x arctg(7x− 6) dx

31.
∫

(2x− 5)e3x−3 dx

32.
∫ x dx

ch2(3x− 3)
33.

∫
9 ln(8x− 6) dx

34.
∫ (6x2 − 5x + 1) dx

2x2 − 12x + 18

35.
∫ (8x− 6) dx

16x2 − x4

36.
∫ (2x− 6) dx

(x2 + 9x + 18)(x2 − 1x− 12)
37.

∫ √−6x2 + 84x− 270 dx

38.
∫ 2x2 + 18x− 30

x4 − 18x2 + 81
dx

39.
∫ 8 dx

x
√

3− 7x

40.
∫ 8x dx

(7x− 5)9
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x(5− 4x)2

3.
6∫
3
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x2(9 + x2)

4.
9∫
3

16dx

(1 + 9x)
√

x3

5.
5∫
2

17 dx

(1 + x2)3/2

6.
6∫
5

21 dx

81− 36 sin2 x

7.
5∫
3

7 dx

sin3(
3x + 3

7
) · cos(

3x + 3

7
)

8.
4∫
2

3 dx

1 + ctg(
6x + 5

3
)

9.
7∫
2

20e−4x sin2 x dx

10.
5∫
1

3 cos
(
ln(3x + 5)

)
dx

11.
∫

(8x− 1)(5x− 5) dx

12.
∫ (8x− 6) dx

(5x + 1)

13.
∫ 7 dx

x2(3x− 6)

14.
∫ 3 dx

5x2 + 5x− 210

15.
∫ (5x + 3) dx

2x2 − 24x + 72

16.
∫ 8x dx

(9 + 4x2)2

17.
∫ 8x2 dx

9− 11x2

18.
∫ 4 dx

(6− 6x)7/4

19.
∫ √

5 + 7x

6 + 3x
dx

20.
∫ 4 dx

x
√−26192x2 + 7056x + 2

21.
∫ 9x dx√

10x2 + 10
22.

∫
(7x− 4) cos (2x + 1) dx

23.
∫

7 cos5 (8x + 2) dx

24.
∫ 9 dx

cos(8x− 5)
25.∫

9 cos (3x− 2)
√

1− 5 sin2 (3x− 2) dx

26.
∫ 8 dx

sin (7x− 2) cos2 (7x− 2)

27.
∫ 4 cos(3x + 2) dx

sin2(3x + 2)
28.

∫
sin(3x− 3) sin(9x− 6) dx

29.
∫

tg2(5x + 6) dx

30.
∫

x arcctg(6x + 7) dx

31.
∫

(4x2 − 6x + 7)ex−4 dx

32.
∫ x dx

sh2(2x− 5)
33.

∫
7x2 ln(5x + 4) dx

34.
∫ (6x2 − 7x + 5) dx

2x2 + 4x + 4

35.
∫ (9x + 1) dx

1− x4

36.
∫ (2x + 6) dx

(x2 − 1x− 42)(x2 + 5x− 6)
37.

∫ √
7x2 + 28x− 84 dx

38.
∫ 2x2 − 41x + 180

x3 − 12x2 + 36x
dx

39.
∫ (5 + 7x) dx

7 +
√

x

40.
∫ 7x2 dx

(4x + 4)5
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5 + 8x
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x2(3− 2x)

3.
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16x2 dx

1− x2

4.
6∫
2

12
√

x dx

4− 4x

5.
8∫
2

x2 dx√
9 + x2

6.
10∫
9

31 dx

16− 4 cos2 x

7.
3∫
2

10 dx

sin(
2x + 3

4
) · cos3(

2x + 3

4
)

8.
4∫
3

3 dx

1− ctg(
7x + 7

5
)

9.
4∫
2

17e−3x cos2 x dx

10.
3∫
1

x ln(5 + 3x) dx

11.
∫

x(4x + 2)(2x + 4) dx

12.
∫ 4 dx

(7x + 3)2

13.
∫ 5 dx

x(6x + 3)

14.
∫ 5 dx

6x2 − 60x + 150

15.
∫ (2x− 1) dx

6x2 − 84x + 510

16.
∫ 2x dx

3 + 2x2

17.
∫ (x2 + 2) dx

11− 5x2

18.
∫ √

x(3− 2x) dx

19.
∫ 2 dx√

5x + 1

20.
∫ 5 dx√

6x2 − 48x + 90
21.

∫ √
2− 7x2 dx

22.
∫

4x2 sin (7x− 5) dx

23.
∫

3 sin5 (5x− 5) dx

24.
∫ 3 dx

sin3(2x− 3)
25.∫

3 cos (6x + 4)
√

1 + 7 sin2 (6x + 4) dx

26.
∫ 4 dx

sin2 (2x− 1) cos2 (2x− 1)

27.
∫ 6 cos2(2x + 7) dx

sin(2x + 7)
28.

∫
sin(4x− 7) cos(5x + 5) dx

29.
∫

ctg2(3x + 3) dx

30.
∫

arcsin(4x + 7) dx

31.
∫

(5x2 − 2x + 4)2x−2 dx

32.
∫

sh(7x + 1) ch(7x + 1) dx

33.
∫

5x3 ln(6x + 6) dx

34.
∫ (5x2 − 2x− 1) dx

5x2 − 15x− 50

35.
∫ 3 dx

125− x3

36.
∫ (6x + 1) dx

(x2 − 2x− 15)(x2 − 4x− 5)
37.

∫ √
6x2 − 60x + 204 dx

38.
∫ −2x2 + 19x + 30

x3 − 125
dx

39.
∫ (6 + 7x) dx

5 + 3
√

x
40.

∫
3x(6x + 3)10 dx
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1

x dx

(6 + 5x)2

2.
7∫
2

14x dx

(6 + x)(2 + x)

3.
3∫
1

x dx

4x2 − 5x + 3

4.
5∫
2

17dx

(4− 9x)
√

x3

5.
8∫
3

x3 dx√
25 + x2

6.
3∫
2

20 dx

25 + 64 cos2 x

7.
2∫
0

4 tg(
6x + 5

11
) dx

1 + cos(
6x + 5

11
)

8.
4∫
3

6 tg3(
7x + 2

7
) dx

9.
6∫
3

11 dx

3 + 9e−3x

10.
8∫
2

ln(5 + 10x) dx

x2

11.
∫

xn(3x− 3)2 dx

12.
∫ 7x dx

(6x− 5)

13.
∫ 2 dx

x(7x + 2)

14.
∫ 2 dx

4x2 + 24x + 100

15.
∫ (5x− 3) dx

3x2 + 18x + 24

16.
∫ 9x2 dx

8 + 4x2

17.
∫ (7x− 6) dx

2− 6x2

18.
∫ √

x3(3− 5x) dx

19.
∫ 9x dx√

3− 2x

20.
∫ 5 dx√

3x2 + 6x + 3
21.

∫ √
4 + 9x2 dx

22.
∫

4x2 cos (8x− 2) dx

23.
∫

6 sin2 (3x− 5) cos2 (3x− 5) dx

24.
∫ 8 dx

cos3(7x− 1)
25.∫

9 sin (3x + 6)
√

1− 2 cos2 (3x + 6) dx

26.
∫ 7 dx

sin4 (4x + 5) cos2 (4x + 5)

27.
∫ 5 sin2(4x− 3) dx

cos(4x− 3)
28.

∫
cos(7x− 3) cos(6x− 6) dx

29.
∫

tg3(5x− 3) dx

30.
∫

arccos(3x− 2) dx

31.
∫ 8 dx

1 + e6x+6

32.
∫

sh(2x− 3) ch2(2x− 3) dx

33.
∫

(8x + 4) ln(3x− 5) dx

34.
∫ (3x2 + 1x + 2) dx

3x2 − 24x + 48

35.
∫ 2 dx

343 + x3

36.
∫ (3x + 5) dx

(x2 + 5x− 14)(x2 + 8x + 7)
37.

∫ √−5x2 + 50x− 45 dx

38.
∫ 4x2 − 4x + 12

x3 + 8
dx

39.
∫ 7x3/2 − 2x5/3 + 8√

x
40.

∫
7x2(8x− 3)6 dx
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1.
6∫
3

x dx

(4− 3x)3

2.
8∫
2

15dx

(3 + 3x)(3 + 7x)

3.
6∫
1

x dx

2x2 + 6x + 3

4.
5∫
2

10x dx√−1 + 3x

5.
10∫
5

x2 dx√
x2 − 1

6.
6∫
5

18 dx

9− 4 sin2 x

7.
1∫
0

9 ctg(
6x + 6

10
) dx

1 + sin(
6x + 6

10
)

8.
0∫
−1

4 tg4(
2x + 7

8
) dx

9.
3∫
0

15e−3x sin2 x dx

10.
5∫
1

x3 ln(25 + x2) dx

11.
∫

(6x + 2)2(3x− 6)2 dx

12.
∫ 9x dx

(8x− 2)3

13.
∫ 6x dx

(3x + 2)2

14.
∫ 2 dx

4x2 − 28x + 24

15.
∫ (4x− 7) dx

4x2 − 24x + 36

16.
∫ (x2 + 2) dx

11 + 1x2

17.
∫ 7x3 dx

4− 8x2

18.
∫ √

x(3 + 4
√

x) dx

19.
∫ 3 dx√

(5 + 4x)3

20.
∫ 3 dx√

6x2 + 60x + 366
21.

∫ √
10x2 − 7 dx

22.
∫

(4x + 4) sin2 (3x− 3) dx

23.
∫

6 sin3 (9x + 1) cos (9x + 1) dx

24.
∫ 3 dx

1 + sin(7x− 4)
25.∫

4 sin (6x− 5)
√

1 + 9 cos2 (6x− 5) dx

26.
∫ 2 dx

sin2 (4x + 1) cos4 (4x + 1)

27.
∫ 2 sin(4x− 7) dx

cos3(4x− 7)
28.

∫
sin(8x− 5) sin(9x + 5) dx

29.
∫

ctg3(6x− 7) dx

30.
∫

x arcsin(7x + 2) dx

31.
∫ 2 dx

5 + e−5x

32.
∫

sh2(6x + 6) ch(6x + 6) dx

33.
∫ ln(7x− 4) dx

35x− 20

34.
∫ (6x2 + 4x− 2) dx

7x2 + 84x + 504

35.
∫ 2 dx

1296− x4

36.
∫ (5x− 1) dx

(x2 − 6x− 7)(x2 − 0x− 49)
37.

∫ √
2x2 + 6x− 20 dx

38.
∫ 8x2 + 0x + 32

x4 − 256
dx

39.
∫ 7 dx

6− 3x3/6

40.
∫ 2x dx

(3x + 3)11
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(4− 6x)2
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3
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x(3 + 6x)

3.
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1
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x(36 + x2)
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3 + 5x

5.
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x3 dx√
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6.
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5

35 dx

25− 4 cos2 x

7.
6∫
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7 tg(
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9
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1− cos(
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9
)
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0

5 ctg3(
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7
) dx

9.
6∫
2
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10.
3∫
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(
ln(7x + 7)
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∫
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∫ 4 dx

(8x + 2)3

13.
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14.
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2x2 − 12x + 18

15.
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8 + 7x2

17.
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18.
∫ √
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√

x) dx

19.
∫ √

3x + 5 dx

20.
∫ 3 dx

x
√

36x2 + 42x + 2
21.

∫ √
11x2 + 2 dx

22.
∫

(5x− 2) cos2 (3x + 1) dx

23.
∫

3 sin (8x− 2) cos3 (8x− 2) dx

24.
∫ 7 dx

1 + cos(8x + 5)

25.
∫ 8 dx

2− 3 sin (8x− 4)

26.
∫ 9 dx

sin3 (5x− 3) cos3 (5x− 3)

27.
∫ 3 cos(8x + 7) dx

sin3(8x + 7)
28.

∫
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31.
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32.
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33.
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34.
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35.
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36.
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(x2 − 8x + 15)(x2 − 3x− 10)
37.

∫ √
4x2 − 24x + 136 dx

38.
∫ 8x2 − 6x− 20

x4 − 4x2 dx

39.
∫ 2 dx

x
√

4− 4x

40.
∫ 5x2 dx

(8x + 2)5
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1

10dx

x(3 + 2x)2

3.
5∫
3

10dx

x2(9 + x2)
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√
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∫ (4x− 3) dx

7x2 + 7x− 210
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√
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∫ √
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22.
∫
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23.
∫

5 sin2 (9x + 5) cos (9x + 5) dx

24.
∫ 6 dx
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25.
∫ 8 dx
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26.
∫ 6 dx
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27.
∫ 4 sin2(5x− 1) dx

cos4(5x− 1)
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∫
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∫
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39.
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√

x
40.
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∫ 2 dx

7x2 + 14x + 259

15.
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∫
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∫ 3 dx

cos(4x + 6)
25.∫

9 sin (7x + 5)
√

1 + 2 cos2 (7x + 5) dx

26.
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∫
cos(6x + 1) cos(3x− 5) dx

29.
∫

tg3(8x + 3) dx

30.
∫

arcctg(8x + 7) dx

31.
∫

e3x sin (4x− 5) dx
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∫
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√
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√
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∫
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∫ (9x− 2) dx

625− x4

36.
∫ (3x + 5) dx

(x2 + 8x + 12)(x2 − 4x− 12)
37.

∫ √
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∫ 3 dx

cos3(4x− 5)

25.
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∫
sin(7x− 6) cos(8x + 2) dx

29.
∫

tg4(5x + 2) dx

30.
∫

x arcctg(7x + 3) dx

31.
∫

e3x cos2 (7x− 1) dx
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∫
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∫ (2x2 + 4x− 6) dx

7x2 − 70x + 175

35.
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6∫
2

x dx

3x2 + 4x + 6

4.
7∫
1

14
√
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√
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24.
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25.
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26.
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∫
cos(8x + 3) cos(6x + 5) dx

29.
∫

ctg4(6x + 3) dx

30.
∫
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32.
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33.
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34.
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35.
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36.
∫ (6x− 6) dx
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37.
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38.
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39.
∫ 8 dx
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40.
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√

x3

5.
6∫
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∫ (7x− 1) dx
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∫ 9x dx

(5 + 10x2)2

17.
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19.
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√

7− 6x dx
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∫ 6 dx

x
√
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∫ √
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22.
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23.
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24.
∫ 5 dx
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25.
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26.
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27.
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∫
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30.
∫
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31.
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32.
∫ x dx
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33.
∫ ln(3x− 1) dx
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34.
∫ (2x2 + 6x− 3) dx
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35.
∫ 5 dx
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36.∫ (5x− 7) dx
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37.

∫ √
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38.
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39.
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40.
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13.
∫ 9 dx

x(4x− 7)
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∫ 3 dx
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15.
∫ (3x + 6) dx
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16.
∫ 3x dx

4 + 9x2

17.
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19.
∫ √
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∫
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∫
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∫
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∫
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34.
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37.

∫ √
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38.
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39.
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40.
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∫
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x
40.
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∫ 4 dx

(2x + 3)3

13.
∫ 6x2 dx

(2x + 2)

14.
∫ 6 dx

4x2 − 56x + 196

15.
∫ (6x− 3) dx

4x2 + 8x + 68

16.
∫ (2x + 4) dx

6 + 2x2

17.
∫ (x2 + 2) dx

3− 8x2

18.
∫ √

x3(5− 4x) dx

19.
∫ √

3x + 5

5x− 5
dx

20.
∫ 7 dx

x
√

42x2 + 48x + 6

21.
∫ 6x dx√

9x2 + 5
22.

∫
3x2 sin (6x− 4) dx

23.
∫

8 cos3 (3x− 3) dx

24.
∫ 4x dx

1 + sin(3x− 6)
25.∫

8 cos (7x− 2)
√

1− 2 sin2 (7x− 2) dx

26.
∫ 7 dx

sin2 (5x− 4) cos2 (5x− 4)

27.
∫ 9 sin2(8x + 3) dx

cos(8x + 3)
28.

∫
sin(5x + 3) cos(3x− 5) dx

29.
∫

tg4(7x + 7) dx

30.
∫

arcctg(8x− 6) dx

31.
∫ 7 dx

6 + e−6x

32.
∫

x sh(8x− 3) dx

33.
∫

5x3 ln(6x− 7) dx

34.
∫ (4x2 + 1x + 3) dx

2x2 − 4x + 2

35.
∫ (5x− 3) dx

1296− x4

36.
∫ (5x + 6) dx

(x2 − 4x + 3)(x2 + 3x− 18)
37.

∫ √
7x2 − 84x + 259 dx

38.
∫ 8x2 − 17x + 7

x4 − 8x3 dx

39.
∫ 5 dx

8− 3x5/6

40.
∫

7x2(3x + 3)11 dx
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1.
5∫
3

x2 dx

(6− 6x)2

2.
9∫
3

14dx

(6 + 5x)(−4 + 7x)

3.
7∫
2

x dx

2x2 + 4x− 2

4.
6∫
3

14 dx√
4 + 4x

√
15 + 3x

5.
9∫
3

18 dx

(x2 − 4)3/2

6.
6∫
5

18 dx

100− 25 sin2 x

7.
5∫
3

8 dx

sin3(
2x + 6

7
) · cos(

2x + 6

7
)

8.
6∫
4

4 dx

tg(
7x + 5

5
) + 1

9.
7∫
3

11 dx

6 + 5e−6x

10.
3∫
1

9 sin
(
ln(7x + 5)

)
dx

11.
∫

(5x− 3)2(3x + 2)2 dx

12.
∫ 3x dx

(6x + 2)2

13.
∫ dx

(8x− 4)(4x− 6)

14.
∫ 3 dx

4x2 + 24x + 136

15.
∫ (2x− 5) dx

3x2 + 15x− 42

16.
∫ 5x3 dx

9 + 2x2

17.
∫ (3x + 3) dx

2− 9x2

18.
∫ √

x(6− 5
√

x) dx

19.
∫ √

7 + 6x

2 + 5x
dx

20.
∫ 7 dx

x
√

42x2 − 84x + 6
21.

∫ √
8− 5x2 dx

22.
∫

3x2 cos (4x− 1) dx

23.
∫

8 sin3 (9x + 6) dx

24.
∫ 6 sin x dx

1 + sin(4x− 7)
25.∫

6 cos (3x− 4)
√

1 + 4 sin2 (3x− 4) dx

26.
∫ 6 dx

sin4 (5x + 3) cos2 (5x + 3)

27.
∫ 2 sin(4x− 7) dx

cos3(4x− 7)
28.

∫
cos(5x− 5) cos(4x + 5) dx

29.
∫

ctg4(8x + 4) dx

30.
∫

x arctg(7x− 2) dx

31.
∫

e8x sin (6x + 4) dx

32.
∫

x2 ch(4x + 4) dx

33.
∫

(7x− 6) ln(5x + 3) dx

34.
∫ (5x2 − 4x + 7) dx

2x2 − 8x + 106

35.
∫ 7 dx

64− x3

36.
∫ (2x− 3) dx

(x2 − 13x + 42)(x2 − 8x + 7)
37.

∫ √−2x2 + 4x + 6 dx

38.
∫ 2x2 − 19x− 40

x4 − 32x2 + 256
dx

39.
∫ 5 dx

x
√

6− 2x

40.
∫ 8x dx

(6x− 4)8
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1.
5∫
1

x3 dx

5 + 7x

2.
4∫
1

22dx

x(4 + 5x)

3.
9∫
3

6dx

x(49 + x2)

4.
5∫
1

8dx

(4 + 25x)
√

x3

5.
5∫
3

16 dx

(144− x2)3/2

6.
6∫
5

32 dx

64− 9 cos2 x

7.
1∫
−1

11 tg(
2x + 3

6
) dx

1 + cos(
2x + 3

6
)

8.
3∫
1

3 dx

tg(
2x + 6

8
)− 1

9.
1∫
0

14e−2x sin2 x dx

10.
4∫
3

10 cos
(
ln(6x + 5)

)
dx

11.
∫

(4x− 2)n dx

12.
∫ (5x− 6) dx

(7x + 4)

13.
∫ 9 dx

x2(3x− 4)

14.
∫ 2 dx

3x2 − 6x− 105

15.
∫ (5x− 2) dx

7x2 − 70x + 175

16.
∫ 8x dx

(4 + 8x2)2

17.
∫ 8x3 dx

11− 11x2

18.
∫ √

x3(4− 2
√

x) dx

19.
∫ 8 dx√

3x− 2

20.
∫ 3 dx

x
√

1218x2 + 420x + 7
21.

∫ √
10 + 2x2 dx

22.
∫

(3x + 4) sin2 (4x + 2) dx

23.
∫

5 cos4 (6x + 6) dx

24.
∫ 6 sin x dx

1− sin(4x + 6)
25.∫

6 sin (8x + 5)
√

1− 5 cos2 (8x + 5) dx

26.
∫ 4 dx

sin2 (8x− 3) cos4 (8x− 3)

27.
∫ 5 cos(6x + 6) dx

sin3(6x + 6)
28.

∫
sin(6x− 4) sin(8x + 2) dx

29.
∫

tg2(2x− 3) dx

30.
∫

x arcctg(3x + 7) dx

31.
∫

e2x sin2 (6x + 1) dx

32.
∫

x ch(2x + 1) dx

33.
∫ ln(2x− 6) dx

14x− 42

34.
∫ (3x2 − 3x + 7) dx

3x2 − 42x + 147

35.
∫ 4 dx

125 + x3

36.
∫ (3x + 7) dx

(x2 − 6x + 5)(x2 − 9x + 20)
37.

∫ √
3x2 − 18x + 24 dx

38.
∫ 3x2 − 32x + 72

x3 − 12x2 + 36x
dx

39.
∫ (6− 3x) dx

9 +
√

x

40.
∫ 3x2 dx

(8x− 6)10
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1.
6∫
2

x4 dx

1 + 9x

2.
6∫
2

22dx

x(5− 2x)2

3.
6∫
1

10dx

x2(1 + x2)

4.
8∫
2

12
√

x dx

4− 36x

5.
3∫
1

x2 dx√
196− x2

6.
6∫
5

25 dx

64 + 16 cos2 x

7.
5∫
4

7 ctg(
4x + 7

7
) dx

1 + sin(
4x + 7

7
)

8.
5∫
4

2 tg(
6x + 2

9
) dx

tg(
6x + 2

9
) + 1

9.
3∫
1

18e−2x cos2 x dx

10.
6∫
3

x ln(5 + 8x) dx

11.
∫

(5x− 1)(3x + 1) dx

12.
∫ 3 dx

(7x + 2)2

13.
∫ 6 dx

x(5x + 4)

14.
∫ 2 dx

6x2 + 48x + 96

15.
∫ (4x− 1) dx

3x2 − 36x + 255

16.
∫ 4x dx

3 + 9x2

17.
∫ 4x dx

(7− 7x2)2

18.
∫

(5− 3
√

x)(4 + 5
√

x) dx

19.
∫ 9 dx√

2− 3x

20.
∫ 6 dx√

4x2 + 4x− 120
21.

∫ √
9x2 − 4 dx

22.
∫

(5x− 5) cos2 (4x− 4) dx

23.
∫

3 sin4 (5x + 1) dx

24.
∫ 4 cos x dx

1 + cos(8x + 2)
25.∫

2 sin (6x− 7)
√

1 + 4 cos2 (6x− 7) dx

26.
∫ 5 dx

sin3 (4x− 4) cos3 (4x− 4)

27.
∫ 6 sin2(8x− 3) dx

cos4(8x− 3)
28.

∫
sin(2x− 4) cos(7x− 3) dx

29.
∫

ctg2(3x + 7) dx

30.
∫

arcsin(6x− 7) dx

31.
∫

e6x cos (5x− 3) dx

32.
∫

x2 sh(4x + 6) dx

33.
∫ ln(4x + 4) dx

(4x + 4)2

34.
∫ (5x2 + 1x + 4) dx

4x2 + 48x + 148

35.
∫ 7 dx

1296− x4

36.
∫ (6x + 4) dx

(x2 − 8x + 7)(x2 − 5x− 14)
37.

∫ √
2x2 + 8x + 58 dx

38.
∫ 2x2 + 34x + 72

x3 − 64
dx

39.
∫ (2− 4x) dx

7 + 3
√

x
40.

∫
4x(2x− 4)5 dx
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1.
7∫
3

x dx

(6 + 4x)2

2.
5∫
2

22dx

x2(5 + 2x)

3.
4∫
1

13x2 dx

25− x2

4.
7∫
3

17dx

(1− 16x)
√

x3

5.
5∫
1

x3 dx√
36− x2

6.
3∫
2

19 dx

81 + 25 sin2 x

7.
4∫
2

8 tg(
6x + 4

9
) dx

1− cos(
6x + 4

9
)

8.
4∫
3

4 tg(
3x + 3

9
) dx

tg(
3x + 3

9
)− 1

9.
5∫
1

9 dx

5 + 10e−3x

10.
6∫
1

ln(6 + 10x) dx

x2

11.
∫

x(8x + 1)(6x− 6) dx

12.
∫ 5x dx

(4x + 3)

13.
∫ 5 dx

x(4x + 1)

14.
∫ 6 dx

2x2 + 24x + 90

15.
∫ (3x− 6) dx

3x2 + 21x + 30

16.
∫ 6x2 dx

8 + 9x2

17.
∫ (2x2 + 4) dx

8− 2x2

18.
∫

(2− 3x)(8 + 1
√

x3) dx

19.
∫ 3x dx√

7− 4x

20.
∫ 5 dx√

5x2 + 10x + 5
21.

∫ √
2x2 + 11 dx

22.
∫

(2x− 6)
(

sin (5x− 2) +

cos (5x− 2)
)

dx

23.
∫

2 cos5 (3x− 5) dx

24.
∫ 2 cos x dx

1− cos(5x− 3)

25.
∫ 7 dx

6− 2 sin (3x− 2)

26.
∫ 5 dx

sin (6x + 3) cos (6x + 3)

27.
∫ 4 cos2(3x + 3) dx

sin4(3x + 3)
28.

∫
cos(8x + 2) cos(7x + 2) dx

29.
∫

tg3(3x− 3) dx

30.
∫

arccos(4x− 4) dx

31.
∫

e7x cos2 (8x− 3) dx

32.
∫ x dx

ch2(5x + 4)
33.

∫
9 ln2(6x + 5) dx

34.
∫ (6x2 − 3x + 3) dx

4x2 + 40x + 96

35.
∫ 9 dx

1x2 − x4

36.
∫ (5x− 1) dx

(x2 − 1x− 6)(x2 + 1x− 2)
37.

∫ √−7x2 − 42x + 280 dx

38.
∫ 5x2 − 8x + 90

x3 + 125
dx

39.
∫ 4x7/2 − 5x4/3 + 8√

x
40.

∫
5x2(4x− 2)5 dx
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1.
4∫
2

x dx

(5− 3x)3

2.
6∫
1

13x dx

(3 + x)(5 + x)

3.
4∫
1

x dx

4x2 − 6x + 3

4.
3∫
1

16x dx√−3 + 4x

5.
6∫
3

19 dx

(1 + x2)3/2

6.
3∫
2

22 dx

81− 16 sin2 x

7.
4∫
2

6 ctg(
6x + 7

10
) dx

1− sin(
6x + 7

10
)

8.
5∫
4

4 dx

1 + ctg(
5x + 2

4
)

9.
4∫
0

20e−1x sin2 x dx

10.
5∫
1

x3 ln(9 + x2) dx

11.
∫

xn(4x + 3)2 dx

12.
∫ 6x dx

(2x− 3)3

13.
∫ 7x dx

(6x + 3)2

14.
∫ 3 dx

6x2 − 60x + 144

15.
∫ (3x− 3) dx

3x2 − 6x + 3

16.
∫ (x2 + 8) dx

5 + 7x2

17.
∫ 5x dx

11− 6x2

18.
∫

(4 + 7
√

x)(2 + 7
√

x3) dx

19.
∫ 8 dx√

(3− 6x)3

20.
∫ 7 dx√

3x2 − 18x + 102

21.
∫ 8x dx√

9− 2x2

22.
∫

(7x− 4) sin (5x− 3) dx

23.
∫

3 sin5 (7x + 4) dx

24.
∫ 9 dx

sin(5x− 5)

25.
∫ 5 dx

8 + 7 cos (5x− 5)

26.
∫ 7 dx

sin2 (5x− 4) cos (5x− 4)

27.
∫ 2 cos3(3x− 1) dx

sin(3x− 1)
28.

∫
sin(6x− 6) sin(4x− 3) dx

29.
∫

ctg3(2x + 2) dx

30.
∫

x arcsin(8x + 2) dx

31.
∫

(6x + 2)e8x−2 dx

32.
∫ x dx

sh2(5x + 2)
33.

∫
9 ln(2x + 2) dx

34.
∫ (3x2 − 4x + 1) dx

2x2 + 20x + 50

35.
∫ 8 dx

9x2 + x4

36.∫ (6x− 3) dx

(x2 − 10x + 21)(x2 − 2x− 35)
37.

∫ √
7x2 − 21x− 28 dx

38.
∫ 9x2 + 15x− 4

x4 − 16
dx

39.
∫ 9 dx

5− 5x5/2

40.
∫ 2x2 dx

(7x− 7)6
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1.
3∫
1

x2 dx

(4 + 5x)2

2.
4∫
1

22dx

(3 + 6x)(−6 + 5x)

3.
7∫
3

x dx

4x2 − 3x− 3

4.
8∫
3

14x2 dx√−2 + 5x

5.
6∫
2

x2 dx√
25 + x2

6.
8∫
7

33 dx

81− 64 cos2 x

7.
6∫
5

9 sin(
5x + 6

10
) dx

sin(
5x + 6

10
) + cos(

5x + 6

10
)

8.
5∫
4

7 dx

1− ctg(
4x + 7

7
)

9.
1∫
0

14e−1x cos2 x dx

10.
7∫
3

5 sin
(
ln(4x + 7)

)
dx

11.
∫

(8x− 3)2(3x + 5)2 dx

12.
∫ 7 dx

(8x− 5)3

13.
∫ 9x2 dx

(2x− 6)

14.
∫ 2 dx

2x2 + 28x + 98

15.
∫ (3x + 7) dx

3x2 − 18x + 174

16.
∫ (3x + 5) dx

9 + 7x2

17.
∫ 2x2 dx

10− 4x2

18.
∫

(7− 6x)6/5 dx

19.
∫ √

5x + 6 dx

20.
∫ 4 dx

x
√−60x2 + 3x + 2

21.
∫ 3x dx√

6 + 7x2

22.
∫

(5x + 1) cos (3x− 1) dx

23.
∫

3 sin2 (4x− 6) cos2 (4x− 6) dx

24.
∫ 8 dx

cos(7x− 3)

25.
∫ 3 dx

2− 7 sin2 (3x + 1)

26.
∫ 8 dx

sin (2x + 1) cos2 (2x + 1)

27.
∫ 8 sin3(5x + 1) dx

cos(5x + 1)
28.

∫
sin(3x + 5) cos(7x + 6) dx

29.
∫

tg4(6x− 5) dx

30.
∫

x arccos(6x− 4) dx

31.
∫

(3x− 5)77x+3 dx

32.
∫

sh(4x + 4) ch(4x + 4) dx

33.
∫

7x2 ln(6x + 4) dx

34.
∫ (2x2 − 6x− 1) dx

7x2 − 28x + 35

35.
∫ (2x− 4) dx

25x2 + x4

36.∫ (4x + 2) dx

(x2 − 11x + 30)(x2 + 2x− 35)
37.

∫ √
5x2 + 20x + 265 dx

38.
∫ 8x2 + 2x− 20

x4 − 4x2 dx

39.
∫ 5 dx

x
√

4 + 3x
40.

∫
6x(7x− 3)9 dx
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Ñêàëÿðíûå ôóíêöèè âåêòîðíîãî àðãóìåíòà

ÑÎÄÅÐÆÀÍÈÅ ÒÈÏÎÂÎÃÎ ÐÀÑ×ÅÒÀ
1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè.

2. Îáëàñòü â òðåõìåðíîì ïðîñòðàíñòâå.

3. Ïðîèçâîäíàÿ íåÿâíîé ôóíêöèè.

4. ×àñòíûå ïðîèçâîäíûå ôóíêöèè äâóõ ïåðåìåííûõ.

5. Ïîëíîå ïðèðàùåíèå ôóíêöèè.

6. Ïîëíûé äèôôåðåíöèàë ôóíêöèè äâóõ ïåðåìåííûõ.

7. Ñìåøàííûå ïðîèçâîäíûå ôóíêöèè äâóõ ïåðåìåííûõ.

8. Âòîðàÿ ïðîèçâîäíàÿ ôóíêöèè äâóõ ïåðåìåííûõ.

9. Âòîðîé äèôôåðåíöèàë ôóíêöèè äâóõ ïåðåìåííûõ.

10. Ðàçëîæåíèå ôóíêöèè äâóõ ïåðåìåííûõ ïî ôîðìóëå Òåéëîðà.

11. Íàèìåíüøåå (íàèáîëüøåå) çíà÷åíèÿ ôóíêöèè íà êîìïàêòå.

12. Êðèòè÷åñêèå òî÷êè ôóíêöèè òðåõ ïåðåìåííûõ.

13. Èññëåäîâàíèå ôóíêöèè äâóõ ïåðåìåííûõ íà ýêñòðåìóì.

14. Êàñàòåëüíàÿ ïëîñêîñòü ê ïîâåðõíîñòè.

15. Íîðìàëü ê ïîâåðõíîñòè.
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Òàáëèöà ïðîèçâîäíûõ

1. (uα)′ = αuα−1 · u′.
2. (au)′ = au · ln a · u′.
3. (eu)′ = eu · u′.
4. (loga u)′ =

u′

u · ln a
.

5. (lna u)′ =
u′

u
.

6. (sin u)′ = cos u · u′.
7. (cos u)′ = − sin u · u′.
8. (tg u)′ =

u′

cos2 u
.

9. (ctg u)′ = − u′

sin2 u
.

10. (arcsin u)′ =
u′√

1− u2
.

11. (arccos u)′ = − u′√
1− u2

.

12. (arctg u)′ =
u′

1 + u2
.

13. (arcctg u)′ = − u′

1 + u2
.

14. (sh u)′ = ch u · u′.
15. (ch u)′ = sh u · u′.
16. (thu)′ =

u′

ch2 u
.

17. (cth u)′ = − u′

sh2 u
.

Îñíîâíûå ôîðìóëû

1. F (x, y) = 0 ⇒ dy

dx
= −F ′

x(x, y)

F ′
y(x, y)

.

2. F (x, y, z) = 0 ⇒ ∂z

∂x
= −F ′

x(x, y)

F ′
z(x, y)

, ∂z

∂y
= −F ′

y(x, y)

F ′
z(x, y)

.

3. dz(x, y) =
∂z

∂x
dx +

∂z

∂y
dy.

4. du(x, y, z) =
∂u

∂x
dx +

∂u

∂y
dy +

∂u

∂z
dz.

5. dy(x1, x2, . . . , xn) =
∂y

∂y
dx1 +

∂y

∂x2

dx2 + . . . +
∂y

∂xn

dxn.

6. dy(x1, x2, . . . , xn) =
n∑

i=1

∂y

∂xi

dxi.

7. d2z(x, y) =
∂2z

∂x2
dx2 + 2

∂2z

∂x∂y
dxdy +

∂2z

∂y2
dy2.

8. d2u(x, y, z) =
( ∂

∂x
dx +

∂

∂y
dy +

∂

∂z
dz

)2
u =.

∂2u

∂x2
dx2 +

∂2u

∂y2
dy2 +

∂2u

∂z2
dz2 + 2

∂2u

∂x∂y
dxdy + 2

∂2u

∂x∂z
dxdz + 2

∂2u

∂y∂z
dydz.

9. dny(x1, x2, . . . , xm) =
( m∑

j=1

∂

∂xj

dxj

)n
y.
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Âàðèàíò 1
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

2√
16− x2 − y2

+ ln(y − 9x2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 3, x = 5, y = 2, y = 4, z = −3, x + y + z = 7

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 + 2x− 3)(−2y + 3) + (4x− 3)(−3y2 + 4y + 1) = 732 â òî÷êå (−3;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

5y2 − 2x− 2

e6y−3x
, â òî÷êå (2; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

−2x2 + 3y2

−3x− 3y
, åñëè x = 1, y = 2, ∆x = 0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x2 + 2y2

3x− 3y
, åñëè x = −2, y = 2, ∆x = −0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x + 2y)e6x−4y â òî÷êå (2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−5x+3y cos(3x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x− 2y

3x + 2y
â òî÷êå Mo(−3;−3), åñëè dx=-0.4, dy=0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (3x + 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 6x2 + 3y2 + 72x− 12y + 43 ïðè
óñëîâèè {x2 + y2 ≤ 49, 3x− 6y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 2x2 + 5xy + 5y2 − 3z2 + 2x− 5y − 18z + 41

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 2xy + 5y2 + 32x− 14y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 3y2 + 3z2 = 44 â
òî÷êå (1;−3; 2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 − 2y2 − z2 = 33

â òî÷êå (3;−1; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 2
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3

√
4− x2 − y2 +

√
y − 10x2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, y = 2, x + y = 5, x + y + z = 9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(4x2 + 3x + 3) + cos(2y2 + 3y − 3) + tg(5x + 4y − 2xy) = C â òî÷êå (0;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

4x2 + 2y + 2

e5y−5x
, â òî÷êå (−2;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 4y2 − 2xy) · sin xy

6
, åñëè x = −1, y = −1, ∆x = 0.2, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 + 5y2 + 3xy) · cos xy, åñëè x = 0, y = 2, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)|pi(4x− 3y) sin2

( |pi
16

(x− y)
)
â òî÷êå (−2; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−4x+3y cos(−3x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x− 3y

5x + 3y
â òî÷êå Mo(1;−3), åñëè dx=0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 6x2 + 4y2 + 48x + 24y + 50 ïðè
óñëîâèè {x2 + y2 ≤ 36, 5x + 5y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 3x2 − y2 − 3z2 − 8x + 3y − 12z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 2xy − 2y2 − 28x + 2y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 5y2 + 2z2 = 15 â
òî÷êå (1;−1; 2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 − y2 − 2z2 = 8

â òî÷êå (−3; 1;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 3
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

−2√
x2 + y2 − 9

+ ln(x− 10y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 7, y = 8, x + y = 5, x + y + z = 5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 + 3xy − 3y2)(−2x− 2y) = −730 â òî÷êå (4; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (5x2 + 4y + 2) sin

( |pi
2

(x− y)
)
â òî÷êå (−2;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 + 2y2 + 2xy) · cos

xy

6
, åñëè x = −2, y = 2, ∆x = 0.3, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 + 2y2 + 2xy) · cos xy, åñëè x = −1, y = 0, ∆x = −0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)|pi(−3x− 3y) cos2

( |pi
20

(x− y)
)
â òî÷êå (3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−2x+3y cos(−4x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x− 2y

5x + 3y
â òî÷êå Mo(3;−2), åñëè dx=0.1, dy=-0.3

10. Êîýôôèöèåíò ïðè x2y â ðàçëîæåíèè ôóíêöèè z = 3 tg (−2x + 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 4x2 + 5y2 − 32x− 30y + 46 ïðè
óñëîâèè {x2 + y2 ≤ 36, 2x + 5y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 + 3xy + 4y2 − 3z2 + 10x− 10y + 6z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 + 2xy + 6y2 − 12x + 20y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 2y2 + 3z2 = 59 â
òî÷êå (−3;−1;−2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 2y2 − 5z2 = −29

â òî÷êå (3;−3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 4
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
4− x2 − y2 +

√
x− 5y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6(x2 + y2) + 8, z = 9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 2xy − 3y2 − 11

−3x2 − 2xy + 4y2
= 1 â òî÷êå (−3; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(3x2 − 3y + 1) sin

(2π

4
(x− y)

)
â òî÷êå (3; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−2xyz

2x− 3y − 2z
, åñëè x = −2, y = 3, z = −2, ∆x = −0.1, ∆y = 0.1, ∆z = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 − 3y2 + 5xy) · sin xy, åñëè x = 0, y = 2, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 4xye6x+2y â òî÷êå (1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−2x−5y sin(5x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 8y

2x− 2y
â òî÷êå Mo(−3;−2), åñëè dx=0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = 3 tg (3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 6(x2 + y2)− 36x− 34 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
105x + 4y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 − 2x2 − y2 − 4z2 − 3x− 8y + 16z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 6xy − 4y2 + 20x− 22y + 32

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + 4y2 − z2 = 27 â
òî÷êå (−3; 1;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 + 5y2 − 28

â òî÷êå (3; 1; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 5
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2 arcsin (x2 + y2) +

√
10x− 7y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 4(x2 + y2) + 3, z = 4−

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(2x2 + 4x + 3)(−3y + 0) + (3x + 3)(3y2 − 3y − 1) = 156 â òî÷êå (1;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−3x2 + 2y − 3) sin

(
π(x− y)

)
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 3y2

4x + 4y
, åñëè x = −1, y = −2, ∆x = −0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 4y2 + 4xy) · sin xy, åñëè x = 1, y = 0, ∆x = −0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (3x− 2y)e3x−4y â òî÷êå (4; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−3x−4y sin(2x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 5y

3x− 3y
â òî÷êå Mo(−1;−2), åñëè dx=0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè z = −2 sin2 (3x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

6
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −38 + 48x− 4(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 49,

√
55x + 3y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 + 7xy + 6y2 − 3z2 + 23x + 26y + 18z + 33

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 3xy + 4y2 − 33x + 30y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + y2 − 3z2 = 34 â
òî÷êå (3;−1;−2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

ùàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 + y2 − 32

â òî÷êå (3; 1;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 6
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4 arccos (−x2 − y2) +

√
6x + 3y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 1(x2 + y2) + 5, z = 7− 1(x2 + y2)

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(2x2 + 2x− 2) + cos(3y2 − 3y + 2) + tg(3x + 2y − 2xy) = C â òî÷êå (2; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(5x2 + 4y + 3) sin

(π

2
(x− y)

)
â òî÷êå (−1;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 3y2 + 2xy) · sin xy

8
, åñëè x = −2, y = −2, ∆x = 0.3, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−3xy

2x− 3y
, åñëè x = 1, y = 1, ∆x = −0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 2y) sin2

( π

20
(x− y)

)
â òî÷êå (2;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e5x+4y sin(3x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 8y

6x− 3y
â òî÷êå Mo(1;−2), åñëè dx=-0.4, dy=-0.2

10. Êîýôôèöèåíò ïðè (y − π

4
)2 â ðàçëîæåíèè ôóíêöèè z = 2 sin2 (3x− 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (0;
π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −30− 20x− 5(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
33x + 4y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + x2 + y2 + 2z2 + 8x + 3y − 12z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 2xy − 6y2 + 34x− 30y + 34

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 2y2 − 3z2 = 19 â
òî÷êå (−2; 3; 1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 6y2 − 53

â òî÷êå (1; 3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 7
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2 arccos

(y − 9

x− 4

)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 8

√
x2 + y2 + 2, z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 − 2xy + 4y2)(2x + 2y) = −64 â òî÷êå (0;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−3x2 − 3y − 1) cos

(π

2
(x− y)

(
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 + 4y2 + 4xy) · cos

xy

7
, åñëè x = 1, y = −2, ∆x = 0.2, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 + 4y2

−3x + 2y
, åñëè x = 1, y = −2, ∆x = 0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x− 2y) cos2

(π

4
(x− y)

)
â òî÷êå (−3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e4x+3y cos(−4x + 2y) sin(−4x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 5y

2x + 2y
â òî÷êå Mo(3;−1), åñëè dx=-0.3, dy=0.4

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = −3 cos2 (−3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

6
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2) + 30y − 33 ïðè óñëîâèè
{x2 + y2 ≤ 49, 2x−√32y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 2x2 − 3xy + 3y2 + 2z2 + x− 12y + 4z + 29

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 − 5xy + 2y2 − 25x + 14y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 − 2y2 − z2 = 18 â
òî÷êå (3;−2; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 − 3y2 + 7

â òî÷êå (2;−3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 8
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
49− x2 − y2 + 4

√
x2 + y2 − 25

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −9

√
x2 + y2 + 2, z = −6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 3xy + 3y2 − 28

4x2 + 2xy + 2y2
= 1 â òî÷êå (3; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−3x2 + 2y − 1) cos

(π

6
(x− y)

(
â òî÷êå (2;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−3xyz

4x + 2y − 3z
, åñëè x = 2, y = −2, z = −2, ∆x = 0.3, ∆y = 0.2, ∆z = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 − 2y2 + 4xy) · cos xy, åñëè x = 0, y = −2, ∆x = −0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 2xye6x+2y â òî÷êå (1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e−2x−3y cos(−3x + 4y) sin(−3x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 5y

3x− 3y
â òî÷êå Mo(−1;−2), åñëè dx=0.4, dy=0.1

10. Êîýôôèöèåíò ïðè (x− π

6
)2 â ðàçëîæåíèè ôóíêöèè z = 2 cos2 (3x− 3y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

6
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2) + 12y − 14 ïðè óñëîâèè
{x2 + y2 ≤ 16, 2x−√21y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 + x2 − y2 − 4z2 − 3x− 3y + 16z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 − 7xy − 5y2 + 30x + 34y + 31

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 − y2 − 2z2 = 14 â
òî÷êå (−3; 2; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 6x2 − y2 − 17

â òî÷êå (2; 1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 9
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
(64− x2 − y2)(x2 + y2 − 25)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 7

√
x2 + y2 + 3, z = 4− 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 − 2xy + 2y2 + 36

−3x + 2y
= −2x + 3y â òî÷êå (3; 0)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(−2x− 2xy + 2y) sin

(π

6
(x− y)

)
â òî÷êå (−3; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 2y2

2x− 2y
, åñëè x = −1, y = −2, ∆x = 0.2, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 − 2y2 + 4xy) · cos xy, åñëè x = 2, y = 0, ∆x = 0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x + 3y)e2x+2y â òî÷êå (−2; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−3x+5y cos(4x + 4y) sin(4x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 6y

4x− 2y
â òî÷êå Mo(2;−2), åñëè dx=0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 sin2 (−2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 6y2 + 18x− 24y + 32 ïðè
óñëîâèè {x2 + y2 ≤ 25, 3x− 7y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 4xy + 3y2 − 3z2 + 20x− 16y − 18z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 4xy + 6y2 + 6x− 32y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 2y2 − 5z2 = −62 â
òî÷êå (−1; 3;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 3y2 + 20

â òî÷êå (3; 3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 10
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = −3

√
y − x2 + 3x

y + x2 + 5x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 11)2 = 9, z = 7

√
x2 + y2 + 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 − 3x− 3)(2y + 4) + (3x− 2)(3y2 − 3y + 2) = −358 â òî÷êå (4; 1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (−3x + 3xy − 3y) cos

( π

15
(x− y)

)
â òî÷êå (5; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 3y2 + 5xy) · sin xy

10
, åñëè x = −2, y = −1, ∆x = −0.1, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 − 2y2 + 4xy) · sin xy, åñëè x = 0, y = −1, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 4y) sin2

(π

8
(x− y)

)
â òî÷êå (4; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e4x−5y cos(5x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 7y

3x− 2y
â òî÷êå Mo(3; 1), åñëè dx=-0.3, dy=0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (2x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 6y2 + 36x + 60y + 41 ïðè
óñëîâèè {x2 + y2 ≤ 64, 4x + 4y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + x2 + y2 − 4z2 + 8x + 3y − 8z + 41

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 − 4xy − 5y2 − 24x− 34y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 2x2 + 3y2 + 59 â
òî÷êå (1; 2;−3) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 + 5y2 + z2 = 50

â òî÷êå (−3;−1;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 11
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
(y − x2 + 4x)(y + x2 + 6x)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 5)2 = 81, z = 14− 2

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(4x2 + 2x + 4) + cos(−3y2 − 2y + 0) + tg(3x + 4y − 2xy) = C â òî÷êå (3; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(2x + 3xy − 3y) sin2

( π

21
(x− y)

)
â òî÷êå (4;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 + 5y2 + 2xy) · cos

xy

6
, åñëè x = −1, y = −2, ∆x = 0.3, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 3y2 − 2xy) · sin xy, åñëè x = −1, y = 0, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 3y) cos2

( π

16
(x− y)

)
â òî÷êå (−1; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e3x−4y cos(3x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 2y

6x− 2y
â òî÷êå Mo(2;−1), åñëè dx=0.4, dy=0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (2x + 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 2y2 − 50x− 8y + 37 ïðè óñëîâèè
{x2 + y2 ≤ 36, 3x + 3y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 + 2xy + 3y2 + 3z2 + 18x + 20y + 6z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 + 5xy + 5y2 + 19x + 5y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 + y2 + 67 â
òî÷êå (3; 2;−3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 + y2 + 2z2 = 15

â òî÷êå (1; 2;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 12
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
(x + y − 4)(x− y + 8)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 12 +

√
4− x2 − y2, z = 10 + 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 + 2xy + 3y2)(2x + 2y) = 550 â òî÷êå (2; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(−3x + 3xy + 3y) cos2

(π

4
(x− y)

)
â òî÷êå (−1;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

2xyz

2x + 3y + 4z
, åñëè x = 2, y = 2, z = 1, ∆x = 0.2, ∆y = 0.3, ∆z = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2xy

−3x + 4y
, åñëè x = 1, y = 1, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 2xye6x+3y â òî÷êå (−1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e2x−3y cos(5x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x− 2y

3x + 3y
â òî÷êå Mo(3; 2), åñëè dx=0.3, dy=0.4

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (−3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 30x− 36 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
21x + 2y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 − 2x2 + y2 + z2 + 3x− 3y + 2z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 − 7xy − 4y2 − 44x− 37y + 34

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 + 5y2 + 21 â
òî÷êå (2; 1; 2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 3y2 + 2z2 = 31

â òî÷êå (1; 2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 13
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
x + y + 2 +

√
x− y − 6

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −13−

√
81− x2 − y2, z = −4− 3

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−2x2 + 2xy + 2y2 − 28

−3x− 2y
= 3x− 2y â òî÷êå (−2; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

−2y2 + 3x + 4

e2y−6x
, â òî÷êå (1; 3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

3x2 + 3y2

2x− 2y
, åñëè x = 1, y = −1, ∆x = 0.2, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−3x2 + 3y2

2x− 2y
, åñëè x = −2, y = 2, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x + 3y)e4x+2y â òî÷êå (−2; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e4x−3y sin(5x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x− 3y

6x + 3y
â òî÷êå Mo(−1;−1), åñëè dx=0.3, dy=-0.4

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = 2 tg (−3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 6(x2 + y2)− 48x− 39 ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
55x + 3y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 + 5xy + 3y2 − 3z2 − 39x− 33y − 6z + 34

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 + 3xy + 2y2 − 33x− 21y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 − 4y2 + 9 â
òî÷êå (1;−2;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 + 2y2 − z2 = 34

â òî÷êå (−3;−1;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 14
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3 ln

x2 + y2 − 8x

14x− x2 − y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6 +

√
25− x2 − y2, z = 11−

√
16− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−2x2 − 2x + 3)(−3y + 1) + (3x− 3)(2y2 − 3y − 1) = 368 â òî÷êå (4; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

−2x2 + 4y + 2

e2y−2x
, â òî÷êå (1; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 + 5y2 + 4xy) · sin xy

5
, åñëè x = −1, y = −2, ∆x = −0.2, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 − 3y2 + 3xy) · cos xy, åñëè x = 0, y = −2, ∆x = −0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x + 2y) sin2

( π

20
(x− y)

)
â òî÷êå (−2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e2x+3y sin(−2x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 8y

2x + 3y
â òî÷êå Mo(−3; 1), åñëè dx=0.3, dy=0.1

10. Êîýôôèöèåíò ïðè (y − π

4
)2 â ðàçëîæåíèè ôóíêöèè z = 3 sin2 (2x− 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (0;
π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −30 + 40x− 5(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 25,

√
45x + 6y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 + x2 − y2 + z2 − 3x + 3y − 6z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 3xy − 5y2 + 2x + 17y + 32

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 2x2 − y2 − 12 â
òî÷êå (3;−2; 1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + y2 − 4z2 = 13

â òî÷êå (−2; 3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 15
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = 4 ln

√
x2 + y2 − 8x

−x2 − y2 + 18x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −4−

√
81− x2 − y2, z = −9 +

√
9− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−3x2 − 2x− 3) + cos(−3y2 + 2y + 2) + tg(6x + 4y + 2xy) = C â òî÷êå (0;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (2x2 + 4y + 4) sin

(π

2
(x− y)

)
â òî÷êå (−2;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 − 3y2 − 3xy) · cos

xy

7
, åñëè x = 2, y = 2, ∆x = 0.2, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 − 3y2 − 2xy) · cos xy, åñëè x = −2, y = 0, ∆x = −0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x− 3y) cos2

( π

12
(x− y)

)
â òî÷êå (4; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−3x+3y sin(3x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x− 2y

6x + 2y
â òî÷êå Mo(−2;−2), åñëè dx=0.3, dy=-0.2

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (−2x− 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2)− 32y − 33 ïðè óñëîâèè
{x2 + y2 ≤ 36, 4x−√9y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 + 4xy + 4y2 − 2z2 − 12x + 12y − 12z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 5xy + 5y2 + 46x + 35y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 − 5y2 − 2 â
òî÷êå (−1;−1;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 2y2 − 3z2 = 15

â òî÷êå (3; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz



126 Òèïîâîé ðàñ÷åò ïî ÑÔÂÀ

Âàðèàíò 16
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
10 sin(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −16 +

√
49− x2 − y2, z = −8−

√
16− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 + 2xy + 2y2 + 147

3x2 − 3xy + 1y2
= 1 â òî÷êå (4;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−2x2 + 5y + 3) sin

(2π

4
(x− y)

)
â òî÷êå (2; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−2xyz

−2x + 3y + 2z
, åñëè x = 3, y = −2, z = 0, ∆x = −0.1, ∆y = 0.2, ∆z = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 2y2 + 5xy) · sin xy, åñëè x = 0, y = −2, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −2xye3x−2y â òî÷êå (2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e−4x−5y cos(−3x + 2y) sin(−3x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 7y

4x− 2y
â òî÷êå Mo(−2; 2), åñëè dx=-0.4, dy=0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (−2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 5y2 + 30x− 20y + 42 ïðè
óñëîâèè {x2 + y2 ≤ 49, 6x− 5y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + x2 + y2 + 2z2 + 8x− 3y − 4z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 − 6xy − 6y2 − 16x− 18y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + 4y2 + 3z2 = 55 â
òî÷êå (−2;−2; 3) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 − 5y2 − z2 = −31

â òî÷êå (3; 3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 17
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
5 cos(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, x = 7, y = 6, y = 12, z = −2, z = −9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−2x2 + 2xy + 3y2 + 126

3x− 2y
= 4x + 2y â òî÷êå (−3; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(2x2 + 5y − 3) sin

(
π(x− y)

)
â òî÷êå (0;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

3x2 + 3y2

2x + 4y
, åñëè x = −1, y = 1, ∆x = 0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 3y2 + 3xy) · sin xy, åñëè x = 1, y = 0, ∆x = 0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−3x− 3y)e3x+3y â òî÷êå (−3; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e−5x−4y cos(−2x− 3y) sin(−2x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 2y

6x− 2y
â òî÷êå Mo(3; 3), åñëè dx=-0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (2x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2x2 + 5y2 + 8x + 30y + 49 ïðè óñëîâèè
{x2 + y2 ≤ 16, 5x + 4y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 + 4xy + 5y2 + 3z2 − 32x− 2y − 18z + 32

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 2xy + 6y2 + 10x + 32y + 31

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 3y2 + 4z2 = 49 â
òî÷êå (−3; 3; 1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 − y2 − 4z2 = −11

â òî÷êå (−1;−3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 18
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
5y − x225 + 7

√
25x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 8, x = 11, y = 4, y = 9, z = −− 4, y + z = 7

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 + 4x + 1)(2y + 3) + (3x + 4)(3y2 − 3y + 1) = 645 â òî÷êå (2; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(5x2 + 2y + 4) sin

(π

2
(x− y)

)
â òî÷êå (4; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 − 2y2 + 3xy) · sin xy

9
, åñëè x = −2, y = −2, ∆x = −0.1, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4xy

3x + 2y
, åñëè x = 2, y = −1, ∆x = 0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x + 3y) sin2

( π

20
(x− y)

)
â òî÷êå (2;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e5x−4y cos(−5x− 2y) sin(−5x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 6y

5x− 2y
â òî÷êå Mo(−1; 2), åñëè dx=-0.4, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (−3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 3y2 − 20x− 18y + 46 ïðè
óñëîâèè {x2 + y2 ≤ 16, 5x + 4y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − x2 + y2 + 3z2 − 3x + 3y − 6z + 28

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 − 4xy − 5y2 + 8x + 26y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 2y2 + 2z2 = 24 â
òî÷êå (−2; 1;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 3y2 − 4z2 = 2

â òî÷êå (3; 1;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 19
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 5

√
36y − x26 + 6

√
6x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 8, x = 12, y = 5, y = 10, z = −3, x + y + z = 10

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−3x2 + 2x + 4) + cos(−2y2 − 2y + 3) + tg(6x + 2y + 3xy) = C â òî÷êå (0; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(3x2 − 3y − 3) cos

(π

2
(x− y)

(
â òî÷êå (0;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 − 3y2 − 3xy) · cos

xy

7
, åñëè x = −2, y = 1, ∆x = 0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x2 − 2y2

4x + 2y
, åñëè x = −1, y = −2, ∆x = −0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x− 2y) cos2

( π

16
(x− y)

)
â òî÷êå (1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e4x+5y cos(2x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 6y

6x− 3y
â òî÷êå Mo(2; 1), åñëè dx=-0.4, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 40x− 30 ïðè óñëîâèè
{x2 + y2 ≤ 25,

√
105x + 4y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 − 4xy + 6y2 + 3z2 − 12x− 4y − 18z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 − 2xy + 3y2 − 18x− 2y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 4y2 − z2 = 17 â
òî÷êå (−1;−2; 2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 + 5y2 − 59

â òî÷êå (2;−3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 20
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2 ln(6y − x2 − y2) +

√
12x + 12y − x2 − y2 − 36

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, y = 2, x + y = 6, x + y + z = 9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 4xy − 3y2)(3x + 2y) = −392 â òî÷êå (2; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−2x2 + 2y − 1) cos

(π

6
(x− y)

(
â òî÷êå (3; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

2xyz

4x− 2y − 2z
, åñëè x = −1, y = 1, z = 1, ∆x = 0.2, ∆y = 0.1, ∆z = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 5y2 + 3xy) · cos xy, åñëè x = 0, y = −2, ∆x = 0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −2xye2x−3y â òî÷êå (−3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e2x+3y cos(3x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 3y

2x + 3y
â òî÷êå Mo(2;−1), åñëè dx=0.4, dy=-0.4

10. Êîýôôèöèåíò ïðè x2y â ðàçëîæåíèè ôóíêöèè z = −3 tg (−2x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2)− 50x− 34 ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
12x + 2y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − x2 + y2 + 3z2 − 3x + 8y + 6z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 − 6xy − 2y2 − 30x− 18y + 36

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + y2 − 3z2 = 21 â
òî÷êå (−2;−2;−1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 6x2 + y2 − 59

â òî÷êå (−3; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 21
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

3√
25− x2 − y2

+ ln(y − 6x2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 2, y = 3, x + y = 2, x + y + z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 − 3xy + 2y2 + 33

−3x2 + 4xy + 1y2
= 1 â òî÷êå (−2;−3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (4x− 2xy − 3y) sin

(π

6
(x− y)

)
â òî÷êå (1; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

−2x2 + 2y2

3x− 3y
, åñëè x = −1, y = 2, ∆x = 0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 − 3y2 − 3xy) · cos xy, åñëè x = 1, y = 0, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x− 3y)e6x+2y â òî÷êå (−1; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e4x−2y cos(5x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 6y

5x− 3y
â òî÷êå Mo(−3;−1), åñëè dx=0.3, dy=-0.2

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = 2 tg (−2x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −27 + 18x− 3(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
55x + 3y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 6xy + 6y2 − 2z2 − 24x− 6y − 12z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 3xy + 4y2 + 15x + 15y + 30

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 5y2 − 4z2 = −12 â
òî÷êå (−2;−2; 3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 5y2 − 8

â òî÷êå (3;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 22
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
4− x2 − y2 +

√
y − 6x2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6(x2 + y2) + 3, z = 5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 − 3xy + 2y2 + 3

2x + 2y
= 3x + 4y â òî÷êå (−3; 2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (−2x− 2xy + 2y) cos

( π

12
(x− y)

)
â òî÷êå (4;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 3y2 − 3xy) · sin xy

7
, åñëè x = 2, y = −1, ∆x = 0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 5y2 + 2xy) · sin xy, åñëè x = 0, y = 1, ∆x = −0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x− 3y) sin2

(π

8
(x− y)

)
â òî÷êå (−1; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−2x+3y sin(−2x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 4y

3x− 3y
â òî÷êå Mo(−1; 1), åñëè dx=-0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè z = 2 sin2 (−3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −29− 24x− 3(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
40x + 3y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − 3x2 + y2 + 4z2 + 8x + 3y + 24z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 2xy − 5y2 − 26x− 14y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 − 2y2 − z2 = 0 â
òî÷êå (2;−2;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 − 2y2 − 2

â òî÷êå (−1; 2;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 23
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

−3√
x2 + y2 − 25

+ ln(x− 10y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6(x2 + y2) + 4, z = 9−

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 − 3x + 4)(−3y + 3) + (5x + 2)(−3y2 − 3y + 2) = 134 â òî÷êå (−2; 2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(2x− 3xy − 2y) sin2

( π

24
(x− y)

)
â òî÷êå (5;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (2x2 + 3y2 + 2xy) · cos

xy

8
, åñëè x = 1, y = 1, ∆x = 0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−3x2 − 2y2 − 2xy) · sin xy, åñëè x = 2, y = 0, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 4y) cos2

( π

16
(x− y)

)
â òî÷êå (−3; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e5x+5y sin(−4x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 8y

6x + 3y
â òî÷êå Mo(−1;−1), åñëè dx=-0.3, dy=-0.2

10. Êîýôôèöèåíò ïðè (y − π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (3x + 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (0;
π

4
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2) + 24y − 28 ïðè óñëîâèè
{x2 + y2 ≤ 49, 2x−√5y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 + 6xy + 3y2 − 3z2 + 42x + 30y − 12z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 + 2xy + 3y2 + 8x− 4y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 − y2 − 3z2 = 29 â
òî÷êå (3; 2;−1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 6x2 − y2 − 13

â òî÷êå (2;−3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 24
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
4− x2 − y2 +

√
x− 10y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 4(x2 + y2) + 2, z = 7− 4(x2 + y2)

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(2x2 + 2x + 3) + cos(3y2 + 2y + 1) + tg(3x + 2y − 2xy) = C â òî÷êå (2; 2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(4x + 5xy + 5y) cos2

( π

12
(x− y)

)
â òî÷êå (−3; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

4x− 3y + 4z
, åñëè x = −1, y = −2, z = 1, ∆x = 0.1, ∆y = −0.2, ∆z = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3xy

4x + 3y
, åñëè x = 1, y = 2, ∆x = −0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 3xye4x−3y â òî÷êå (3; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−4x−5y sin(−4x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 7y

5x− 2y
â òî÷êå Mo(−1; 1), åñëè dx=-0.3, dy=-0.4

10. Êîýôôèöèåíò ïðè (x− π

6
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (3x + 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

6
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2)− 16y − 31 ïðè óñëîâèè
{x2 + y2 ≤ 25, 4x−√33y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 + 2x2 − y2 + 4z2 + 3x + 3y − 16z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 − 2xy − 5y2 + 4x− 18y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 3y2 − 4z2 = −30 â
òî÷êå (1;−3; 1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 4y2 + 21

â òî÷êå (1; 2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz



Òèïîâîé ðàñ÷åò ïî ÑÔÂÀ 135

Âàðèàíò 25
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2 arcsin (x2 + y2) +

√
7x− 4y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 1

√
x2 + y2 + 3, z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 − 3xy + 4y2)(4x− 3y) = −242 â òî÷êå (−2; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

−3y2 + 5x− 3

e6y−4x
, â òî÷êå (−3;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 3y2

3x + 4y
, åñëè x = −1, y = −1, ∆x = −0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 + 3y2

−2x + 3y
, åñëè x = −1, y = −2, ∆x = 0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (2x− 2y)e3x+3y â òî÷êå (2;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e3x−3y cos(−5x + 3y) sin(−5x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 4y

2x− 3y
â òî÷êå Mo(3; 1), åñëè dx=-0.4, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (−3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

12
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2) + 18y − 34 ïðè óñëîâèè
{x2 + y2 ≤ 16, 2x−√32y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 − 2xy + 2y2 − 3z2 − 18x + 16y − 6z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 + 4xy + 4y2 − 8x + 16y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 + 2y2 + 26 â
òî÷êå (−1; 3; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 3y2 + z2 = 33

â òî÷êå (−1;−3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 26
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3 arccos (−x2 − y2) +

√
3x + 4y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −8

√
x2 + y2 + 6, z = −9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 − 3xy + 3y2 + 3

−2x− 2y
= −3x− 3y â òî÷êå (0;−1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

5x2 − 2y + 4

e2y−6x
, â òî÷êå (−1;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 3y2 + 3xy) · sin xy

6
, åñëè x = 1, y = 2, ∆x = −0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 − 3y2 + 2xy) · cos xy, åñëè x = 0, y = −2, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x− 2y) sin2

(π

8
(x− y)

)
â òî÷êå (3; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e−5x+5y cos(−3x− 2y) sin(−3x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x− 2y

6x + 2y
â òî÷êå Mo(2; 1), åñëè dx=-0.3, dy=0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 20y − 21 ïðè óñëîâèè
{x2 + y2 ≤ 9, 5x−√24y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 + x2 + y2 + 4z2 − 3x + 8y − 8z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 5xy − 2y2 − 21x + 14y + 30

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 + y2 + 10 â
òî÷êå (−1;−1; 1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + y2 + 3z2 = 25

â òî÷êå (3; 2; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 27
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3 arccos

(y − 7

x− 3

)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 4

√
x2 + y2 + 5, z = 10− 4

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−3x2 − 2x− 1) + cos(−3y2 − 2y + 3) + tg(6x + 3y + 4xy) = C â òî÷êå (1; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (4x2 + 5y + 1) sin

(π

2
(x− y)

)
â òî÷êå (−1;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 − 3y2 + 5xy) · cos

xy

10
, åñëè x = 1, y = −2, ∆x = 0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 3y2 + 5xy) · cos xy, åñëè x = 2, y = 0, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 3y) cos2

(π

8
(x− y)

)
â òî÷êå (3; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−3x+3y cos(2x− 2y) sin(2x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 6y

4x + 3y
â òî÷êå Mo(2;−3), åñëè dx=0.1, dy=0.2

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (2x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 2y2 + 24x− 20y + 40 ïðè
óñëîâèè {x2 + y2 ≤ 36, 3x− 4y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 2x2 + 5xy + 4y2 + 2z2 + 19x + 29y + 4z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 6xy + 2y2 + 18x + 8y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 + 2y2 + 8 â
òî÷êå (−1;−1; 1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 5y2 + 4z2 = 60

â òî÷êå (−2;−2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 28
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
36− x2 − y2 + 9

√
x2 + y2 − 4

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 9)2 = 9, z = 5

√
x2 + y2 + 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 + 4xy + 2y2)(−2x− 2y) = −1080 â òî÷êå (3; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(3x2 + 5y + 2) sin

(2π

4
(x− y)

)
â òî÷êå (1;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

2xyz

3x− 2y − 2z
, åñëè x = −2, y = 3, z = 3, ∆x = 0.1, ∆y = 0.3, ∆z = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 3y2 + 3xy) · sin xy, åñëè x = 0, y = 2, ∆x = −0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 3xye6x−2y â òî÷êå (−1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−5x+3y cos(−4x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 5y

4x + 3y
â òî÷êå Mo(1;−2), åñëè dx=-0.1, dy=0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (2x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 4x2 + 2y2 + 40x + 12y + 44 ïðè
óñëîâèè {x2 + y2 ≤ 36, 2x + 7y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 − 2x2 − y2 − 3z2 − 3x− 3y + 12z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 + 5xy − 5y2 + 26x + 5y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 4x2 − 3y2 − 15 â
òî÷êå (−2; 1;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 2y2 − z2 = 18

â òî÷êå (2; 1;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 29
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
(49− x2 − y2)(x2 + y2 − 4)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 4)2 = 36, z = 10− 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−2x2 + 2xy − 3y2 + 92

−3x2 + 2xy + 3y2
= 1 â òî÷êå (−2; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(5x2 − 2y + 2) sin

(
π(x− y)

)
â òî÷êå (−2;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 − 2y2

−2x + 4y
, åñëè x = −2, y = −2, ∆x = −0.2, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 − 2y2 − 3xy) · sin xy, åñëè x = −1, y = 0, ∆x = 0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (3x− 2y)e2x+2y â òî÷êå (−3; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e4x−5y cos(−5x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 7y

5x− 2y
â òî÷êå Mo(−2;−2), åñëè dx=-0.4, dy=0.4

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = 2 tg (2x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 6y2 − 40x− 36y + 51 ïðè
óñëîâèè {x2 + y2 ≤ 36, 3x + 6y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 3xy + 2y2 − 2z2 + 12x + y + 12z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 − 4xy + 2y2 − 42x + 24y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 4x2 − y2 − 31 â
òî÷êå (3;−1; 2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + y2 − 3z2 = −5

â òî÷êå (−3;−2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 30
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = 2

√
y − x2 + 3x

y + x2 + 8x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 9 +

√
64− x2 − y2, z = 1 + 4

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−2x2 + 2xy − 3y2 + 15

−2x + 4y
= 4x + 2y â òî÷êå (1; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(−2x2 − 2y + 4) sin

(π

2
(x− y)

)
â òî÷êå (−1;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 2y2 + 5xy) · sin xy

9
, åñëè x = 1, y = 2, ∆x = 0.1, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3xy

−3x + 3y
, åñëè x = −1, y = −2, ∆x = −0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 4y) sin2

( π

20
(x− y)

)
â òî÷êå (−2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−5x−4y cos(−5x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x− 3y

4x + 3y
â òî÷êå Mo(−1; 3), åñëè dx=0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (−3x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

6
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 20x− 31 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
45x + 6y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + 2x2 + y2 − 3z2 − 3x− 3y − 6z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 6xy − 4y2 + 26x− 30y + 31

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 − 4y2 + 21 â
òî÷êå (1;−2; 3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 2y2 − 4z2 = −24

â òî÷êå (2;−2;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 31
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
(y − x2 + 3x)(y + x2 + 8x)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −12−

√
16− x2 − y2, z = −8− 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 − 2x + 2)(−2y − 3) + (2x− 1)(−3y2 − 2y + 4) = −18 â òî÷êå (2; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(5x2 + 3y − 1) cos

(π

2
(x− y)

(
â òî÷êå (2; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 2y2 + 5xy) · cos

xy

8
, åñëè x = 1, y = 1, ∆x = −0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−3x2 + 3y2

2x + 4y
, åñëè x = −1, y = 2, ∆x = −0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 3y) cos2

(π

4
(x− y)

)
â òî÷êå (−2;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−5x+5y sin(−5x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 8y

3x− 3y
â òî÷êå Mo(2;−2), åñëè dx=-0.3, dy=0.4

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (−3x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

6
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2)− 16x− 35 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
12x + 2y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 6xy + 5y2 − 3z2 + 18x + 12y + 6z + 34

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 6xy + 5y2 − 4x + 14y + 35

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 2y2 + 3z2 = 41 â
òî÷êå (2; 3; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 − 4y2 − z2 = −10

â òî÷êå (1;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 32
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
(x + y − 3)(x− y + 2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 3 +

√
81− x2 − y2, z = 11−

√
4− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(2x2 + 4x− 1) + cos(2y2 + 4y + 4) + tg(4x− 2y + 3xy) = C â òî÷êå (1; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(5x2 − 3y + 4) cos

(π

6
(x− y)

(
â òî÷êå (0;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

2x + 3y − 3z
, åñëè x = 1, y = 3, z = 2, ∆x = 0.3, ∆y = −0.2, ∆z = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 3y2 − 3xy) · cos xy, åñëè x = 0, y = −1, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −3xye6x+3y â òî÷êå (−2; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−2x+5y sin(−4x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 2y

2x− 2y
â òî÷êå Mo(2;−3), åñëè dx=0.4, dy=0.1

10. Êîýôôèöèåíò ïðè (x− π

6
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (−3x + 3y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

6
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −35 + 8x− 2(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 9,

√
45x + 6y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 − x2 + y2 − z2 − 3x− 3y + 4z + 41

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 − 6xy − 6y2 − 12x + 12y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + 4y2 + 5z2 = 36 â
òî÷êå (−3; 1;−1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 − y2 − 4z2 = 5

â òî÷êå (3; 3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 33
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
x + y + 3 +

√
x− y − 6

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −3−

√
144− x2 − y2, z = −13 +

√
49− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−2x2 − 2xy − 2y2)(−2x− 2y) = −192 â òî÷êå (−2;−2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (−3x + 5xy + 2y) sin

(π

8
(x− y)

)
â òî÷êå (2; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

2x2 − 3y2

3x + 4y
, åñëè x = −1, y = 2, ∆x = 0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 4y2 + 5xy) · cos xy, åñëè x = 1, y = 0, ∆x = −0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−3x + 3y)e2x−3y â òî÷êå (3; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e5x−5y sin(5x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 7y

5x− 2y
â òî÷êå Mo(−3;−2), åñëè dx=0.1, dy=-0.2

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (−2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −39− 24x− 6(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
60x + 2y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 − 7xy + 4y2 + 2z2 − 41x + 38y + 12z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 2xy + 2y2 + 20x + 4y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + 2y2 + 2z2 = 24 â
òî÷êå (−1; 1; 3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 3y2 − 5z2 = −38

â òî÷êå (−3;−3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 34
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3 ln

x2 + y2 − 6x

10x− x2 − y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −15 +

√
25− x2 − y2, z = −4−

√
49− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 − 3xy + 2y2 + 112

4x2 + 4xy + 0y2
= 1 â òî÷êå (4; 4)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (4x + 5xy + 2y) cos

( π

36
(x− y)

)
â òî÷êå (3;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 + 2y2 − 3xy) · sin xy

10
, åñëè x = −2, y = −1, ∆x = 0.3, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 2y2 + 5xy) · sin xy, åñëè x = 0, y = 1, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x− 2y) sin2

( π

12
(x− y)

)
â òî÷êå (−1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e5x−2y cos(−5x + 5y) sin(−5x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 2y

4x− 3y
â òî÷êå Mo(−2; 3), åñëè dx=0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (−2x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 50y − 29 ïðè óñëîâèè
{x2 + y2 ≤ 36, 4x−√20y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + x2 − y2 + 4z2 + 8x− 8y + 16z + 34

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 − 7xy − 6y2 − 13x− 29y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + 5y2 − z2 = 60 â
òî÷êå (−2;−3; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 + 5y2 − 51

â òî÷êå (−1;−3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 35
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = −3 ln

√
x2 + y2 − 8x

−x2 − y2 + 22x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 2, x = 8, y = 6, y = 8, z = −5, z = −5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 + 4xy − 2y2 + 79

−2x + 3y
= −2x + 4y â òî÷êå (1; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(4x− 3xy + 3y) sin2

(π

4
(x− y)

)
â òî÷êå (0; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 − 2y2 − 3xy) · cos

xy

7
, åñëè x = −2, y = −2, ∆x = −0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 5y2 + 4xy) · sin xy, åñëè x = 2, y = 0, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x + 4y) cos2

( π

24
(x− y)

)
â òî÷êå (−3; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e5x−3y cos(−2x + 2y) sin(−2x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x− 3y

6x + 3y
â òî÷êå Mo(1;−3), åñëè dx=-0.3, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (2x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2)− 16y − 39 ïðè óñëîâèè
{x2 + y2 ≤ 16, 4x−√33y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 + 4xy + 2y2 + 2z2 − 38x− 20y + 8z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 2xy + 2y2 − 30x− 6y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + y2 − 2z2 = 2 â
òî÷êå (1;−1; 1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 + y2 − 13

â òî÷êå (−2; 1;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz



146 Òèïîâîé ðàñ÷åò ïî ÑÔÂÀ

Âàðèàíò 36
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
7 sin(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 4, x = 7, y = 2, y = 7, z = −− 5, y + z = 10

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 2x + 4)(3y + 1) + (4x + 2)(3y2 + 4y − 2) = 647 â òî÷êå (3; 4)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(2x + 5xy + 1y) cos2

(π

4
(x− y)

)
â òî÷êå (0;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

4xyz

−3x + 3y − 3z
, åñëè x = −2, y = 3, z = 3, ∆x = −0.2, ∆y = −0.1, ∆z = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2xy

3x + 3y
, åñëè x = 2, y = −1, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 4xye3x+3y â òî÷êå (3;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e3x−2y cos(5x− 5y) sin(5x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 5y

6x− 2y
â òî÷êå Mo(−1; 1), åñëè dx=-0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (2x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2x2 + 3y2 + 24x− 18y + 48 ïðè
óñëîâèè {x2 + y2 ≤ 49, 6x− 3y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + 2x2 + y2 − z2 − 3x− 3y + 2z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 5xy − 4y2 + 13x− 13y + 31

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 2y2 − 3z2 = −15 â
òî÷êå (−2;−2;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 2y2 − 15

â òî÷êå (3;−1;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 37
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
7 cos(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 2, x = 4, y = 4, y = 10, z = −2, x + y + z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(3x2 + 3x− 1) + cos(3y2 + 2y + 1) + tg(6x + 2y − 3xy) = C â òî÷êå (−2; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

−2y2 + 3x + 3

e5y−5x
, â òî÷êå (3; 3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 2y2

2x + 2y
, åñëè x = −2, y = −2, ∆x = 0.1, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x2 − 3y2

3x− 3y
, åñëè x = 1, y = 2, ∆x = −0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x− 2y)e2x−4y â òî÷êå (−2;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−5x+4y cos(−5x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 6y

4x− 2y
â òî÷êå Mo(3; 3), åñëè dx=0.1, dy=-0.4

10. Êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè z = 2 sin2 (2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

6
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 6y2 + 60x + 36y + 35 ïðè
óñëîâèè {x2 + y2 ≤ 64, 2x + 6y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 − 5xy + 4y2 − 2z2 − 15x + 13y − 4z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 7xy + 5y2 − 3x + 16y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 − 5y2 − z2 = −3 â
òî÷êå (−3; 2;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 − 5y2 − 3

â òî÷êå (−2;−1; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 38
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
2y − x24 + 4

√
4x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, y = 5, x + y = 7, x + y + z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(2x2 − 2xy − 2y2)(2x + 4y) = −4 â òî÷êå (−1; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

5x2 + 5y + 5

e−3y−6x
, â òî÷êå (−1; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (2x2 + 5y2 + 3xy) · sin xy

6
, åñëè x = −2, y = 2, ∆x = −0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 − 3y2 − 3xy) · cos xy, åñëè x = 0, y = −1, ∆x = 0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x− 2y) sin2

(π

4
(x− y)

)
â òî÷êå (−1;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e4x−5y cos(−3x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 3y

5x− 2y
â òî÷êå Mo(−1;−3), åñëè dx=0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè (y − π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (2x− 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (0;
π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 6x2 + 2y2 − 60x− 16y + 39 ïðè
óñëîâèè {x2 + y2 ≤ 49, 2x + 3y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + x2 + y2 + 2z2 + 8x + 8y − 12z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 2xy − 5y2 − 24x− 24y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 − y2 − 3z2 = −10 â
òî÷êå (3; 1;−3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 − y2 − 9

â òî÷êå (2; 3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 39
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
4y − x22 + 6

√
2x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 4, y = 7, x + y = 3, x + y + z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
3x2 + 3xy + 3y2 − 93

−2x2 − 3xy + 0y2
= 1 â òî÷êå (−3;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (−3x2 + 4y − 2) sin

(π

2
(x− y)

)
â òî÷êå (2; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 + 5y2 − 3xy) · cos

xy

10
, åñëè x = 2, y = 1, ∆x = 0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 + 3y2 + 4xy) · cos xy, åñëè x = −1, y = 0, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x− 2y) cos2

( π

16
(x− y)

)
â òî÷êå (−3; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e2x−3y cos(−3x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 2y

3x + 3y
â òî÷êå Mo(1;−3), åñëè dx=0.3, dy=0.4

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = −3 cos2 (−2x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2) + 36x− 35 ïðè óñëîâèè
{x2 + y2 ≤ 64,

√
39x + 5y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 7xy + 6y2 + 2z2 − 26x− 38y + 4z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 4xy + 3y2 − 2x− 2y + 31

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 2y2 − 3z2 = −28 â
òî÷êå (1;−1;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 5y2 + 2

â òî÷êå (−3;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 40
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2 ln(8y − x2 − y2) +

√
14x + 14y − x2 − y2 − 49

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6(x2 + y2) + 2, z = 5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 − 3xy + 4y2 − 32

2x− 3y
= −2x− 2y â òî÷êå (2;−1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(2x2 + 3y + 5) sin

(2π

4
(x− y)

)
â òî÷êå (1;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−2xyz

2x + 2y + 2z
, åñëè x = 1, y = 3, z = −1, ∆x = −0.2, ∆y = 0.3, ∆z = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 − 2y2 − 3xy) · sin xy, åñëè x = 0, y = −2, ∆x = −0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −2xye6x+3y â òî÷êå (−1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−3x+4y sin(−2x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 7y

6x− 2y
â òî÷êå Mo(1; 1), åñëè dx=-0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = 2 cos2 (−2x + 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 6(x2 + y2)− 36x− 38 ïðè óñëîâèè
{x2 + y2 ≤ 25,

√
32x + 2y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 − x2 − y2 + 3z2 − 8x− 3y − 18z + 32

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 6xy − 4y2 + 42x− 42y + 30

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 4x2 + 2y2 + 18 â
òî÷êå (−1;−1;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 4y2 + z2 = 45

â òî÷êå (−1;−3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy



Òèïîâîé ðàñ÷åò ïî ÑÔÂÀ 151

Âàðèàíò 41
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

2√
36− x2 − y2

+ ln(y − 4x2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 2(x2 + y2) + 7, z = 13−

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(2x2 − 3x− 1)(3y + 3) + (2x + 3)(4y2 + 4y + 4) = 36 â òî÷êå (−1; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(2x2 − 2y + 4) sin

(
π(x− y)

)
â òî÷êå (2; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

3x2 − 2y2

3x− 3y
, åñëè x = 1, y = 2, ∆x = 0.1, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 − 2y2 − 3xy) · sin xy, åñëè x = 1, y = 0, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x + 4y)e6x−2y â òî÷êå (−1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e2x−2y sin(−3x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 6y

5x− 3y
â òî÷êå Mo(−1; 1), åñëè dx=0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (−2x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −30 + 16x− 2(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 25,

√
16x + 3y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 2x2 + 3xy + 4y2 − 2z2 − 14x− 22y + 8z + 27

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 5xy + 4y2 − 39x + 39y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 2x2 + y2 + 48 â
òî÷êå (1; 1; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 + y2 + 2z2 = 39

â òî÷êå (−3; 2;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 42
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
25− x2 − y2 +

√
y − 7x2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 1(x2 + y2) + 9, z = 12− 1(x2 + y2)

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−3x2 + 4x + 3) + cos(4y2 + 3y + 4) + tg(6x− 2y + 3xy) = C â òî÷êå (−3;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(3x2 + 2y + 4) sin

(π

2
(x− y)

)
â òî÷êå (1;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 + 4y2 + 4xy) · sin xy

10
, åñëè x = 2, y = −2, ∆x = 0.3, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4xy

−2x− 2y
, åñëè x = 1, y = −2, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x + 3y) sin2

( π

12
(x− y)

)
â òî÷êå (1;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e5x+4y sin(−5x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 5y

6x + 2y
â òî÷êå Mo(1;−2), åñëè dx=-0.3, dy=0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (−3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −38− 32x− 4(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
91x + 3y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + x2 − y2 − 3z2 + 8x− 8y − 18z + 32

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 5xy + 3y2 + 9x− 13y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 + 3y2 + 31 â
òî÷êå (1;−2;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 3y2 + 4z2 = 48

â òî÷êå (3;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 43
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

4√
x2 + y2 − 49

+ ln(x− 9y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6

√
x2 + y2 + 3, z = 12

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 − 3xy + 4y2)(4x− 3y) = 34 â òî÷êå (−2;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(4x2 + 5y + 2) cos

(π

2
(x− y)

(
â òî÷êå (0;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (2x2 + 3y2 + 2xy) · cos

xy

10
, åñëè x = −1, y = −2, ∆x = −0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−2x2 − 2y2

−2x− 3y
, åñëè x = 2, y = 1, ∆x = −0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x + 3y) cos2

( π

12
(x− y)

)
â òî÷êå (2;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e−4x−4y cos(−4x− 3y) sin(−4x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 8y

4x + 3y
â òî÷êå Mo(1; 1), åñëè dx=-0.1, dy=-0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 tg (−2x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2)− 40y − 30 ïðè óñëîâèè
{x2 + y2 ≤ 25, 5x−√39y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 5xy + 3y2 − 3z2 + 22x + 22y + 12z + 32

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 2x2 + 2xy + 6y2 − 4x + 20y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 2x2 − 3y2 − 9 â
òî÷êå (3; 1; 3) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 + 4y2 − z2 = 54

â òî÷êå (−3; 3;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 44
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
25− x2 − y2 +

√
x− 5y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −6

√
x2 + y2 + 9, z = −12

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 + 3xy + 3y2 + 25

−3x + 4y
= 2x + 3y â òî÷êå (1; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(2x2 + 5y + 4) cos

(π

6
(x− y)

(
â òî÷êå (5; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

−2x− 3y − 2z
, åñëè x = 1, y = 2, z = −1, ∆x = 0.3, ∆y = 0.2, ∆z = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 5y2 + 4xy) · cos xy, åñëè x = 0, y = −2, ∆x = 0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −3xye6x−2y â òî÷êå (1; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e2x+5y cos(−5x + 2y) sin(−5x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 8y

2x + 2y
â òî÷êå Mo(−2; 1), åñëè dx=-0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −6 tg (2x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2)− 20y − 26 ïðè óñëîâèè
{x2 + y2 ≤ 36, 6x−√45y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − 3x2 + y2 + 4z2 + 8x + 3y − 16z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 − 4xy − 3y2 − 12x− 10y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 4x2 − y2 − 7 â
òî÷êå (1; 1;−2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + y2 − 4z2 = −33

â òî÷êå (−1;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 45
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3 arcsin (x2 + y2) +

√
7x− 2y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 8

√
x2 + y2 + 3, z = 13− 8

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(2x2 − 3x− 1)(2y + 0) + (3x + 3)(4y2 + 3y − 2) = 219 â òî÷êå (2;−3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(2x + 5xy + 4y) sin

(π

4
(x− y)

)
â òî÷êå (1; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

2x2 + 3y2

2x + 3y
, åñëè x = −2, y = 1, ∆x = −0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 3y2 + 2xy) · cos xy, åñëè x = 1, y = 0, ∆x = 0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x + 4y)e4x−2y â òî÷êå (−1;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−5x+5y cos(5x− 5y) sin(5x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 2y

2x− 2y
â òî÷êå Mo(1; 3), åñëè dx=0.3, dy=-0.4

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = 2 cos2 (−2x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

4
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 4x2 + 2y2 + 24x− 8y + 27 ïðè óñëîâèè
{x2 + y2 ≤ 25, 2x− 2y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 2x2 + 4xy + 4y2 + 2z2 − 24x− 36y − 8z + 34

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 5xy − 2y2 + 19x− 11y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 − 3y2 + 0 â
òî÷êå (−1; 1;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 4y2 − 3z2 = 28

â òî÷êå (2; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 46
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2 arccos (−x2 − y2) +

√
8x + 6y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 11)2 = 16, z = 6

√
x2 + y2 + 7

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(3x2 + 2x− 2) + cos(2y2 + 4y + 4) + tg(4x + 3y + 3xy) = C â òî÷êå (2; 2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (−2x + 3xy − 2y) cos

( π

36
(x− y)

)
â òî÷êå (3;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 3y2 + 4xy) · sin xy

8
, åñëè x = −1, y = −1, ∆x = 0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 − 3y2 − 2xy) · sin xy, åñëè x = 0, y = 1, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 2y) sin2

(π

4
(x− y)

)
â òî÷êå (3; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e3x−2y cos(2x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 2y

5x + 2y
â òî÷êå Mo(−3; 3), åñëè dx=0.3, dy=0.1

10. Êîýôôèöèåíò ïðè (x− π

6
)2 â ðàçëîæåíèè ôóíêöèè z = 3 cos2 (−3x− 3y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

6
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 3y2 + 40x + 24y + 46 ïðè
óñëîâèè {x2 + y2 ≤ 36, 3x + 7y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 2x2 + y2 + z2 − 3x + 8y + 4z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 2x2 + 2xy + 5y2 + 14x + 34y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 4y2 + 4z2 = 48 â
òî÷êå (−2; 3;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 − 2y2 − z2 = 8

â òî÷êå (−3; 3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy



Òèïîâîé ðàñ÷åò ïî ÑÔÂÀ 157

Âàðèàíò 47
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2 arccos

(y − 4

x− 6

)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 8)2 = 81, z = 17− 6

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 3xy + 4y2)(2x + 4y) = −384 â òî÷êå (4; 1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(−3x− 3xy + 1y) sin2

( π

21
(x− y)

)
â òî÷êå (4;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 4y2 + 5xy) · cos

xy

5
, åñëè x = 1, y = 1, ∆x = 0.1, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 4y2 − 2xy) · sin xy, åñëè x = 1, y = 0, ∆x = 0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x− 2y) cos2

( π

20
(x− y)

)
â òî÷êå (3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−3x+2y cos(−4x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 7y

4x− 3y
â òî÷êå Mo(1; 2), åñëè dx=0.3, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (−3x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

12
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 6x2 + 5y2 − 72x− 40y + 40 ïðè
óñëîâèè {x2 + y2 ≤ 49, 5x + 3y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 − 2xy + 3y2 − 2z2 − 4x− 10y − 12z + 41

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 7xy + 3y2 + 50x− 33y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 5y2 + 5z2 = 18 â
òî÷êå (−2; 1;−1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 − y2 − 3z2 = −26

â òî÷êå (1; 2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 48
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
49− x2 − y2 + 10

√
x2 + y2 − 25

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 13 +

√
36− x2 − y2, z = 7 + 1

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 − 3xy − 2y2 + 36

4x2 + 2xy − 3y2
= 1 â òî÷êå (3; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(3x + 2xy + 4y) cos2

(π

4
(x− y)

)
â òî÷êå (4; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

2xyz

3x− 3y + 4z
, åñëè x = 2, y = 3, z = 1, ∆x = 0.1, ∆y = −0.1, ∆z = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4xy

2x + 4y
, åñëè x = −1, y = −1, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 4xye3x+3y â òî÷êå (−3; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−4x+4y cos(−2x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 5y

6x− 2y
â òî÷êå Mo(3;−2), åñëè dx=-0.3, dy=-0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2)− 12x− 29 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
91x + 3y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + x2 − y2 − 3z2 + 3x + 3y − 12z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 3xy − 2y2 + 21x− 5y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + 2y2 + 4z2 = 39 â
òî÷êå (3;−2; 1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 5y2 − 3z2 = −22

â òî÷êå (1; 2; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 49
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
(81− x2 − y2)(x2 + y2 − 4)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −4−

√
9− x2 − y2, z = −1− 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 + 3xy + 3y2 + 96

4x + 3y
= 2x + 4y â òî÷êå (4; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

3y2 + 5x− 2

e5y−5x
, â òî÷êå (2; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

2x2 − 2y2

−2x− 3y
, åñëè x = 2, y = 1, ∆x = 0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 + 4y2

4x− 2y
, åñëè x = 2, y = −1, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (2x− 2y)e2x+2y â òî÷êå (2;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e2x−3y sin(−4x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 7y

4x− 3y
â òî÷êå Mo(1;−3), åñëè dx=0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (−3x + 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −27 + 24x− 2(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 49,

√
40x + 3y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 − 3xy + 2y2 − 3z2 + 6x + 2y − 12z + 29

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 5xy + 2y2 + 31x− 11y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 4y2 − z2 = 77 â
òî÷êå (−3;−3; 2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 + 4y2 − 28

â òî÷êå (−3; 2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 50
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = 3

√
y − x2 + 3x

y + x2 + 8x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 3 +

√
25− x2 − y2, z = 11−

√
25− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 − 2x− 1)(4y − 1) + (6x− 1)(4y2 + 2y − 3) = 66 â òî÷êå (−3; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

3x2 + 2y + 5

e3y−3x
, â òî÷êå (−3;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 − 3y2 + 3xy) · sin xy

6
, åñëè x = −1, y = −2, ∆x = 0.3, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 − 3y2 + 2xy) · cos xy, åñëè x = 0, y = −1, ∆x = −0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x + 3y) sin2

( π

16
(x− y)

)
â òî÷êå (−3; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e4x−5y sin(4x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 5y

4x− 3y
â òî÷êå Mo(3; 3), åñëè dx=-0.3, dy=0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −6 tg (−3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −37− 50x− 5(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
21x + 2y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − 2x2 + y2 − z2 + 3x + 3y + 4z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 − 2xy − 6y2 − 28x− 28y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + y2 − 5z2 = −8 â
òî÷êå (3;−1; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 + y2 − 25

â òî÷êå (−3; 3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 51
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
(y − x2 + 4x)(y + x2 + 6x)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −3−

√
169− x2 − y2, z = −13 +

√
9− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(2x2 + 4x− 3) + cos(4y2 + 4y − 2) + tg(3x + 4y + 2xy) = C â òî÷êå (3;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (4x2 + 5y + 4) sin

(π

2
(x− y)

)
â òî÷êå (0;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 + 2y2 + 5xy) · cos

xy

8
, åñëè x = 1, y = 1, ∆x = 0.3, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 + 3y2 + 5xy) · cos xy, åñëè x = −2, y = 0, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x− 3y) cos2

(π

4
(x− y)

)
â òî÷êå (−3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e3x+5y sin(−4x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x− 2y

2x + 2y
â òî÷êå Mo(−1;−2), åñëè dx=0.2, dy=-0.4

10. Êîýôôèöèåíò ïðè x2y â ðàçëîæåíèè ôóíêöèè z = 3 tg (−3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 6(x2 + y2) + 48y − 30 ïðè óñëîâèè
{x2 + y2 ≤ 36, 2x−√32y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 6xy + 5y2 − 2z2 + 36x + 48y − 12z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 + 6xy + 4y2 − 4x + 2y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 5y2 − 3z2 = −3 â
òî÷êå (−2;−1;−2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 6y2 − 32

â òî÷êå (2; 2;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 52
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
(x + y − 3)(x− y + 2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −15 +

√
100− x2 − y2, z = −4−

√
36− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(2x2 − 2xy − 2y2)(−3x + 2y) = −8 â òî÷êå (2; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−2x2 − 3y + 3) sin

(2π

4
(x− y)

)
â òî÷êå (0;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−2xyz

4x− 3y + 4z
, åñëè x = −1, y = 2, z = −2, ∆x = 0.2, ∆y = −0.2, ∆z = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 5y2 + 2xy) · sin xy, åñëè x = 0, y = 1, ∆x = 0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 2xye2x+2y â òî÷êå (−3; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e−3x+5y cos(−3x + 3y) sin(−3x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 5y

4x− 2y
â òî÷êå Mo(−2;−3), åñëè dx=-0.2, dy=0.1

10. Êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè z = 2 sin2 (2x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

6
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2) + 24y − 33 ïðè óñëîâèè
{x2 + y2 ≤ 25, 2x−√5y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − 3x2 − y2 + 3z2 + 8x + 3y − 6z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 + 4xy − 3y2 − 24x + 30y + 34

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 − 3y2 − z2 = −20 â
òî÷êå (2;−3;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 − 2y2 + 4

â òî÷êå (1;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 53
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
x + y + 3 +

√
x− y − 6

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 6, x = 12, y = 3, y = 8, z = −3, z = −6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 3xy − 2y2 + 10

2x2 + 4xy − 1y2
= 1 â òî÷êå (−1;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(5x2 − 2y − 2) sin

(
π(x− y)

)
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 2y2

2x− 2y
, åñëè x = 2, y = 1, ∆x = 0.3, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 4y2 + 4xy) · sin xy, åñëè x = −1, y = 0, ∆x = −0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x− 2y)e3x+2y â òî÷êå (−2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e−5x+4y cos(−5x− 3y) sin(−5x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 5y

3x + 2y
â òî÷êå Mo(−3; 1), åñëè dx=0.4, dy=0.2

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = 2 cos2 (−2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2)− 16y − 32 ïðè óñëîâèè
{x2 + y2 ≤ 16, 6x−√45y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 + 4xy + 5y2 + 2z2 + 28x− 8y − 12z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 2x2 + 3xy + 2y2 + 1x + 6y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 − y2 − 2z2 = −20 â
òî÷êå (−1; 2;−3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 − y2 − 23

â òî÷êå (3;−1;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 54
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4 ln

x2 + y2 − 4x

14x− x2 − y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 8, x = 13, y = 4, y = 9, z = −− 2, y + z = 9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 + 4xy + 2y2 + 12

3x + 2y
= 3x + 4y â òî÷êå (−2; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(−2x2 + 2y + 2) sin

(π

2
(x− y)

)
â òî÷êå (0;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (2x2 − 2y2 + 2xy) · sin xy

7
, åñëè x = 1, y = 2, ∆x = 0.2, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4xy

4x + 2y
, åñëè x = −2, y = −2, ∆x = 0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x + 4y) sin2

( π

12
(x− y)

)
â òî÷êå (−2; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−4x−3y cos(−3x + 4y) sin(−3x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 5y

3x + 3y
â òî÷êå Mo(1;−2), åñëè dx=0.4, dy=-0.3

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (2x + 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2) + 12y − 13 ïðè óñëîâèè
{x2 + y2 ≤ 16, 2x−√5y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 2x2 − y2 + 3z2 − 3x + 3y − 6z + 29

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 − 4xy − 3y2 + 4x− 8y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 5y2 − 2z2 = −46 â
òî÷êå (−1; 3;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 5y2 + 15

â òî÷êå (−1; 2;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 55
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = 3 ln

√
x2 + y2 − 10x

−x2 − y2 + 22x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 7, x = 15, y = 5, y = 10, z = −1, x + y + z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 4x + 1)(−3y + 3) + (6x + 3)(2y2 − 3y − 3) = −144 â òî÷êå (−1;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(2x2 + 3y − 2) cos

(π

2
(x− y)

(
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 − 2y2 − 3xy) · cos

xy

8
, åñëè x = 2, y = 2, ∆x = −0.1, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 − 3y2

−3x + 3y
, åñëè x = 1, y = −1, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x + 4y) cos2

( π

16
(x− y)

)
â òî÷êå (−2; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−2x+4y cos(−2x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x− 2y

6x + 3y
â òî÷êå Mo(1; 3), åñëè dx=-0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

12
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 5y2 + 30x− 20y + 30 ïðè
óñëîâèè {x2 + y2 ≤ 49, 6x− 6y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 2x2 − 3xy + 2y2 − 2z2 + 18x− 17y − 12z + 30

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 2x2 − 6xy + 6y2 + 2x− 6y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 4x2 + 5y2 + 45 â
òî÷êå (3;−1; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + 5y2 + z2 = 24

â òî÷êå (−3;−1; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 56
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
7 sin(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, y = 2, x + y = 6, x + y + z = 7

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−3x2 − 2x + 3) + cos(−2y2 − 3y + 4) + tg(4x− 2y + 3xy) = C â òî÷êå (3; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(4x2 − 2y − 3) cos

(π

6
(x− y)

(
â òî÷êå (5; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

4x + 4y − 3z
, åñëè x = 2, y = −2, z = 1, ∆x = 0.2, ∆y = 0.3, ∆z = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 4y2 − 3xy) · cos xy, åñëè x = 0, y = 1, ∆x = −0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −3xye4x−2y â òî÷êå (2; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−2x−4y cos(2x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 2y

3x− 2y
â òî÷êå Mo(3;−1), åñëè dx=0.4, dy=0.2

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (−3x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 4y2 + 20x + 16y + 51 ïðè
óñëîâèè {x2 + y2 ≤ 16, 6x + 7y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 − x2 + y2 + 2z2 + 3x− 3y + 8z + 32

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 − 3xy − 6y2 + 9x− 27y + 36

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 + y2 + 25 â
òî÷êå (1; 2; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 + y2 + 2z2 = 22

â òî÷êå (1; 1;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 57
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
6 cos(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 5, y = 3, x + y = 2, x + y + z = 5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 − 3xy + 4y2)(−3x + 4y) = −286 â òî÷êå (1;−2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (2x + 2xy + 5y) sin

(π

8
(x− y)

)
â òî÷êå (3;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 2y2

−3x− 3y
, åñëè x = 2, y = 2, ∆x = −0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−3x2 + 5y2 + 3xy) · cos xy, åñëè x = 2, y = 0, ∆x = −0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (2x + 4y)e6x+2y â òî÷êå (1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−2x−5y cos(2x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 7y

4x + 2y
â òî÷êå Mo(−3; 2), åñëè dx=-0.3, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 tg (−3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 4x2 + 5y2 − 24x− 40y + 50 ïðè
óñëîâèè {x2 + y2 ≤ 25, 6x + 5y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 7xy + 6y2 + 3z2 − 29x + 9y + 6z + 33

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 + 6xy + 4y2 − 20x− 22y + 29

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 + 5y2 + 33 â
òî÷êå (−1;−1; 3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 4y2 + 2z2 = 43

â òî÷êå (−3;−2;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 58
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
5y − x225 + 9

√
25x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 7(x2 + y2) + 3, z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 + 2xy − 3y2 − 84

−3x2 + 3xy − 3y2
= 1 â òî÷êå (4;−1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (−2x + 5xy − 3y) cos

( π

15
(x− y)

)
â òî÷êå (−3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 + 3y2 + 3xy) · sin xy

7
, åñëè x = −1, y = −2, ∆x = 0.3, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 5y2 + 5xy) · sin xy, åñëè x = 0, y = −1, ∆x = −0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 3y) sin2

( π

12
(x− y)

)
â òî÷êå (1; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−4x−4y sin(−3x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 7y

6x− 2y
â òî÷êå Mo(−2;−2), åñëè dx=0.3, dy=-0.2

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (−3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2) + 16x− 30 ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
45x + 2y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 3x2 − y2 + z2 − 8x + 3y + 6z + 41

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 5xy − 4y2 − 10x− 6y + 30

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 − 3y2 + 5 â
òî÷êå (1;−2;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 2y2 − z2 = 52

â òî÷êå (3;−2; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 59
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
9y − x23 + 5

√
3x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 7(x2 + y2) + 4, z = 12−

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 2xy − 3y2 − 59

2x + 4y
= −2x + 4y â òî÷êå (−3;−1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(4x + 3xy + 2y) sin2

(π

6
(x− y)

)
â òî÷êå (0; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 − 2y2 + 4xy) · cos

xy

10
, åñëè x = 1, y = 1, ∆x = 0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 − 3y2 + 4xy) · sin xy, åñëè x = −2, y = 0, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x− 2y) cos2

(π

8
(x− y)

)
â òî÷êå (−3;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e3x−2y sin(−4x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 8y

6x− 3y
â òî÷êå Mo(2; 1), åñëè dx=-0.4, dy=0.4

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = 2 cos2 (−3x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

6
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2)− 12x− 25 ïðè óñëîâèè
{x2 + y2 ≤ 9,

√
55x + 3y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 − 2xy + 3y2 + 3z2 + 12x− 8y − 6z + 27

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 6xy + 3y2 − 22x + 18y + 32

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 − y2 − 50 â
òî÷êå (3;−1;−3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 + y2 − 2z2 = 5

â òî÷êå (−1;−2;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 60
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4 ln(12y − x2 − y2) +

√
20x + 20y − x2 − y2 − 100

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 2(x2 + y2) + 7, z = 13− 2(x2 + y2)

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 4x + 2)(−3y − 3) + (5x− 3)(−2y2 + 4y + 3) = 39 â òî÷êå (2; 2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(4x− 3xy − 2y) cos2

( π

12
(x− y)

)
â òî÷êå (−3; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−2xyz

−3x + 4y − 2z
, åñëè x = 3, y = 3, z = −2, ∆x = −0.2, ∆y = −0.2, ∆z = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4xy

4x− 2y
, åñëè x = 1, y = −2, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 2xye4x+2y â òî÷êå (1;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e5x−4y sin(2x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 6y

5x + 2y
â òî÷êå Mo(1;−2), åñëè dx=-0.3, dy=-0.4

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 sin2 (−3x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

12
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −38 + 48x− 6(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 25,

√
32x + 2y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 2x2 + y2 + z2 − 3x + 8y − 2z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 + 5xy − 4y2 + 27x− 39y + 31

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 − 4y2 + 38 â
òî÷êå (2;−3; 3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 5y2 − 4z2 = 30

â òî÷êå (−1; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 61
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

2√
49− x2 − y2

+ ln(y − 8x2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 1

√
x2 + y2 + 5, z = 11

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(4x2 + 4x− 2) + cos(−3y2 + 2y + 2) + tg(2x + 3y + 3xy) = C â òî÷êå (−1; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

5y2 − 3x− 2

e5y−5x
, â òî÷êå (2; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

−2x2 − 2y2

4x + 2y
, åñëè x = −2, y = 1, ∆x = −0.1, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x2 − 3y2

4x + 2y
, åñëè x = 2, y = −2, ∆x = 0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x + 4y)e4x+3y â òî÷êå (−3; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e3x−4y cos(2x + 3y) sin(2x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 3y

3x− 2y
â òî÷êå Mo(3; 2), åñëè dx=0.4, dy=0.2

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (−3x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −27− 60x− 6(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
21x + 2y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 − 4xy + 3y2 − 2z2 + 16x− 16y − 4z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 3xy + 4y2 − 21x + 17y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 2y2 + 3z2 = 34 â
òî÷êå (−2; 1;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 − 5y2 − z2 = −44

â òî÷êå (−1; 3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 62
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
49− x2 − y2 +

√
y − 7x2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −7

√
x2 + y2 + 5, z = −11

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 − 2xy + 4y2)(4x− 3y) = −424 â òî÷êå (1; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

4x2 + 5y + 3

e5y−3x
, â òî÷êå (5; 3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 4y2 − 3xy) · sin xy

7
, åñëè x = 2, y = 1, ∆x = 0.1, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 3y2 + 5xy) · cos xy, åñëè x = 0, y = 1, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x− 2y) sin2

( π

20
(x− y)

)
â òî÷êå (3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e4x+3y cos(−2x− 3y) sin(−2x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 8y

5x− 3y
â òî÷êå Mo(3; 1), åñëè dx=-0.3, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (−3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2) + 8y − 39 ïðè óñëîâèè
{x2 + y2 ≤ 16, 6x−√28y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 − x2 + y2 − 3z2 − 3x− 3y + 6z + 30

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 − 4xy − 4y2 + 48x + 36y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + 5y2 + 4z2 = 77 â
òî÷êå (3;−1; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 − y2 − 4z2 = −9

â òî÷êå (2; 1; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 63
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

−3√
x2 + y2 − 9

+ ln(x− 5y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 7

√
x2 + y2 + 6, z = 10− 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 + 2xy + 4y2 − 28

4x2 + 4xy − 3y2
= 1 â òî÷êå (0;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (−3x2 + 2y − 3) sin

(π

2
(x− y)

)
â òî÷êå (1; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 − 2y2 − 2xy) · cos

xy

10
, åñëè x = −2, y = −1, ∆x = 0.3, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 5y2 + 2xy) · cos xy, åñëè x = −1, y = 0, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 4y) cos2

(π

4
(x− y)

)
â òî÷êå (−2;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−3x+2y cos(3x− 4y) sin(3x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 6y

3x + 3y
â òî÷êå Mo(1;−3), åñëè dx=-0.4, dy=-0.2

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (3x + 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2) + 12y − 29 ïðè óñëîâèè
{x2 + y2 ≤ 9, 4x−√20y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 − 7xy + 6y2 + 3z2 + 31x− 33y − 12z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 − 2xy + 4y2 + 18x + 4y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 5y2 + 4z2 = 58 â
òî÷êå (−1;−2;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 5y2 − 4z2 = −20

â òî÷êå (1;−1; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 64
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3

√
36− x2 − y2 +

√
x− 3y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 8)2 = 4, z = 5

√
x2 + y2 + 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 2xy + 2y2 − 106

−3x + 3y
= −3x + 4y â òî÷êå (4; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−3x2 − 3y − 2) sin

(2π

4
(x− y)

)
â òî÷êå (4; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

2xyz

3x− 3y + 2z
, åñëè x = 3, y = 1, z = −1, ∆x = 0.2, ∆y = −0.1, ∆z = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−3x2 + 5y2 + 3xy) · sin xy, åñëè x = 0, y = 1, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 3xye4x−2y â òî÷êå (1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e4x+2y cos(−4x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 3y

5x− 3y
â òî÷êå Mo(1;−1), åñëè dx=0.3, dy=0.2

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = 3 tg (3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2) + 40y − 25 ïðè óñëîâèè
{x2 + y2 ≤ 36, 4x−√20y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 + 2x2 + y2 + z2 + 3x− 3y − 2z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 − 2xy − 5y2 + 8x + 22y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 4y2 − z2 = 21 â
òî÷êå (3;−1;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 5x2 + 4y2 − 63

â òî÷êå (−3;−2;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 65
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3 arcsin (x2 + y2) +

√
8x− 4y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 4)2 = 25, z = 9− 1

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 − 3x + 3)(3y + 0) + (4x− 2)(−3y2 + 4y − 3) = 32 â òî÷êå (0; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(4x2 + 2y − 3) sin

(
π(x− y)

)
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

3x2 + 4y2

−2x− 3y
, åñëè x = 1, y = 2, ∆x = −0.2, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 5y2 − 2xy) · sin xy, åñëè x = −1, y = 0, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (2x− 2y)e4x−3y â òî÷êå (3; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−4x+4y cos(4x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 7y

6x− 2y
â òî÷êå Mo(−2; 2), åñëè dx=0.2, dy=0.1

10. Êîýôôèöèåíò ïðè (y − π

4
)2 â ðàçëîæåíèè ôóíêöèè z = 2 sin2 (2x + 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (0;
π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 4x2 + 6y2 + 40x− 48y + 34 ïðè
óñëîâèè {x2 + y2 ≤ 49, 5x− 7y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 2xy + 2y2 + 2z2 − 12x− 14y + 12z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 − 5xy + 6y2 − 20x + 29y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + y2 − 3z2 = 37 â
òî÷êå (−3;−2;−2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 + y2 − 41

â òî÷êå (3;−3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 66
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3 arccos (−x2 − y2) +

√
7x + 7y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 9 +

√
64− x2 − y2, z = 1 + 3

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(2x2 − 2x + 3) + cos(2y2 + 3y + 3) + tg(6x− 2y + 3xy) = C â òî÷êå (3; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(3x2 + 3y + 2) sin

(π

2
(x− y)

)
â òî÷êå (3; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 − 2y2 + 4xy) · sin xy

6
, åñëè x = −2, y = 2, ∆x = 0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3xy

−3x + 3y
, åñëè x = −2, y = −1, ∆x = −0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 4y) sin2

(π

4
(x− y)

)
â òî÷êå (4; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e2x−4y cos(−3x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 6y

6x− 3y
â òî÷êå Mo(−3;−3), åñëè dx=-0.1, dy=0.4

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (2x + 3y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2x2 + 5y2 + 12x + 20y + 54 ïðè
óñëîâèè {x2 + y2 ≤ 25, 4x + 7y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − x2 + y2 − 3z2 − 3x + 3y + 12z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 − 2xy − 4y2 + 12x + 10y + 35

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 3y2 − 2z2 = 29 â
òî÷êå (2; 3;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 6y2 − 4

â òî÷êå (2; 1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 67
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2 arccos

(y − 3

x− 7

)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −6−

√
16− x2 − y2, z = −2− 2

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−2x2 + 4xy − 2y2)(−2x− 3y) = 24 â òî÷êå (3; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(4x2 + 5y + 3) cos

(π

2
(x− y)

(
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 − 2y2 + 5xy) · cos

xy

6
, åñëè x = 1, y = 1, ∆x = 0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x2 − 2y2

−3x + 4y
, åñëè x = −1, y = −1, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 2y) cos2

( π

16
(x− y)

)
â òî÷êå (−3; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e4x+4y sin(−4x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x + 4y

5x− 2y
â òî÷êå Mo(−3;−2), åñëè dx=-0.1, dy=-0.4

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 2y2 − 60x− 16y + 55 ïðè
óñëîâèè {x2 + y2 ≤ 49, 6x + 5y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 4xy + 5y2 + 2z2 + 28x− 18y − 4z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 2xy + 4y2 + 40x− 22y + 29

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 − 5y2 − z2 = −18 â
òî÷êå (1;−2; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 − 2y2 − 20

â òî÷êå (−3; 3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 68
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
64− x2 − y2 + 5

√
x2 + y2 − 9

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 4 +

√
49− x2 − y2, z = 13−

√
49− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 + 3xy + 2y2 + 2

−3x2 + 4xy + 3y2
= 1 â òî÷êå (−1;−1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(3x2 + 3y + 1) cos

(π

6
(x− y)

(
â òî÷êå (3; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

4x + 2y + 3z
, åñëè x = 3, y = 1, z = −2, ∆x = −0.1, ∆y = −0.1, ∆z = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 4y2 − 2xy) · cos xy, åñëè x = 0, y = −1, ∆x = −0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −3xye4x−2y â òî÷êå (−1;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e3x+3y sin(−3x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 8y

6x− 2y
â òî÷êå Mo(2; 2), åñëè dx=-0.3, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (−2x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2) + 32x− 33 ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
84x + 4y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 − x2 − y2 − 4z2 − 3x− 3y − 8z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 − 2xy − 5y2 + 6x− 18y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 − y2 − 4z2 = 13 â
òî÷êå (−3;−1;−1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 − y2 − 13

â òî÷êå (−2; 1;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz



Òèïîâîé ðàñ÷åò ïî ÑÔÂÀ 179

Âàðèàíò 69
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
(36− x2 − y2)(x2 + y2 − 4)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −7−

√
144− x2 − y2, z = −11 +

√
4− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−2x2 + 3xy − 2y2 + 72

2x + 3y
= 3x− 2y â òî÷êå (−3; 0)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (4x + 4xy + 4y) sin

(π

2
(x− y)

)
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 3y2

4x− 2y
, åñëè x = 2, y = −2, ∆x = −0.2, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 3y2 + 3xy) · cos xy, åñëè x = −2, y = 0, ∆x = −0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x + 4y)e2x+2y â òî÷êå (1;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−4x−5y sin(4x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 6y

2x + 3y
â òî÷êå Mo(3;−3), åñëè dx=0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 tg (−3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2)− 48x− 30 ïðè óñëîâèè
{x2 + y2 ≤ 49,

√
96x + 2y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 − 6xy + 5y2 + 3z2 + 12x− 24y − 12z + 36

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 3xy + 2y2 + 21x− 18y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 3y2 − 4z2 = −30 â
òî÷êå (−1; 3;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 6y2 + 49

â òî÷êå (−3; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 70
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = −2

√
y − x2 + 2x

y + x2 + 4x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −16 +

√
49− x2 − y2, z = −8−

√
16− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 − 2x− 1)(2y + 1) + (2x + 2)(4y2 − 3y − 2) = −4 â òî÷êå (−1;−1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (3x + 2xy + 2y) cos

(π

6
(x− y)

)
â òî÷êå (−2;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 + 3y2 + 3xy) · sin xy

7
, åñëè x = −2, y = −2, ∆x = 0.3, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 2y2 + 5xy) · sin xy, åñëè x = 0, y = 1, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x + 4y) sin2

(π

8
(x− y)

)
â òî÷êå (4; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e5x−2y cos(5x− 4y) sin(5x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 7y

4x + 3y
â òî÷êå Mo(−1; 1), åñëè dx=-0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −37 + 36x− 3(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 64,

√
16x + 3y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 − x2 + y2 + 4z2 + 3x + 3y + 16z + 28

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 + 2xy − 4y2 + 26x− 14y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 + 4y2 + 47 â
òî÷êå (−3; 2;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 + 4y2 + z2 = 29

â òî÷êå (−2;−2; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 71
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
(y − x2 + 2x)(y + x2 + 6x)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 6, x = 12, y = 4, y = 6, z = −5, z = −9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(3x2 − 2x− 3) + cos(2y2 − 2y − 2) + tg(5x + 2y + 3xy) = C â òî÷êå (−1; 0)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(2x + 3xy + 2y) sin2

( π

14
(x− y)

)
â òî÷êå (5;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 + 5y2 + 5xy) · cos

xy

10
, åñëè x = 2, y = −2, ∆x = −0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 − 2y2 − 3xy) · sin xy, åñëè x = 2, y = 0, ∆x = 0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x + 3y) cos2

( π

16
(x− y)

)
â òî÷êå (1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e5x+2y cos(3x− 3y) sin(3x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 7y

2x + 3y
â òî÷êå Mo(−2; 1), åñëè dx=-0.1, dy=0.4

10. Êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè z = −2 sin2 (−2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −27− 12x− 2(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 25,

√
27x + 3y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 3xy + 2y2 − 3z2 + 9x + 2y − 18z + 28

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 + 5xy + 3y2 + 35x + 21y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 + y2 + 40 â
òî÷êå (1;−1; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + y2 + 4z2 = 27

â òî÷êå (−1;−3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 72
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3

√
(x + y − 2)(x− y + 4)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 3, x = 9, y = 3, y = 10, z = −− 2, y + z = 9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 2xy − 3y2)(2x + 4y) = −648 â òî÷êå (3; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(5x + 3xy − 2y) cos2

( π

16
(x− y)

)
â òî÷êå (1;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

−2x + 2y − 3z
, åñëè x = −1, y = 3, z = −1, ∆x = 0.1, ∆y = 0.3, ∆z = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−2xy

4x− 2y
, åñëè x = −1, y = 1, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 3xye2x−4y â òî÷êå (2; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−5x+4y cos(5x + 5y) sin(5x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 8y

5x + 3y
â òî÷êå Mo(−2;−3), åñëè dx=0.4, dy=0.3

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = 3 cos2 (2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2) + 24y − 37 ïðè óñëîâèè
{x2 + y2 ≤ 16, 6x−√13y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − x2 − y2 − 2z2 − 8x + 3y − 12z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 − 4xy − 3y2 + 24x + 26y + 32

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 + 2y2 + 30 â
òî÷êå (2; 2; 3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 5y2 + 4z2 = 62

â òî÷êå (1; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 73
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
x + y + 3 +

√
x− y − 6

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 7, x = 9, y = 2, y = 5, z = −2, x + y + z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
2x2 + 4xy + 4y2 − 26

3x2 + 4xy + 1y2
= 1 â òî÷êå (1; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

−3y2 + 2x− 1

e4y−4x
, â òî÷êå (−1;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 − 2y2

2x + 4y
, åñëè x = −2, y = 2, ∆x = −0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 + 2y2

−3x + 2y
, åñëè x = −1, y = −2, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (2x + 3y)e6x−4y â òî÷êå (−2;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−2x−2y cos(2x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 6y

5x− 3y
â òî÷êå Mo(−3; 1), åñëè dx=-0.2, dy=0.3

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (−2x + 3y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2)− 16y − 26 ïðè óñëîâèè
{x2 + y2 ≤ 16, 3x−√7y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 − 5xy + 5y2 − 3z2 − 26x + 30y + 6z + 30

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 7xy + 3y2 + 5x + 1y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 − 4y2 + 18 â
òî÷êå (−2; 3; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 + 3y2 − z2 = 39

â òî÷êå (2; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 74
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2 ln

x2 + y2 − 8x

16x− x2 − y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, y = 3, x + y = 5, x + y + z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
3x2 + 3xy + 2y2 − 135

4x + 2y
= −3x− 2y â òî÷êå (−3; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

−3x2 + 4y + 2

e2y−4x
, â òî÷êå (1; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 + 5y2 + 3xy) · sin xy

9
, åñëè x = 1, y = 1, ∆x = −0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 2y2 − 2xy) · cos xy, åñëè x = 0, y = −2, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x + 4y) sin2

(π

4
(x− y)

)
â òî÷êå (1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e5x+5y cos(−4x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 4y

5x− 2y
â òî÷êå Mo(3; 2), åñëè dx=-0.2, dy=0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (−2x + 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 6(x2 + y2) + 48y − 17 ïðè óñëîâèè
{x2 + y2 ≤ 36, 5x−√24y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 + x2 + y2 + z2 − 3x + 8y − 4z + 27

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 − 3xy − 3y2 + 13x + 21y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 − y2 + 2 â
òî÷êå (1; 1; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + y2 − 3z2 = 21

â òî÷êå (−2;−2;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 75
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = 3 ln

√
x2 + y2 − 4x

−x2 − y2 + 14x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 3, y = 8, x + y = 3, x + y + z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 + 4x + 1)(3y − 3) + (3x− 2)(−2y2 + 2y − 2) = 139 â òî÷êå (−1; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (2x2 − 2y + 4) sin

(π

2
(x− y)

)
â òî÷êå (3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 − 2y2 − 3xy) · cos

xy

10
, åñëè x = −2, y = 1, ∆x = 0.3, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 3y2 − 2xy) · cos xy, åñëè x = −2, y = 0, ∆x = −0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 4y) cos2

( π

16
(x− y)

)
â òî÷êå (1;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e3x+4y cos(−2x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x− 3y

5x− 3y
â òî÷êå Mo(3; 2), åñëè dx=0.1, dy=-0.2

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (−2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2x2 + 3y2 + 16x− 18y + 47 ïðè
óñëîâèè {x2 + y2 ≤ 36, 4x− 4y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 + 2xy + 4y2 − 2z2 + 4x− 22y − 12z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 7xy + 5y2 + 2x− 6y + 30

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 − 5y2 + 42 â
òî÷êå (−1; 3;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 5y2 − 2z2 = 22

â òî÷êå (−2; 2;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 76
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −3

√
9 sin(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6(x2 + y2) + 2, z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(4x2 + 2x + 1) + cos(−3y2 − 3y − 1) + tg(4x + 4y − 2xy) = C â òî÷êå (2; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−3x2 + 2y + 2) sin

(2π

4
(x− y)

)
â òî÷êå (3; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

4x + 4y − 3z
, åñëè x = 2, y = 2, z = 2, ∆x = −0.1, ∆y = 0.3, ∆z = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−3x2 + 4y2 + 5xy) · sin xy, åñëè x = 0, y = −1, ∆x = 0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 2xye2x+2y â òî÷êå (1;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−5x−4y sin(−4x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x− 3y

5x + 2y
â òî÷êå Mo(−2;−1), åñëè dx=0.2, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2x2 + 3y2 + 20x + 12y + 58 ïðè
óñëîâèè {x2 + y2 ≤ 36, 5x + 2y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 + 2x2 − y2 − 3z2 + 3x− 8y + 6z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 2xy − 5y2 − 28x− 4y + 30

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + 5y2 + 5z2 = 29 â
òî÷êå (−1; 2; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 − 2y2 − z2 = 25

â òî÷êå (−3; 1;−3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 77
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
9 cos(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 6(x2 + y2) + 3, z = 13−

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 − 3xy + 4y2)(−2x− 3y) = 24 â òî÷êå (4;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(5x2 + 4y + 4) sin

(
π(x− y)

)
â òî÷êå (1; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

−2x2 − 3y2

−3x + 4y
, åñëè x = 1, y = 2, ∆x = 0.3, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 4y2 + 3xy) · sin xy, åñëè x = 2, y = 0, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x− 3y)e4x−2y â òî÷êå (1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e4x+4y sin(−4x + 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 8y

4x− 2y
â òî÷êå Mo(2; 3), åñëè dx=-0.1, dy=-0.3

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (2x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 6y2 − 30x− 24y + 45 ïðè
óñëîâèè {x2 + y2 ≤ 49, 4x + 6y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 + 6xy + 6y2 − 3z2 + 36x + 30y − 12z + 28

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 5xy + 5y2 + 21x− 20y + 28

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 5y2 + 4z2 = 39 â
òî÷êå (−3; 1; 2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 − y2 − 2z2 = 1

â òî÷êå (−1; 1;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 78
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 5

√
2y − x24 + 5

√
4x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 2(x2 + y2) + 7, z = 13− 2(x2 + y2)

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
3x2 − 3xy + 3y2 − 107

−2x2 − 3xy + 0y2
= 1 â òî÷êå (4; 3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(5x2 − 2y + 4) sin

(π

2
(x− y)

)
â òî÷êå (3; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (5x2 + 2y2 + 4xy) · sin xy

9
, åñëè x = 1, y = −1, ∆x = −0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2xy

3x + 2y
, åñëè x = −1, y = −1, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x− 2y) sin2

(π

8
(x− y)

)
â òî÷êå (1;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−5x+5y sin(−5x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x− 3y

5x− 3y
â òî÷êå Mo(−2;−3), åñëè dx=0.4, dy=-0.3

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = −3 tg (2x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 20x− 31 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
39x + 5y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 + x2 − y2 − 2z2 − 3x + 3y + 12z + 27

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 + 3xy − 5y2 + 17x− 36y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 + 4y2 + 3z2 = 68 â
òî÷êå (2;−3;−2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 4y2 − 3z2 = −30

â òî÷êå (3; 3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 79
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
9y − x23 + 9

√
3x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 4

√
x2 + y2 + 8, z = 10

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
−3x2 + 4xy + 4y2 − 3

2x + 4y
= −3x + 2y â òî÷êå (1; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−2x2 + 3y − 2) cos

(π

2
(x− y)

(
â òî÷êå (1; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 2y2 + 4xy) · cos

xy

10
, åñëè x = −1, y = −2, ∆x = −0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−3x2 + 3y2

3x + 3y
, åñëè x = −1, y = −1, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x + 4y) cos2

( π

20
(x− y)

)
â òî÷êå (−1; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e−5x−5y cos(5x− 4y) sin(5x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 8y

2x + 2y
â òî÷êå Mo(1; 2), åñëè dx=-0.3, dy=-0.2

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (2x− 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2)− 60x− 37 ïðè óñëîâèè
{x2 + y2 ≤ 64,

√
119x + 5y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 − 6xy + 4y2 − 3z2 − 34x + 36y − 6z + 27

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 − 5xy + 5y2 − 30x + 30y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + 3y2 − z2 = 44 â
òî÷êå (3; 2;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 + 3y2 − 39

â òî÷êå (2; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 80
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4 ln(10y − x2 − y2) +

√
16x + 16y − x2 − y2 − 64

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −2

√
x2 + y2 + 8, z = −9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 − 2x− 2)(4y + 2) + (5x− 1)(−2y2 + 4y + 2) = 706 â òî÷êå (4; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−2x2 + 5y + 1) cos

(π

6
(x− y)

(
â òî÷êå (3; 0)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−2xyz

2x− 3y + 4z
, åñëè x = 3, y = 3, z = 3, ∆x = −0.2, ∆y = 0.1, ∆z = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 5y2 − 2xy) · cos xy, åñëè x = 0, y = 2, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 4xye3x+3y â òî÷êå (−1; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e−2x−3y cos(4x− 4y) sin(4x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 6y

2x + 2y
â òî÷êå Mo(2; 2), åñëè dx=0.2, dy=-0.4

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 sin2 (−2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −37 + 24x− 2(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 49,

√
32x + 2y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 +

1

3
y3 + 2x2 − y2 − 4z2 + 3x− 3y − 8z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 + 7xy − 5y2 − 32x + 41y + 32

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + y2 − 5z2 = 8 â
òî÷êå (2; 1;−1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 + y2 + 2

â òî÷êå (1;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 81
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

3√
36− x2 − y2

+ ln(y − 10x2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 9

√
x2 + y2 + 8, z = 11− 9

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(4x2 + 4x− 1) + cos(3y2 + 4y + 2) + tg(6x− 2y − 2xy) = C â òî÷êå (−2;−3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (5x− 3xy + 2y) sin

( π

12
(x− y)

)
â òî÷êå (0;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

−2x2 − 3y2

4x + 4y
, åñëè x = −1, y = 2, ∆x = −0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−2x2 + 5y2 − 2xy) · cos xy, åñëè x = 2, y = 0, ∆x = −0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 2y) sin2

( π

20
(x− y)

)
â òî÷êå (−2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−5x−3y cos(3x− 5y) sin(3x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x− 2y

2x + 3y
â òî÷êå Mo(−1; 1), åñëè dx=0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 sin2 (−3x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −33− 36x− 3(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 64,

√
91x + 3y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 4xy + 3y2 + 2z2 + 40x− 18y − 12z + 34

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 2x2 − 2xy + 6y2 + 8x− 26y + 37

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 5y2 − 2z2 = 19 â
òî÷êå (−1;−2;−1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 6y2 − 3

â òî÷êå (−1; 1; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 82
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
16− x2 − y2 +

√
y − 8x2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 10)2 = 25, z = 3

√
x2 + y2 + 5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−2x2 − 3xy + 2y2)(4x− 2y) = −512 â òî÷êå (4; 0)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (3x− 3xy + 5y) cos

( π

15
(x− y)

)
â òî÷êå (4;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 − 3y2 + 4xy) · sin xy

7
, åñëè x = −1, y = 2, ∆x = 0.3, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 − 3y2 − 3xy) · sin xy, åñëè x = 0, y = −1, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −3xye2x+2y â òî÷êå (−3; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e5x−5y cos(−3x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x− 2y

5x + 3y
â òî÷êå Mo(2;−3), åñëè dx=0.3, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (−2x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 6(x2 + y2) + 48y − 39 ïðè óñëîâèè
{x2 + y2 ≤ 25, 2x−√45y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + x2 − y2 + z2 + 3x + 3y + 4z + 30

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 + 5xy − 4y2 + 27x− 34y + 34

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 − 3y2 − z2 = 29 â
òî÷êå (−3;−1; 2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 − 2y2 + 12

â òî÷êå (2;−3; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Âàðèàíò 83
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z =

−3√
x2 + y2 − 36

+ ln(x− 8y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 4)2 = 25, z = 9− 4

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 2xy + 4y2 − 63

2x2 + 4xy + 1y2
= 1 â òî÷êå (−3; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(4x + 3xy + 5y) sin2

(π

6
(x− y)

)
â òî÷êå (−2;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 2y2 − 3xy) · cos

xy

9
, åñëè x = −1, y = −1, ∆x = 0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 − 3y2 − 2xy) · sin xy, åñëè x = 1, y = 0, ∆x = 0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (4x + 4y)e4x−2y â òî÷êå (1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e−2x+3y cos(5x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x− 2y

3x− 2y
â òî÷êå Mo(−3;−1), åñëè dx=0.2, dy=-0.4

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (−2x + 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 30y − 13 ïðè óñëîâèè
{x2 + y2 ≤ 16, 4x−√48y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 − 3xy + 6y2 − 2z2 + 33x− 21y + 12z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 2x2 + 3xy + 4y2 − 3x + 15y + 34

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 − y2 − 3z2 = −12 â
òî÷êå (−2;−1; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 − y2 − 3

â òî÷êå (−2; 3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 84
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
25− x2 − y2 +

√
x− 7y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 7 +

√
4− x2 − y2, z = 5 + 7

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 + 2x + 4)(−3y − 3) + (6x + 3)(−2y2 + 4y − 1) = −195 â òî÷êå (2; 2)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(3x + 5xy + 5y) cos2

( π

24
(x− y)

)
â òî÷êå (1;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

2xyz

−3x + 2y − 3z
, åñëè x = −1, y = 2, z = −1, ∆x = −0.2, ∆y = 0.2, ∆z = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4xy

2x− 3y
, åñëè x = 2, y = 2, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x− 3y) sin2

(π

8
(x− y)

)
â òî÷êå (−3;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e−4x+4y cos(2x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 2y

5x− 3y
â òî÷êå Mo(1; 1), åñëè dx=-0.4, dy=-0.3

10. Êîýôôèöèåíò ïðè x2y â ðàçëîæåíèè ôóíêöèè z = 3 tg (−3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 6x2 + 2y2 + 72x− 8y + 45 ïðè óñëîâèè
{x2 + y2 ≤ 49, 2x− 5y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 − x2 − y2 + z2 + 3x− 8y − 2z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 + 4xy − 5y2 − 10x + 14y + 35

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 2y2 − 4z2 = −33 â
òî÷êå (1;−3; 2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 2y2 + 2

â òî÷êå (−2;−1; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 85
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2 arcsin (x2 + y2) +

√
7x− 2y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −12−

√
36− x2 − y2, z = −6− 1

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−2x2 + 2x + 1) + cos(2y2 + 4y + 2) + tg(4x + 3y + 2xy) = C â òî÷êå (1;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

4y2 − 2x + 5

e4y−4x
, â òî÷êå (2; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

2x2 + 4y2

−3x− 2y
, åñëè x = 1, y = 1, ∆x = 0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x2 − 2y2

3x− 3y
, åñëè x = −2, y = 2, ∆x = −0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(3x− 2y) cos2

(π

4
(x− y)

)
â òî÷êå (2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e2x+4y sin(5x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x− 3y

4x + 3y
â òî÷êå Mo(2; 1), åñëè dx=-0.2, dy=-0.3

10. Êîýôôèöèåíò ïðè xy2 â ðàçëîæåíèè ôóíêöèè z = −3 tg (2x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 4y2 + 60x + 16y + 35 ïðè
óñëîâèè {x2 + y2 ≤ 64, 5x + 3y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 + 3xy + 2y2 + 2z2 − 27x + 3y + 4z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 5x2 + 5xy + 4y2 − 40x− 31y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 + 5y2 + 69 â
òî÷êå (−2; 3;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 2y2 + z2 = 54

â òî÷êå (−3; 2;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 86
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4 arccos (−x2 − y2) +

√
6x + 7y

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 5 +

√
36− x2 − y2, z = 12−

√
25− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 + 3xy + 3y2)(−2x + 2y) = 798 â òî÷êå (4;−3)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

2x2 − 2y − 3

e4y−4x
, â òî÷êå (−2;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 − 3y2 + 3xy) · sin xy

8
, åñëè x = −1, y = 1, ∆x = 0.3, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 5y2 + 2xy) · cos xy, åñëè x = 0, y = −1, ∆x = 0.2, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 3xye3x+2y â òî÷êå (−2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e5x+2y sin(−3x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

3x + 8y

2x− 3y
â òî÷êå Mo(−1; 3), åñëè dx=-0.2, dy=0.4

10. Êîýôôèöèåíò ïðè (x− π

4
)2 â ðàçëîæåíèè ôóíêöèè z = 3 cos2 (−2x + 3y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (
π

4
; 0) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 2x2 + 5y2 − 24x− 50y + 40 ïðè
óñëîâèè {x2 + y2 ≤ 64, 2x + 2y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + x2 + y2 + 4z2 + 8x + 8y − 8z + 30

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −6x2 + 4xy − 2y2 + 4x + 4y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 + y2 + 52 â
òî÷êå (−1; 2; 3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 + y2 + 3z2 = 37

â òî÷êå (2;−3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 87
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3 arccos

(y − 3

x− 3

)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −7−

√
49− x2 − y2, z = −13 +

√
25− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 − 2xy + 3y2 + 32

4x2 + 2xy + 3y2
= 1 â òî÷êå (2; 4)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (−2x2 + 3y + 4) sin

(π

2
(x− y)

)
â òî÷êå (−2;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−2x2 + 3y2 + 4xy) · cos

xy

7
, åñëè x = −1, y = −1, ∆x = 0.2, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (−3x2 + 5y2 − 2xy) · cos xy, åñëè x = −1, y = 0, ∆x = 0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x− 3y)e6x−3y â òî÷êå (−1;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e2x+2y sin(2x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 5y

4x + 2y
â òî÷êå Mo(1; 3), åñëè dx=0.3, dy=0.2

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 4(x2 + y2) + 16x− 26 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
27x + 3y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 5x2 + 4xy + 2y2 − 3z2 + 2x + 8y + 18z + 34

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 5xy + 3y2 − 39x− 28y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 + 3y2 + 30 â
òî÷êå (−1; 3; 1) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 5y2 + 2z2 = 51

â òî÷êå (−2;−3; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 88
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
81− x2 − y2 + 10

√
x2 + y2 − 25

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −13 +

√
64− x2 − y2, z = −4−

√
36− x2 − y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 + 2xy − 3y2 − 90

3x− 3y
= −2x− 2y â òî÷êå (−3; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(2x2 + 4y + 3) sin

(2π

4
(x− y)

)
â òî÷êå (−1;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−3xyz

−3x + 4y + 2z
, åñëè x = 1, y = −2, z = 3, ∆x = −0.1, ∆y = −0.2, ∆z = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 5y2 + 2xy) · sin xy, åñëè x = 0, y = −2, ∆x = −0.1, ∆y = −0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(4x + 2y) sin2

(π

4
(x− y)

)
â òî÷êå (2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e3x−5y cos(2x + 5y) sin(2x + 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x− 3y

6x + 2y
â òî÷êå Mo(−1;−3), åñëè dx=-0.4, dy=0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (2x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

8
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2)− 50x− 25 ïðè óñëîâèè
{x2 + y2 ≤ 49,

√
24x + 5y ≥ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 3x2 + y2 + 4z2 − 8x + 3y − 16z + 38

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −4x2 − 7xy − 6y2 − 15x− 19y + 35

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 5x2 − 4y2 − 8 â
òî÷êå (2; 2;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 4y2 − z2 = 48

â òî÷êå (−3;−1; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 89
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
(36− x2 − y2)(x2 + y2 − 4)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 8, x = 17, y = 7, y = 11, z = −2, z = −5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 + 4x− 1)(3y − 1) + (5x + 4)(2y2 − 3y + 4) = −4 â òî÷êå (−1;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(−3x2 + 2y − 1) sin

(
π(x− y)

)
â òî÷êå (−2;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

4x2 + 4y2

−2x + 3y
, åñëè x = 2, y = 1, ∆x = 0.2, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 + 2y2 + 4xy) · sin xy, åñëè x = −1, y = 0, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 2y) cos2

(π

4
(x− y)

)
â òî÷êå (−2;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e5x−5y cos(4x− 5y) sin(4x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 8y

3x− 2y
â òî÷êå Mo(3;−1), åñëè dx=-0.2, dy=0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −34 + 40x− 5(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 36,

√
75x + 5y ≥ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 5xy + 4y2 + 3z2 + 4x + 11y + 18z + 30

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 3xy + 3y2 + 18x− 18y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 3x2 − y2 − 29 â
òî÷êå (−3;−2;−3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2x2 + y2 − 5z2 = 2

â òî÷êå (−3;−2; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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Âàðèàíò 90
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = −3

√
y − x2 + 3x

y + x2 + 8x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 4, x = 6, y = 5, y = 7, z = −− 5, y + z = 5

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(3x2 − 2x− 2) + cos(−2y2 + 4y + 0) + tg(2x− 3y + 3xy) = C â òî÷êå (−3; 2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(5x2 − 3y + 1) sin

(π

2
(x− y)

)
â òî÷êå (0;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 − 3y2 + 4xy) · sin xy

10
, åñëè x = −1, y = −1, ∆x = −0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−2xy

3x− 2y
, åñëè x = −2, y = 2, ∆x = 0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = 2xye4x+2y â òî÷êå (−1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e−5x−3y cos(4x− 3y) sin(4x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 5y

5x− 3y
â òî÷êå Mo(2; 1), åñëè dx=0.1, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −31− 12x− 3(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 9,

√
91x + 3y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + 2x2 + y2 − 2z2 − 3x− 3y − 4z + 33

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 + 3xy − 3y2 + 9x + 9y + 34

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = x2 − 3y2 − 7 â
òî÷êå (−2;−1;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 + 4y2 − 5z2 = −32

â òî÷êå (−3;−1; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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Âàðèàíò 91
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
(y − x2 + 4x)(y + x2 + 7x)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 8, x = 15, y = 3, y = 7, z = −4, x + y + z = 8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(−3x2 − 3xy + 4y2)(2x− 3y) = −162 â òî÷êå (3; 0)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(−2x2 + 3y + 2) cos

(π

2
(x− y)

(
â òî÷êå (2; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 5y2 − 2xy) · cos

xy

5
, åñëè x = −1, y = −1, ∆x = 0.3, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 + 2y2

2x + 4y
, åñëè x = −1, y = 1, ∆x = −0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (3x− 3y)e6x−4y â òî÷êå (2; 3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−2x−2y cos(5x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 4y

5x + 3y
â òî÷êå Mo(2;−1), åñëè dx=-0.4, dy=-0.2

10. Êîýôôèöèåíò ïðè y2 â ðàçëîæåíèè ôóíêöèè z = −2 cos2 (−3x− 2y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

6
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2) + 36y − 37 ïðè óñëîâèè
{x2 + y2 ≤ 49, 3x−√27y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 + 4xy + 2y2 + 3z2 − 20x− 8y + 12z + 37

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 + 4xy + 4y2 + 4x− 8y + 38

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2x2 + 5y2 + 4z2 = 11 â
òî÷êå (1; 1;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 3x2 − 2y2 − z2 = −16

â òî÷êå (−1;−3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOy
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Âàðèàíò 92
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4

√
(x + y − 4)(x− y + 7)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 1, y = 5, x + y = 7, x + y + z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
3x2 + 4xy + 4y2 − 22

−2x2 + 3xy + 4y2
= 1 â òî÷êå (−2;−1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

π
(5x2 + 5y + 1) cos

(π

6
(x− y)

(
â òî÷êå (4; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

−3x + 4y − 3z
, åñëè x = 3, y = 2, z = 3, ∆x = 0.2, ∆y = 0.3, ∆z = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 − 3y2 + 5xy) · cos xy, åñëè x = 0, y = 2, ∆x = 0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−3x + 4y) sin2

( π

24
(x− y)

)
â òî÷êå (4;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e4x+3y cos(−4x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 8y

5x− 3y
â òî÷êå Mo(−2;−2), åñëè dx=-0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 sin2 (−2x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

8
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 3(x2 + y2)− 30y − 32 ïðè óñëîâèè
{x2 + y2 ≤ 49, 6x−√45y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + x2 + y2 + 2z2 + 3x− 3y + 12z + 31

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 − 3xy − 2y2 + 6x− 2y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + 4y2 + 2z2 = 33 â
òî÷êå (3;−1; 1) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 4x2 − y2 − 5z2 = −25

â òî÷êå (1; 3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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Âàðèàíò 93
1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
x + y + 4 +

√
x− y − 6

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x = 3, y = 9, x + y = 2, x + y + z = 6

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 − 2xy − 3y2 − 195

−3x + 4y
= 3x− 3y â òî÷êå (−3; 1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = −(3x + 5xy − 2y) sin

( π

10
(x− y)

)
â òî÷êå (−3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

3x2 + 4y2

4x + 4y
, åñëè x = −1, y = 2, ∆x = 0.3, ∆y = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (2x2 − 3y2 − 3xy) · cos xy, åñëè x = 2, y = 0, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x− 2y) cos2

( π

12
(x− y)

)
â òî÷êå (−1; 2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e3x−3y cos(−4x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 6y

5x + 2y
â òî÷êå Mo(1;−2), åñëè dx=0.3, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (−3x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2) + 16y − 35 ïðè óñëîâèè
{x2 + y2 ≤ 25, 4x−√48y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 2xy + 2y2 + 2z2 + 16x + 2y + 12z + 33

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 4x2 − 5xy + 3y2 + 23x− 23y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + 4y2 + 5z2 = 76 â
òî÷êå (3; 1;−3) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè x2 − 2y2 − 3z2 = −12

â òî÷êå (3;−3;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
yOz
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1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 4 ln

x2 + y2 − 6x

12x− x2 − y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 2(x2 + y2) + 2, z = 9

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 + 3x− 2)(−3y + 3) + (4x− 2)(4y2 − 2y − 1) = 58 â òî÷êå (4; 3)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = (4x + 2xy − 3y) cos

(π

2
(x− y)

)
â òî÷êå (−3;−2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 − 3y2 + 2xy) · sin xy

7
, åñëè x = −2, y = 1, ∆x = −0.1, ∆y = −0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 3y2 + 2xy) · sin xy, åñëè x = 0, y = −1, ∆x = 0.1, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −2xye2x−4y â òî÷êå (2; 1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e−2x−4y sin(−3x− 4y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 3y

4x− 2y
â òî÷êå Mo(−3; 1), åñëè dx=-0.4, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (3x− 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 5x2 + 2y2 + 30x− 8y + 27 ïðè óñëîâèè
{x2 + y2 ≤ 25, 4x− 7y ≤ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − 2x2 + y2 + 2z2 + 3x + 8y − 4z + 35

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 − 3xy − 3y2 − 7x + 3y + 27

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 + 2y2 − z2 = 37 â
òî÷êå (3;−1;−1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 5x2 + 3y2 − 68

â òî÷êå (3; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè

z = 4 ln

√
x2 + y2 − 6x

−x2 − y2 + 14x
2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 3(x2 + y2) + 6, z = 7−

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(−3x2 − 3x + 3) + cos(4y2 − 2y − 1) + tg(5x− 2y − 2xy) = C â òî÷êå (−1;−1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(−2x− 3xy − 3y) sin2

(π

6
(x− y)

)
â òî÷êå (2; 1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (4x2 − 3y2 + 4xy) · cos

xy

10
, åñëè x = −2, y = −2, ∆x = 0.3, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 − 3y2 − 2xy) · sin xy, åñëè x = 1, y = 0, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (−2x + 2y)e2x−3y â òî÷êå (−3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè z = e4x−2y sin(−4x + 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

5x + 6y

4x− 3y
â òî÷êå Mo(1; 3), åñëè dx=0.4, dy=-0.2

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −3 tg (−3x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 4y2 + 30x + 24y + 38 ïðè
óñëîâèè {x2 + y2 ≤ 49, 2x + 7y ≤ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 4x2 + 6xy + 6y2 − 3z2 − 20x− 30y − 18z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 3x2 − 2xy + 2y2 + 12x− 14y + 29

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 3x2 + y2 − 5z2 = −4 â
òî÷êå (−2;−2;−2) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 4x2 + y2 − 29

â òî÷êå (2;−3;−2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ
xOz
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1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 2

√
7 sin(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 8(x2 + y2) + 9, z = 13− 8(x2 + y2)

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(4x2 + 4xy + 2y2)(2x + 4y) = −60 â òî÷êå (−1;−1)

4. Âû÷èñëèòü ñóììó ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè
z = +(5x + 5xy + 5y) cos2

( π

30
(x− y)

)
â òî÷êå (4;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

3xyz

−3x− 2y − 2z
, åñëè x = 2, y = 3, z = 0, ∆x = −0.2, ∆y = 0.1, ∆z = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

−3xy

4x + 3y
, åñëè x = −2, y = −1, ∆x = 0.1, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x− 2y) sin2

( π

20
(x− y)

)
â òî÷êå (−1; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè z = e2x+3y sin(−3x− 5y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x + 6y

3x− 2y
â òî÷êå Mo(3;−3), åñëè dx=-0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè (y − π

4
)2 â ðàçëîæåíèè ôóíêöèè z = −2 sin2 (−3x + 2y) ïî

ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (0;
π

4
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = 3x2 + 5y2 − 12x− 30y + 57 ïðè
óñëîâèè {x2 + y2 ≤ 16, 3x + 6y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 +

1

3
y3 + x2 − y2 − z2 + 8x− 3y − 2z + 40

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −2x2 + 2xy − 6y2 + 2x + 10y + 40

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 + 4y2 − 3z2 = −7 â
òî÷êå (1;−1; 2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 + 6y2 − 35

â òî÷êå (3; 2;−1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = −2

√
8 cos(x2 + y2)

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 5

√
x2 + y2 + 2, z = 10

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
3x2 − 2xy + 4y2 − 47

−2x2 − 2xy + 2y2
= 1 â òî÷êå (3;−1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

2y2 + 5x + 3

e5y−3x
, â òî÷êå (5; 3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z =

−3x2 − 3y2

−3x + 2y
, åñëè x = −2, y = 1, ∆x = −0.1, ∆y = 0.3

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z =

2x2 + 3y2

−2x− 3y
, åñëè x = −1, y = 2, ∆x = −0.2, ∆y = 0.1

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(2x + 3y) cos2

(π

4
(x− y)

)
â òî÷êå (−2;−1)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè
z = e−4x−2y cos(2x− 2y) sin(2x− 2y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

6x− 2y

2x + 3y
â òî÷êå Mo(3;−1), åñëè dx=0.2, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (−3x− 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (

π

12
; 0) ðàâåí

11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 20x− 27 ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
32x + 2y ≤ 0}

12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 3x2 + 6xy + 6y2 + 2z2 − 30x− 42y + 4z + 33

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 − 4xy + 5y2 − 32x + 2y + 41

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 4x2 − 3y2 − z2 = 3 â
òî÷êå (−2; 2; 1) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 2x2 − 3y2 − 3

â òî÷êå (2;−1; 1) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 3

√
5y − x225 + 4

√
25x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = −9

√
x2 + y2 + 6, z = −8

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
4x2 − 3xy − 2y2 − 80

3x + 4y
= 2x + 4y â òî÷êå (4;−2)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

2x2 − 2y + 4

e−3y−2x
, â òî÷êå (−3; 2)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (−3x2 + 4y2 + 4xy) · sin xy

6
, åñëè x = −2, y = 2, ∆x = 0.2, ∆y = −0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (5x2 + 3y2 + 2xy) · cos xy, åñëè x = 0, y = −2, ∆x = 0.2, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = −2xye3x+2y â òî÷êå (2;−3)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′yy(0; 0) ôóíêöèè
z = e−5x+2y cos(4x + 3y) sin(4x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

7x + 7y

5x− 2y
â òî÷êå Mo(3;−3), åñëè dx=0.3, dy=0.4

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = −6 sin2 (3x + 3y) ïî ôîðìóëå
Òåéëîðà â îêðåñòíîñòè òî÷êè (0;

π

12
) ðàâåí

11. Íàéòè íàèìåíüøåå çíà÷åíèå ôóíêöèè z = −30− 24x− 4(x2 + y2) ïðè óñëîâèè
{x2 + y2 ≤ 16,

√
20x + 4y ≤ 0}

12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u =

1

3
x3 − 1

3
y3 − 3x2 − y2 − z2 + 8x + 3y + 4z + 39

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −3x2 + 2xy − 2y2 − 8x + 6y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 5x2 − y2 − 3z2 = 14 â
òî÷êå (−3;−2;−3) è îïðåäåëèòü îðäèíàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oy

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = 3x2 − y2 − 14

â òî÷êå (3;−3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOz
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1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 5

√
25y − x25 + 6

√
5x− y2

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
z = 8

√
x2 + y2 + 2, z = 4− 8

√
x2 + y2

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
(3x2 + 2x + 2)(−3y − 3) + (4x + 1)(−3y2 + 2y + 3) = −24 â òî÷êå (−1; 1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z = (−3x2 + 4y − 2) sin

(π

2
(x− y)

)
â òî÷êå (0;−1)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆z ôóíêöèè
z = (3x2 + 5y2 + 5xy) · cos

xy

8
, åñëè x = −2, y = −1, ∆x = −0.1, ∆y = 0.2

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (3x2 + 3y2 + 5xy) · cos xy, åñëè x = −1, y = 0, ∆x = −0.1, ∆y = 0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè
z = (2x− 2y)e2x+3y â òî÷êå (3;−2)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xy(0; 0) ôóíêöèè
z = e4x+5y cos(−2x + 3y) sin(−2x + 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x− 2y

4x + 2y
â òî÷êå Mo(1; 1), åñëè dx=0.4, dy=-0.3

10. Êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè z = 3 tg (3x− 2y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 5(x2 + y2) + 30y − 31 ïðè óñëîâèè
{x2 + y2 ≤ 16, 4x−√20y ≥ 0}
12. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè ôóíêöèè
u = 6x2 − 6xy + 5y2 − 2z2 − 30x + 22y − 8z + 41

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = 6x2 + 5xy + 3y2 + 21x− 3y + 39

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè x2 − 4y2 − 2z2 = −40 â
òî÷êå (−2;−3;−2) è îïðåäåëèòü àáñöèññó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Ox

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 2z = x2 − 3y2 + 22

â òî÷êå (3; 3; 2) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ yOz
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Âàðèàíò 100

1. Íàðèñîâàòü îáëàñòü îïðåäåëåíèÿ ôóíêöèè
z = 5 ln(10y − x2 − y2) +

√
20x + 20y − x2 − y2 − 100

2. Íàðèñîâàòü òåëî, îãðàíè÷åííîå ïîâåðõíîñòÿìè
x2 + y2 + (z − 10)2 = 49, z = 2

√
x2 + y2 + 3

3. Âû÷èñëèòü ïðîèçâîäíóþ y′x íåÿâíîé ôóíêöèè
sin(2x2 + 3x− 3) + cos(−3y2 + 4y + 1) + tg(4x− 2y − 2xy) = C â òî÷êå (−3;−1)

4. Âû÷èñëèòü ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
z =

1

Π
(2x2 + 3y + 1) sin

(
π(x− y)

)
â òî÷êå (−2;−3)

5. Âû÷èñëèòü ïîëíîå ïðèðàùåíèå ∆u ôóíêöèè
u =

−3xyz

3x + 4y + 2z
, åñëè x = −1, y = −2, z = 0, ∆x = −0.2, ∆y = 0.1, ∆z = 0.1

6. Âû÷èñëèòü çíà÷åíèå ïîëíîãî äèôôåðåíöèàëà ôóíêöèè
z = (4x2 + 2y2 + 5xy) · sin xy, åñëè x = 0, y = 1, ∆x = 0.2, ∆y = −0.2

7. Âû÷èñëèòü ñìåøàííóþ ïðîèçâîäíóþ z′′xy ôóíêöèè

z =
(

1
)π(−2x + 3y) sin2

(π

4
(x− y)

)
â òî÷êå (3; 4)

8. Âû÷èñëèòü âòîðóþ ïðîèçâîäíóþ z′′xx(0; 0) ôóíêöèè z = e4x+3y cos(−5x− 3y)

9. Âû÷èñëèòü çíà÷åíèå âòîðîãî äèôôåðåíöèàëà ôóíêöèè
z =

4x + 7y

3x + 3y
â òî÷êå Mo(−1;−1), åñëè dx=-0.4, dy=-0.1

10. Êîýôôèöèåíò ïðè y3 â ðàçëîæåíèè ôóíêöèè z = 6 tg (2x + 3y) ïî ôîðìóëå
Ìàêëîðåíà ðàâåí
11. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè z = 2(x2 + y2)− 12y − 39 ïðè óñëîâèè
{x2 + y2 ≤ 25, 2x−√32y ≥ 0}
12. Íàéòè ñóììó âñåõ êîîðäèíàò âñåõ êðèòè÷åñêèõ òî÷åê ôóíêöèè
u = −1

3
x3 − 1

3
y3 + 3x2 + y2 − z2 − 8x + 8y − 6z + 27

13. Íàéòè êîîðäèíàòû êðèòè÷åñêîé òî÷êè è ýêñòðåìàëüíîå çíà÷åíèå ôóíêöèè
z = −5x2 + 2xy − 3y2 − 36x + 24y + 33

14. Íàéòè óðàâíåíèå êàñàòåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè 2z = 2x2 + 4y2 + 74 â
òî÷êå (−3;−3;−2) è îïðåäåëèòü àïïëèêàòó òî÷êè åå ïåðåñå÷åíèÿ ñ îñüþ Oz

15. Íàéòè óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè 5x2 + 4y2 + z2 = 30

â òî÷êå (1; 2; 3) è îïðåäåëèòü êîîðäèíàòû òî÷êè åå ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ xOy
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Èíòåãðàë ïî ìíîæåñòâó

ÑÎÄÅÐÆÀÍÈÅ ÒÈÏÎÂÎÃÎ ÐÀÑ×ÅÒÀ
1. Ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî çàäàííîé îáëàñòè.

2. Ïðåäåëû â ïîâòîðíîì èíòåãðàëå äëÿ êðèâîëèíåéíîé òðàïåöèè.

3. Ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî êðóãîâîìó ñåãìåíòó.

4. Âû÷èñëåíèå ïëîùàäè êðèâîëèíåéíîé òðàïåöèè.

5. Âû÷èñëåíèå ïëîùàäè ñëîæíîé ôèãóðû.

6. Âû÷èñëåíèå äâîéíîãî èíòåãðàëà ïî òðåóãîëüíîé îáëàñòè.

7. Âû÷èñëåíèå äâîéíîãî èíòåãðàëà îò òðèãîíîìåòðè÷åñêîé ôóíêöèè.

8. Âû÷èñëåíèå äâîéíîãî èíòåãðàëà ïî ÷àñòè êîëüöà.

9. Ìåõàíè÷åñêèå ïðèëîæåíèÿ äâîéíîãî èíòåãðàëà.

10. Âû÷èñëåíèå òðîéíîãî èíòåãðàëà ïî óñå÷åííîé ïðèçìå.

11. Âû÷èñëåíèå òðîéíîãî èíòåãðàëà ïî ÷àñòè öèëèíäðà.

12. Âû÷èñëåíèå ìåðû â R3.

13. Âû÷èñëåíèå öåíòðà ìàññ â R3.

14. Âû÷èñëåíèå êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà â R2.

15. Âû÷èñëåíèå ïîâåðõíîñòíîãî èíòåãðàëà ïåðâîãî ðîäà.

16. Âû÷èñëåíèå êîîðäèíàò öåíòðà ìàññ ïëîñêîé ôèãóðû.
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Íåêîòîðûå ïîëåçíûå ôîðìóëû
Ñâîéñòâà èíòåãðàëà ïî ìíîæåñòâó

1.
∫
G

dµ = µ(G).

2. Åñëè µ(E) = 0, òî
∫

G
⋃

E

f(M) dµ =
∫
G

f(M) dµ.

3.
∫
G

(C1f1(M) + C2f2(M)) dµ = C1
∫
G

f1(M) dµ + C2
∫
G

C2f2(M) dµ.

4.
∫

G1

⋃
G2

f(M) dµ =
∫
G1

f(M) dµ +
∫
G2

f(M) dµ.

5. f1(M) ≤ f2(M) ∀M ∈ G =⇒ ∫
G

f1(M) dµ ≤ ∫
G

C2f2(M) dµ.

6. C1 ≤ f(M) ≤ C2 =⇒ C1µ(G) ≤ ∫
G

f(M) dµ ≤ C2µ(G).

7.
∣∣∣
∫
G

f(M) dµ
∣∣∣ ≤

∫
G

∣∣f(M)
∣∣ dµ.

8. ∃N ∈ G :
∫
G

f(M) dµ = f(N) · µ(G).
Ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì∫∫
D

f(x, y) dxdy =
∫∫
D

f(ρ cos ϕ, ρ sin ϕ)ρ dρdϕ

Ïåðåõîä ê îáîáùåííûì ïîëÿðíûì êîîðäèíàòàì∫∫
D

f(x, y) dxdy = ab
∫∫
D

f(aρ cos ϕ, bρ sin ϕ)ρ dρdϕ

Ïåðåõîä ê öèëèíäðè÷åñêèì êîîðäèíàòàì∫∫∫
V

f(x, y, z) dxdydz =
∫∫∫
V

f(ρ cos ϕ, ρ sin ϕ, z)ρ dρdϕdz

Ïåðåõîä ê îáîáùåííûì öèëèíäðè÷åñêèì êîîðäèíàòàì∫∫∫
V

f(x, y, z) dxdydz = ab
∫∫∫
V

f(aρ cos ϕ, bρ sin ϕ, z)ρ dρdϕdz

Ïåðåõîä ê ñôåðè÷åñêèì êîîðäèíàòàì∫∫∫
V

f(x, y, z) dxdydz =
∫∫∫
V

f(r cos ϕ sin ϑ, r sin ϕ sin ϑ, r cos ϑ)r2 sin ϑ drdϑdϕ

Ïåðåõîä ê îáîáùåííûì ñôåðè÷åñêèì êîîðäèíàòàì∫∫∫
V

f(x, y, z) dxdydz =

abc
∫∫∫
V

f(ar cos ϕ sin ϑ, br sin ϕ sin ϑ, cr cos ϑ)r2 sin ϑ drdϑdϕ
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Äëèíà äóãè êðèâîé íà ïëîñêîñòè

L =
∫
L

dl =
b∫
a

√
1 + (y′)2 dx =

ϕ2∫
ϕ1

√
ρ2 + (ρ′)2 dϕ =

t2∫
t1

√
(x′)2 + (y′)2 dt.

Äëèíà äóãè êðèâîé â ïðîñòðàíñòâå
L =

t2∫
t1

√
(x′)2 + (y′)2 + (z′)2 dt.

Ïëîùàäü ïëîñêîé îáëàñòè: S =
∫∫
D

dxdy =
∫∫
D

ρ dϕ dρ =
∫ (

f2(x)− f1(x)
)
dx

Îáúåì öèëèíäðîèäà V =
∫∫
D

f(x, y) dxdy

Îáúåì òåëà V =
∫∫
D

(
f2(x, y)− f1(x, y)

)
dxdy =

∫∫∫
V

dxdydz =
∫∫∫
V

ρ dϕ dρ dz =
∫∫∫
V

r2 sin ϑ drdϑdϕ

Êîîðäèíàòû öåíòðà ìàññ ìàòåðèàëüíîé ïëîñêîé îáëàñòè:
xc =

1

m

∫∫
D

xγ(x, y) dxdy yc =
1

m

∫∫
D

yγ(x, y) dxdy

Âû÷èñëåíèå ìàññ
m =

∫
L

γ(x, y) dl (ïëîñêàÿ êðèâàÿ)

m =
∫
L

γ(x, y, z) dl (ïðîñòðàíñòâåííàÿ êðèâàÿ)

m =
∫∫
D

γ(x, y) dxdy (ïëîñêàÿ îáëàñòü)

m =
∫∫
P

γ(x, y, z) dσ (ïîâåðõíîñòü)

m =
∫∫∫
V

γ(x, y, z) dxdydz (òåëî â ïðîñòðàíñòâå)
Ìîìåíòû èíåðöèè ìàòåðèàëüíîé ïëîñêîé îáëàñòè:
Io =

∫∫
D

(x2 + y2)γ(x, y) dxdy

Ix =
∫∫
D

y2γ(x, y) dxdy

Iy =
∫∫
D

x2γ(x, y) dxdy

Êîîðäèíàòû öåíòðà ìàññ ìàòåðèàëüíîé ïëîñêîé êðèâîé:
xc =

1

m

∫
L

xγ(x, y) dl yc =
1

m

∫
L

yγ(x, y) dl
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Ìîìåíòû èíåðöèè ìàòåðèàëüíîé ïëîñêîé êðèâîé:
Io =

∫
L

(x2 + y2)γ(x, y) dl

Ix =
∫
L

y2γ(x, y) dl

Iy =
∫
L

x2γ(x, y) dl

Êîîðäèíàòû öåíòðà ìàññ ìàòåðèàëüíîãî òåëà:
xc =

1

m

∫∫∫
xγ(x, y, z) dxdydz

yc =
1

m

∫∫∫
yγ(x, y, z) dxdydz

zc =
1

m

∫∫∫
zγ(x, y, z) dxdydz

Ìîìåíòû èíåðöèè ìàòåðèàëüíîãî òåëà:
Io =

∫∫∫
B

(x2 + y2 + z2)γ(x, y, z) dxdydz

Ix =
∫∫∫
B

(y2 + z2)γ(x, y, z) dxdydz

Iy =
∫∫∫
B

(x2 + z2)γ(x, y, z) dxdydz

Iz =
∫∫∫
B

(x2 + y2)γ(x, y, z) dxdydz

Êîîðäèíàòû öåíòðà ìàññ ìàòåðèàëüíîé ïîâåðõíîñòè:
xc =

1

m

∫∫
P

xγ(x, y, z) dσ

yc =
1

m

∫∫
P

yγ(x, y, z) dσ

zc =
1

m

∫∫
P

zγ(x, y, z) dσ

Ìîìåíòû èíåðöèè ìàòåðèàëüíîé ïîâåðõíîñòè:
Io =

∫∫
P

(x2 + y2 + z2)γ(x, y, z) dσ

Ix =
∫∫
P

(y2 + z2)γ(x, y, z) dσ

Iy =
∫∫
P

(x2 + z2)γ(x, y, z) dσ

Iz =
∫∫
P

(x2 + y2)γ(x, y, z) dσ
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Ïðèìåðû âû÷èñëåíèÿ èíòåãðàëîâ ïî ìíîæåñòâó
Ïðèìåð 1. (äâîéíîé èíòåãðàë ïî ïðÿìîóãîëüíîé îáëàñòè). Âû÷èñëèòü
äâîéíîé èíòåãðàë ïî îáëàñòè D, îãðàíè÷åííîé ëèíèÿìè: x = 0, x = 1,
y = 0, y = 2.
∫∫
D

(x + y) dxdy =
1∫
0

dx
2∫
0
(x + y) dy.

Âíóòðåííèé èíòåãðàë ðàâåí
2∫
0
(x + y) dy =

(
xy +

y2

2

)∣∣∣
2

0
= 2x + 2.

Òåïåðü âû÷èñëÿåì âíåøíèé èíòåãðàë
1∫
0
(2x + 2) dx =

(
x2 + 2x

)∣∣∣
1

0
= 3.

Ïðèìåð 2. Âû÷èñëèòü äâîéíîé èíòåãðàë
∫∫
D

x dxdy, ãäå îáëàñòü D
îãðàíè÷åíà ëèíèÿìè: x = 1, x = 4, y = x, y = 2x.
4∫
1

dx
2x∫
x

dy =
4∫
1

(
x(y

∣∣∣
2x

x
)
)
dx =

4∫
1
(2x2 − x2)dx =

x3

3

∣∣∣
4

1
= 7.

Ó âíóòðåííåãî èíòåãðàëà ïðåäåëàìè ÿâëÿþòñÿ ëèíèè (íèæíÿÿ è
âåðõíÿÿ ãðàíèöû îáëàñòè èíòåãðèðîâàíèÿ), ó âíåøíåãî - ëåâàÿ êðàéíÿÿ
è ïðàâàÿ êðàéíÿÿ òî÷êè îáëàñòè.
Ïðèìåð 3. Íàéòè ñóììàðíóþ ïëîùàäü ôèãóð, ãðàíèöû êîòîðûõ çàäàíû
óðàâíåíèÿìè (x2 + y2)2 = 2a2(x2 − y2)

(ëåìíèñêàòà), x2 + y2 = a2(x2 + y2 ≥ a2 (âíóòðåííÿÿ ÷àñòü êðóãà).
Ïåðåõîäèì ê ïîëÿðíûì êîîðäèíàòàì è ïîëó÷àåì óðàâíåíèÿ êðèâûõ:
ρ2 = 2a2 cos 2ϕ è ρ2 = a2. Ó÷èòûâàÿ äâîéíóþ ñèììåòðèþ ôèãóðû (x è y

ïðèñóòñòâóþò â óðàâíåíèÿõ òîëüêî â êâàäðàòå), èñêîìàÿ ïëîùàäü
ðàâíà ó÷åòâåðåííîé ïëîùàäè ôèãóðû

D1 =
{

(ρ, ϕ) ∈ R2 : a ≤ ρ ≤ a
√

2 cos 2ϕ, 0 ≤ ϕ ≤ π

6

}

. Ïîýòîìó îáùàÿ ïëîùàäü ðàâíà

S = 4
∫∫
D1

ρ dρdϕ = 4
π/6∫
0

dϕ
a
√

2 cos 2ϕ∫
a

ρ dρ = 2a2
π/6∫
0

(2 cos 2ϕ− 1)dϕ =

2a2(sin 2ϕ− ϕ)
∣∣∣
π/6

0
=

3
√

3− π

3
a2.
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Ïðèìåð 4. Âû÷èñëèòü ïëîùàäü ïëîñêîé ôèãóðû, ãðàíèöà êîòîðîé
çàäàíà óðàâíåíèåì (x− y)2 + x2 = a2 (a < 0). Ïîñëå ïðîñòûõ
àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé íåòðóäíî âèäåòü, ÷òî |x| ≤ a, à y

îãðàíè÷åí ñíèçó è ñâåðõó ëèíèÿìè y = x−√a2 − x2 è
y = x +

√
a2 − x2. Ïîýòîìó

S =

a∫

−a

dx

x+
√

a2−x2∫

x−√a2−x2

dy = 2

a∫

−a

√
a2 − x2dx = 4

a∫

0

√
a2 − x2dx.

Ïðèìåíÿåì òðèãîíîìåòðè÷åñêóþ ïîäñòàíîâêó x = a sin t
(
t ∈ [0;

π

2
]
)
è

ïîëó÷àåì

S = 4a2

π/2∫

0

cos2 t dt = 2a2

π/2∫

0

(1 + cos 2t) dt = 2a2
(
t +

sin 2t

2

)∣∣∣
π/2

0
= πa2.

Ïðèìåð 5. Âû÷èñëèòü äâîéíîé èíòåãðàë
∫∫
D

xdxdy

x2 + y2 ,

ãäå D =
{

0 ≤ x ≤ 2,
x2

2
≤ y ≤ x

}
.

∫∫
D

xdxdy

x2 + y2 =
2∫
0

x dx
x∫

x2/2

dy

x2 + y2 =
2∫
0

x dx
(1

x
arctg

y

x

∣∣∣
x

x2/2

)
=

2∫
0
(arctg 1− arctg 0) dx =

π

4

2∫
0

dx−
2∫
0

arctg
x

2
=

π

2
x
∣∣∣
2

0
− 2

(x

2
arctg

x

2
− 1

2
ln

(
1 +

x2

4

))∣∣∣
2

0
=

π

2
− 2 · π

4
+ ln 2 = ln 2.

Ïðèìåð 6. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
y =

√
x, y = 2

√
x, x + z = 4, z = 0. Ýòî îáúåì öèëèíäðîèäà êîòîðûé

âû÷èñëÿåòñÿ ñ ïîìîùüþ äâîéíîãî èíòåãðàëà V =
∫∫
D

(4− x) dxdy, ãäå

ïëîñêàÿ îáëàñòü D îãðàíè÷åíà äâóìÿ ïàðàáîëàìè y =
√

x, y = 2
√

x è
ïðÿìîé x = 4.
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V =

4∫

0

(4− x) dx

2
√

x∫

√
x

dy =

4∫

0

(
(4− x)y

∣∣2√x√
x

)
dx =

=

4∫

0

(4− x)
√

x dx =
(
4 · 2

3
x3/2 − 2

5
x5/2

)∣∣∣
4

0
=

128

5
.

Ïðèìåð 7. Âû÷èñëèòü ïëîùàäü ÷àñòè ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà
(ñåäëîâîé ïîâåðõíîñòè) z = xy, ðàñïîëîæåííîé âíóòðè öèëèíäðà
x2 + y2 ≤ R2.
Ïî îáùåé ôîðìóëå äëÿ ïëîùàäè ïîâåðõíîñòè
S =

∫∫
P

dσ =
∫∫
D

√
1 + (z′x)2 + (z′y)2 dxdy, ãäå D = {x2 + y2 ≤ R2} (âèä íà

ïîâåðõíîñòü ñâåðõó � êðóã, ïîýòîìó ïåðåõîäèì ê ïîëÿðíûì
êîîðäèíàòàì). z′x = y, z′y = x, è ïîñëå ïîäñòàíîâêè â èíòåãðàë

S =

∫∫

D

√
1 + x2 + y2 dxdy =

∫∫

ρ<R

ρ
√

1 + ρ2 dρdϕ =

=

2π∫

0

dϕ

R∫

0

√
1 + ρ21

2
d(1 + ρ2) =

2π

3

[
(1 + R2)3/2 − 1

]
.

Ïðèìåð 8. Âû÷èñëèòü ìàññó êðóãëîé ïëàñòèíû D = {x2 + y2 ≤ 4} ñ
ïëîòíîñòüþ γ = 3− x− y. Ïî ôîðìóëå äëÿ ìàññû ìàòåðèàëüíîé
ïëîñêîé îáëàñòè
m =

∫∫
D

γ(x, y) dxdy =
2∫
−2

dx

√
4−x2∫

−√4−x2

(3− x− y) dy=

=3
2∫
−2

dx

√
4−x2∫

−√4−x2

dy −
2∫
−2

x dx

√
4−x2∫

−√4−x2

dy −
2∫
−2

dx

√
4−x2∫

−√4−x2

y dy.

Âòîðîé è òðåòèé èíòåãðàëû ðàâíû íóëþ êàê èíòåãðàëû îò íå÷åòíûõ
ôóíêöèé ïðè ñèììåòðè÷íûõ ïðåäåëàõ, à ïåðâûé èíòåãðàë ðàâåí
óòðîåííîé ïëîùàäè îáëàñòè èíòåãðèðîâàíèÿ, òî åñòü â öåëîì ìàññà
ðàâíà 12π.
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Ïðèìåð 9. Âû÷èñëèòü ìîìåíò èíåðöèè Iz îòíîñèòåëüíî îñè Oz òåëà ñ
ïîñòîÿííîé ïëîòíîñòüþ γo, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 2 è
2z = x2 + y2.
Ìîìåíò èíåðöèè ðàâåí Iz =

∫∫∫
V

(x2 + y2) dxdydz =
∫∫∫
V

ρ3 dρdϕdz=

=
2π∫
0

dϕ
2∫
0

ρ3 dρ
2∫

ρ2/2
dz =

2π∫
0

dϕ
2∫
0

ρ3 dρ · z
∣∣∣
2

ρ2/2
=

=
2π∫
0

dϕ
2∫
0

(
2− ρ2

2

)
ρ3 dρ =

2π∫
0

dϕ
(ρ4

2
− ρ6

3

)∣∣∣
2

0
=

16

3
π.
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Âàðèàíò 1
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 2), B(1;−3), C(1; 10).

1)
1∫
−4

dx

8x−42
5∫

−5x+10
5

f(x, y) dy 2)
1∫
−4

dx
10∫
−3

f(x, y) dy

3)
1∫
−4

dx

8x+42
5∫

−5x−10
5

f(x, y) dy 4)
1∫
−4

dx

8
5x+42∫

−5
5 x−10

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x− 4,
y = x2 − 6x− 28, x = −2, x = 3, ÿâëÿåòñÿ
1) 0 2) x2 − 6x− 28 3) -25
4) Íåò îäíîçíà÷íîãî îòâåòà 5) −x2 − 4x− 4 6) -16
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−4; 1),
âûðåçàííîé ïðÿìîé y = x + 10 ÿâëÿåòñÿ
1) 6 2) −√9− 8x− x2 3) x + 10

4) 1−√9− 8x− x2 5)
√

9− 8x− x2 6) 1 +
√

9− 8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x + 6 è y = −4x2 + 8x + 54.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x− 3 è y = −2x2 + 12x + 57, x = −5, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(−1; 4),
C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(8 cos2(4x− 2)− 4 cos 2(4x− 2) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0;−3), B(6;−1), C(12;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{1 ≤ x2 + y2 ≤ 4,− x√
3
≤ y ≤ √

3x}.
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Âàðèàíò 1
9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(3; 1), B(3; 5), C(6; 5), D(6; 1), åñëè ïëîòíîñòü γ = 2x + 2y + 3.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 12xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 7; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x− 4y + z = −3 è −2x− 4y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{1 ≤ x2 + y2 ≤ 4,−x ≤ y ≤ x,−3 +
√

x2 + y2 ≤ z ≤ −1 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 2, z = 1, z = 5, y = 4− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(−2; 5),
C(0; 5), D(0; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4y + 7.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 3y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−2), B(3; 0), C(6; 0) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = −3, y = 5− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2; 0), B(3; 2), C(7; 3), D(11;−5).
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Âàðèàíò 2
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2; 1), B(4; 8), C(−2; 14).

1)
4∫
−2

dx

−6
6 x+72∫

7
6x+20

f(x, y) dy 2)
4∫
−2

dx
14∫
1

f(x, y) dy

3)
4∫
−2

dx

−6x−72
6∫

7x−20
6

f(x, y) dy 4)
4∫
−2

dx

−6x+72
6∫

7x+20
6

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x + 0,
y = x2 − 7x− 24, x = −2, x = 3, ÿâëÿåòñÿ
1) 6 2) x2 − 7x− 24 3) -24
4) −x2 − 5x + 0 5) -18.75 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (2;−1),
âûðåçàííîé ïðÿìîé y = x− 1 ÿâëÿåòñÿ
1) −1 +

√
4x− x2 2) −√4x− x2 3)

√
4x− x2

4) -3 5) −1−√4x− x2 6) x− 1
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x− 5 è y = −4x2 − 11x + 187.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x + 3 è y = 2x2 + 9x− 7, x = −1, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(3;−3),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 sin(3x− 5)− 3 cos(π
2 − 3x + 5) + 7) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5;−1), B(1; 4), C(7; 4).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ −x}.
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Âàðèàíò 2
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 4), C(6; 4), D(6; 2),
åñëè ïëîòíîñòü γ =

6x + 3

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(5;−1; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 2y − z = 2 è −x + 2y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{4 ≤ x2 + y2 ≤ 25, x ≤ y ≤ − x√
3
,−3− x2 − y2 ≤ z ≤ −2− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 1, y = 0,
y = 3, z = −3, z = 1− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(1; 5),
C(3; 5), D(3;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2x + 5.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 3y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(1; 1), B(5; 5), C(5; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−2x + 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 2, y = 3, y = 6 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−3), B(2;−1), C(9; 1), D(12;−6).
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Âàðèàíò 3
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(7; 9),C(14; 9), D(7; 2).

1)
9∫
2

dy
5−y∫
−2−y

f(x, y) dx 2)
9∫
2

dy
5+y∫
−2+y

f(x, y) dx

3)
14∫
0

dx
9∫
2

f(x, y) dy 4)
14∫
0

dx
5+x∫
−2+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 9x + 5,
y = x2 − 9x− 45, x = −8, x = −6, ÿâëÿåòñÿ
1) -55.75 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 13
4) 23 5) x2 − 9x− 45 6) −x2 − 9x + 5

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−4; 6),
âûðåçàííîé ïðÿìîé y = −x + 8 ÿâëÿåòñÿ
1)
√

20− 8x− x2 2) −√20− 8x− x2 3) 6−√20− 8x− x2

4) 12 5) 6 +
√

20− 8x− x2 6) 8− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 5x− 5 è y = −3x2 + 5x + 15.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 4x− 7 è y = −2x2 + 4x− 6, x = −2, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−3), B(−1; 1),
C(3;−3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(4− 3x) + 2 + 6 sin2(4− 3x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3; 5), B(3; 5), C(0; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{9 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ x}.
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Âàðèàíò 3
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 4), C(5; 4), D(5; 1),
åñëè ïëîòíîñòü γ =

6y + 5

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(−1; 4; 0), C(4;−1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x− 2y + z = −1 è 2x− 2y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{1 ≤ x2 + y2 ≤ 4, y ≤ −x, y ≤ x, 3 + x2 + y2 ≤ z ≤ 8 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 3,
x = 10, z = 3, z = 12− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 7),
C(9; 7), D(9; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 8.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 4y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(1; 1), B(5; 1), C(7; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 1, y = −1− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(0; 7), C(−6; 4), D(−9;−2).
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Âàðèàíò 4
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(2; 6), B(7; 6),C(12; 1), D(7; 1).

1)
12∫
2

dx
13−x∫
8−x

f(x, y) dy 2)
6∫
1

dy
13+y∫
8+y

f(x, y) dx

3)
12∫
2

dx
6∫
1

f(x, y) dy 4)
6∫
1

dy
13−y∫
8−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x− 3,
y = x2 − 5x− 21, x = −6, x = −4, ÿâëÿåòñÿ
1) −x2 − 5x− 3 2) -21.75 3) x2 − 5x− 21

4) Íåò îäíîçíà÷íîãî îòâåòà 5) 1 6) -9
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (5;−3),
âûðåçàííîé ïðÿìîé y = −x + 5 ÿâëÿåòñÿ
1)
√−16 + 10x− x2 2) -6 3) −3 +

√−16 + 10x− x2

4) −√−16 + 10x− x2 5) −3−√−16 + 10x− x2 6) 5− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 3x− 4 è y = −4x2 − 15x + 86.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x− 2 è y = −3x2 + 18x + 68, x = −5, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(4;−4),
C(4; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(6x− 2) + 4 sin(6x− 2− π
2 ) + 10) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(11; 4), C(5;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{1 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x}.
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Âàðèàíò 4
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 6), C(4; 6), D(4; 2),
åñëè ïëîòíîñòü γ = 0.06.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 12xy + 9y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 9; 0), B(9; 3; 0), C(9; 9; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 2y − z = 3 è 5x− 2y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 36, y ≥ −x, y ≥ x,−3−
√

x2 + y2 ≤ z ≤ 1−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 3,
y = 10, x = 7, z = −1, z = 2 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(2; 1),
C(8; 1), D(8;−2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3x + 7.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−1;−1), B(−1; 0), C(1; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 2y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 2, y = −1, y = −6 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(−3; 6), C(−6; 3), D(−7;−1).
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Âàðèàíò 5
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(8; 4),C(8; 10).

1)
8∫
2

dx
−6−2x∫
−4−x

f(x, y) dy 2)
8∫
2

dx
10∫
−2

f(x, y) dy

3)
8∫
2

dx
−6+2x∫
−4+x

f(x, y) dy 4)
10∫
−2

dy
4+y∫
6+y
2

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x− 3,
y = x2 − 6x− 63, x = 7, x = 8, ÿâëÿåòñÿ
1) -80 2) -15 3) Íåò îäíîçíà÷íîãî îòâåòà
4) x2 − 6x− 63 5) −x2 − 4x− 3 6) -99
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−3; 6),
âûðåçàííîé ïðÿìîé y = −x− 2 ÿâëÿåòñÿ
1) 6 +

√
16− 6x− x2 2) −2− x 3) 6−√16− 6x− x2

4) 11 5) −√16− 6x− x2 6)
√

16− 6x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x− 2 è y = −3x2 − 4x + 10.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 2 è y = 3x2 − 4x + 14, x = −7, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(−1; 5),
C(5; 5).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 ch(4x)− 3e4x − 3e−4x + 10) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−5), B(7;−9),
C(2;−9).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,− x√
3
≤ y ≤ √

3x}.
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Âàðèàíò 5
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 5), C(5; 1),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 12xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 3; 0), C(3; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− 3y + z = 2 è x− 3y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{4 ≤ x2 + y2 ≤ 16,− x√
3
≤ y ≤ √

3x,−1+
√

x2 + y2 ≤ z ≤ 1+
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 30x + 20y + 24z = 120 è 16x + 12y + 12z = 48.
13. Â îáëàñòè D : {x2 + y2 ≤ 9, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 5. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 4y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(0; 0), C(1; 0) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(3x− 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 2, y = 4, y = 7− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−2), B(−1; 0), C(4; 1), D(7;−7).
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Âàðèàíò 6
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 6), B(−4; 11),C(1; 1).

1)
−4∫
−4

dx
3+2x∫
2+x

f(x, y) dy 2)
1∫
−4

dx
3−2x∫
2−x

f(x, y) dy

3)
1∫
−4

dx
11∫
1

f(x, y) dy 4)
11∫
1

dy

−1−y
2∫

0−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 4x− 2,
y = x2 − 4x− 44, x = 8, x = 9, ÿâëÿåòñÿ
1) -14 2) −x2 + 4x− 2 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -47 5) -34 6) x2 − 4x− 44

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−2;−4),
âûðåçàííîé ïðÿìîé y = −10− x ÿâëÿåòñÿ
1) −√12− 4x− x2 2)

√
12− 4x− x2 3) −4−√12− 4x− x2

4) −10− x 5) -8 6) −4 +
√

12− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x− 6 è y = −2x2 + 4x + 39.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 + 3x + 4 è y = −4x2 + 11x− 11, x = 2, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(8; 2), C(8; 8).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 sh(2x) + 4e−2x − 4e2x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 1), B(6;−1),
C(2;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ − x√
3
}.
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Âàðèàíò 6
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(6; 2),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(4;−2; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 2y − z = 1 è −2x + 2y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ −√3x,−1− x2 − y2 ≤ z ≤ 1− x2 − y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
4(z − 7)2 = 36(x2 + y2), è 4(z + 5)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â îáëàñòè D : {x2 + y2 ≤ 36, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 4y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(0; 0), C(0;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 12, y = −1, y = 3, y = −5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2;−4), B(−1;−1), C(4; 2), D(6;−3).
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Âàðèàíò 7
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(6;−4), C(6; 7).

1)
6∫
−4

dx

7
10x+28∫
−4
10 x−16

f(x, y) dy 2)
6∫
−4

dx

7x+28
10∫

−4x−16
10

f(x, y) dy

3)
6∫
−4

dx

7x−28
10∫

−4x+16
10

f(x, y) dy 4)
6∫
−4

dx
7∫
−4

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 6x + 1,
y = x2 − 4x− 11, x = −2, x = 0, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) -26 3) 1
4) x2 − 4x− 11 5) -15 6) −x2 + 6x + 1

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (2;−1),
âûðåçàííîé ïðÿìîé y = x− 8 ÿâëÿåòñÿ
1) −√21 + 4x− x2 2) −1−√21 + 4x− x2 3) -1
4)
√

21 + 4x− x2 5) −8 + x 6) −1 +
√

21 + 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 2x− 3 è y = −4x2 − 22x + 77.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 2x− 3 è y = −4x2 − 8x + 9, x = −4, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−2), B(−1; 1),
C(2;−2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos2(4x− 5)− 2 cos 2(4x− 5) + 7) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−2), B(4; 0), C(9;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≥ − x√
3
, y ≥ x}.
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Âàðèàíò 7
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(6; 2), C(6; 5),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 18xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 5; 0), C(5; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x− 5y + z = −3 è 2x− 5y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ √

3x, 1 + x2 + y2 ≤ z ≤ 3 + x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
z = 20− 12

3

√
x2 + y2 è z = −4 +

12

3

√
x2 + y2, ðàâíà Mπ. Íàéòè

çíà÷åíèå M .
13. Â îáëàñòè D : {x2 + y2 ≤ 4, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x + 2y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−1), B(1;−1), C(0; 0) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè y = 2, y = −2 + x, y = 16− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(−4; 9), C(−9; 8), D(−12; 2).
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Âàðèàíò 8
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(3; 9), C(−1; 15).

1)
3∫
−1

dx
15∫
0

f(x, y) dy 2)
3∫
−1

dx

−6x−54
4∫

9x−9
4

f(x, y) dy

3)
3∫
−1

dx

−6x+54
4∫

9x+9
4

f(x, y) dy 4)
3∫
−1

dx

−6
4 x+54∫
9
4x+9

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 11x + 2,
y = x2 − 11x− 48, x = 4, x = 6, ÿâëÿåòñÿ
1) x2 − 11x− 48 2) -88.75 3) -58
4) Íåò îäíîçíà÷íîãî îòâåòà 5) −x2 − 11x + 2 6) -100
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−5; 6),
âûðåçàííîé ïðÿìîé y = x + 7 ÿâëÿåòñÿ
1) 6−√−9− 10x− x2 2) −√−9− 10x− x2 3) 2
4)
√−9− 10x− x2 5) x + 7 6) 6 +

√−9− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 3x + 8 è y = −4x2 − 27x + 38.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 − 3x + 6 è y = 4x2 − 7x + 11, x = −7, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(2;−2),
C(2; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(5x− 4)− 4 cos(π
2 − 5x + 4) + 5) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−2), B(3; 0), C(9; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D: {4 ≤ x2 + y2 ≤ 9,− x√
3
≤ y ≤ x}.
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Âàðèàíò 8
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(7; 1), C(7; 5),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 7; 0), B(7; 2; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x + 2y − z = −2 è x + 2y − z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{1 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ √
3x, 2−

√
x2 + y2 ≤ z ≤ 7−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 3,
y = −1, z = 0, z = 2, y = 6− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 64, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x + 4y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−3), B(1;−7), C(1;−4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè y = 1, y = −5 + x, y = −3− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4;−1), B(−7; 8), C(−14; 6), D(−17; 2).
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Âàðèàíò 9
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(3; 7),C(8; 7), D(3; 2).

1)
7∫
2

dy
1−y∫
−4−y

f(x, y) dx 2)
8∫
−2

dx
1+x∫
−4+x

f(x, y) dy

3)
8∫
−2

dx
7∫
2

f(x, y) dy 4)
7∫
2

dy
1+y∫
−4+y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 5,
y = x2 − 4x− 55, x = −4, x = 5, ÿâëÿåòñÿ
1) 2 2) -3 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -30 5) x2 − 4x− 55 6) −x2 − 2x + 5

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (4;−4),
âûðåçàííîé ïðÿìîé x = y + 5 ÿâëÿåòñÿ
1) 4 +

√−7− 8x− x2 2) 4−√−7− 8x− x2 3) 7
4) y + 5 5)

√
−7− 8y − y2 6) −

√
−7− 8y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x + 2 è y = −2x2 − 13x + 50.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 − 3x− 3 è y = −4x2 − 4x− 1, x = −5, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 + 12xy + 4y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 8), C(8; 8).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(2− 6x) + 5 + 6 sin2(2− 6x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 5), B(5; 5), C(3;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ −x}.
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Âàðèàíò 9
9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(3; 4), B(3; 7), C(9; 7), D(9; 4), åñëè ïëîòíîñòü γ = 4x + 6y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 12xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè x + y + z = −1 è x + y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{9 ≤ x2 + y2 ≤ 36,−√3x ≤ y ≤ x√
3
,−3+

√
x2 + y2 ≤ z ≤ 3+

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = −2, y = 4, z = 1, z = 4− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2;−1), B(2; 1),
C(4; 1), D(4;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 7. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 4y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 1), B(2; 5), C(3; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(2x + 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x + 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = −1, y = 2− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(0; 2), C(3; 3), D(6;−5).
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Âàðèàíò 10
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−4; 4), B(4; 4),C(12;−4), D(4;−4).

1)
4∫
−4

dy
8+y∫
0+y

f(x, y) dx 2)
4∫
−4

dy
8−y∫
0−y

f(x, y) dx

3)
12∫
−4

dx
8−x∫
0−x

f(x, y) dy 4)
12∫
−4

dx
4∫
−4

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x− 2,
y = x2 − 6x− 34, x = −3, x = 3, ÿâëÿåòñÿ
1) 7 2) -29 3) x2 − 6x− 34

4) −x2 − 6x− 2 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -29
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (4; 2),
âûðåçàííîé ïðÿìîé y = x− 3 ÿâëÿåòñÿ
1) 4−

√
21 + 4y − y2 2) y − 3 3)

√
21 + 4y − y2

4) -1 5) −
√

21 + 4y − y2 6) 4 +
√

21 + 4y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x− 6 è y = −4x2 − 21x + 186.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x + 7 è y = −3x2 + 16x + 97, x = −4, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(2;−3),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(2x− 3) + 4 sin(2x− 3− π
2 ) + 4) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−3), B(11; 2), C(5;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ x√
3
}.
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Âàðèàíò 10
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 6), C(5; 6), D(5; 3),
åñëè ïëîòíîñòü γ =

4x + 7

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(1;−3; 0), C(1; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x + 3y − z = −2 è −3x + 3y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ − x√
3
, 2− x2 − y2 ≤ z ≤ 8− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 3, x = 4, z = −2, z = 5− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(−1; 5),
C(0; 5), D(0; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 3y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−3), B(1; 1), C(1;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 4, y = 1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−2; 3), C(2; 4), D(6;−4).
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Âàðèàíò 11
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(6; 8),C(6; 14).

1)
6∫
0

dx
2+2x∫
2+x

f(x, y) dy 2)
14∫
2

dy
−2+y∫
−2+y

2

f(x, y) dx

3)
6∫
0

dx
2−2x∫
2−x

f(x, y) dy 4)
6∫
0

dx
14∫
2

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x− 1,
y = x2 − 8x− 71, x = −8, x = −6, ÿâëÿåòñÿ
1) x2 − 8x− 71 2) -13 3) −x2 − 4x− 1

4) -33 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -13
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (4; 5),
âûðåçàííîé ïðÿìîé x = −y + 11 ÿâëÿåòñÿ
1)

√
−21 + 10y − y2 2) −

√
−21 + 10y − y2 3) 6

4) 4 +
√
−21 + 10y − y2 5) 11− y 6) 4−

√
−21 + 10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 2x + 4 è y = −3x2 − 12x + 60.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x + 2 è y = 2x2 − 13x− 10, x = −9, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−4), B(−2; 2),
C(4;−4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 ch(4x)− 2e4x − 2e−4x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−5;−4), B(7;−8),
C(1;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x}.
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Âàðèàíò 11
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 6), C(3; 6), D(3; 2),
åñëè ïëîòíîñòü γ =

2y + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(−1; 5; 0), C(5;−1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x + 3y + z = 2 è 5x + 3y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{9 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ √

3x, 2 + x2 + y2 ≤ z ≤ 4 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 4,
x = 4, z = 2, z = 4 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(2; 2),
C(5; 2), D(5; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 4y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 1), B(7; 1), C(8; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 4, y = 6− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−2), B(−2; 4), C(−6; 3), D(−7;−1).



242 Èíòåãðàë ïî ìíîæåñòâó

Âàðèàíò 12
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(1; 6), B(1; 10),C(5; 2).

1)
1∫
1

dx
12+2x∫
7+x

f(x, y) dy 2)
5∫
1

dx
10∫
2

f(x, y) dy

3)
5∫
1

dx
12−2x∫
7−x

f(x, y) dy 4)
10∫
2

dy

−8−y
2∫

−3−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x− 4,
y = x2 − 7x− 22, x = −5, x = −4, ÿâëÿåòñÿ
1) 8 2) -40.75 3) x2 − 7x− 22

4) 6 5) −x2 − 7x− 4 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (3; 3),
âûðåçàííîé ïðÿìîé x = −y + 9 ÿâëÿåòñÿ
1) −

√
6y − y2 2) 9− y 3) 3−

√
6y − y2

4) 3 5)
√

6y − y2 6) 3 +
√

6y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 5x + 3 è y = −2x2 − 1x + 51.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 5x− 2 è y = −2x2 − 2x− 12, x = −7, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(0; 0), C(0; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 sh(3x) + 3e−3x − 3e3x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(11;−2),
C(5;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{9 ≤ x2 + y2 ≤ 36,−x ≤ y ≤ √
3x}.
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Âàðèàíò 12
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 7), C(4; 7), D(4; 3),
åñëè ïëîòíîñòü γ = 0.03.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 + 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 8; 0), B(8; 2; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x− 2y − z = 3 è 4x− 2y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25,−x ≤ y ≤ x√
3
, 3 +

√
x2 + y2 ≤ z ≤ 5 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 48x + 56y + 42z = 336 è 12x + 12y + 9z = 36.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−3), B(1; 1),
C(4; 1), D(4;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4y + 3.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 3y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−1), B(3; 2), C(5; 4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 2y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 7, y = 1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−4), B(−3; 5), C(−9; 3), D(−10; 0).
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Âàðèàíò 13
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(0;−7), C(0; 4).

1)
0∫
−4

dx
4∫
−7

f(x, y) dy 2)
0∫
−4

dx

4
4x+16∫

−7
4 x−28

f(x, y) dy

3)
0∫
−4

dx

4x−16
4∫

−7x+28
4

f(x, y) dy 4)
0∫
−4

dx

4x+16
4∫

−7x−28
4

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x + 3,
y = x2 − 5x− 47, x = 6, x = 9, ÿâëÿåòñÿ
1) −x2 − 5x + 3 2) x2 − 5x− 47 3) -63
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -123 6) -15.75
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (2; 6),
âûðåçàííîé ïðÿìîé x = −y + 6 ÿâëÿåòñÿ
1) 6− y 2) 2−

√
−32 + 12y − y2 3)

√
−32 + 12y − y2

4) −
√
−32 + 12y − y2 5) 2 +

√
−32 + 12y − y2 6) 2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 3x− 7 è y = −3x2 + 24x + 119.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x− 5 è y = −2x2 + 28x− 5, x = −1, x = 9.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 0),
C(0; 0).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos2(5x− 3)− 2 cos 2(5x− 3) + 3) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1; 1), B(4; 4), C(9; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16, x ≤ y ≤ − x√
3
}.
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Âàðèàíò 13
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(3; 4), C(5; 2),
åñëè ïëîòíîñòü γ =

2x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 18xy + 9y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 8; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x− 5y + z = 3 è −2x− 5y + z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ −√3x, 3− x2 − y2 ≤ z ≤ 8− x2 − y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
36(z − 9)2 = 36(x2 + y2), è 36(z + 3)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3),
B(−3;−1), C(0;−1), D(0;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 2x + 4. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 1), B(0;−1), C(1;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 3y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 1, y = 3, y = 9− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(1; 1), C(8; 4), D(12;−3).
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Âàðèàíò 14
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 2), B(7; 5), C(−3; 12).

1)
7∫
−3

dx
12∫
2

f(x, y) dy 2)
7∫
−3

dx

−7x+99
10∫

3x+29
10

f(x, y) dy

3)
7∫
−3

dx

−7
10 x+99∫
3
10x+29

f(x, y) dy 4)
7∫
−3

dx

−7x−99
10∫

3x−29
10

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 2,
y = x2 − 8x− 34, x = 7, x = 10, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) -1 3) -118
4) -61 5) −x2 − 2x + 2 6) x2 − 8x− 34

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (1;−3),
âûðåçàííîé ïðÿìîé y = x + 2 ÿâëÿåòñÿ
1) −√35 + 2x− x2 2) −3−√35 + 2x− x2 3) x + 2

4) −3 +
√

35 + 2x− x2 5) 3 6)
√

35 + 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x + 2 è y = −4x2 − 47x− 40.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x + 7 è y = 2x2 + 3x + 19, x = −5, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(0;−3),
C(0; 0).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(5x− 6)− 4 cos(π
2 − 5x + 6) + 3) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−3), B(5; 0), C(11; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(6; 2),
åñëè ïëîòíîñòü γ =

2y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(2;−3; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x− y − z = −1 è −2x− y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x, 1−
√

x2 + y2 ≤ z ≤ 5−
√

x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
z = −2− 3

5

√
x2 + y2 è z = −8 +

3

5

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå

M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(−1; 2),
C(1; 2), D(1; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 9.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 1), B(5;−2), C(5;−4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 14, y = −3, y = 2, y = −7 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 1), B(3; 4), C(10; 6), D(13; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(6; 6),C(11; 6), D(6; 1).

1)
11∫
1

dx
6∫
1

f(x, y) dy 2)
6∫
1

dy
5−y∫
0−y

f(x, y) dx

3)
11∫
1

dx
5+x∫
0+x

f(x, y) dy 4)
6∫
1

dy
5+y∫
0+y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 1,
y = x2 − 10x− 5, x = −2, x = 0, ÿâëÿåòñÿ
1) -26 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 1
4) x2 − 10x− 5 5) 9 6) −x2 − 6x + 1

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−2;−5),
âûðåçàííîé ïðÿìîé y = x + 2 ÿâëÿåòñÿ
1) −√21− 4x− x2 2) −5−√21− 4x− x2 3) -10
4) x + 2 5) −5 +

√
21− 4x− x2 6)

√
21− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x− 5 è y = −3x2 − 2x + 37.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 5x− 3 è y = −2x2 + 6x− 1, x = −4, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 12xy + 4y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−4), B(−2; 2),
C(4;−4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos 2(5− 3x) + 1 + 8 sin2(5− 3x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 3), B(5; 3), C(3;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{1 ≤ x2 + y2 ≤ 4, y ≥ −√3x, y ≥ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(6; 1), C(6; 5),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 6; 0), C(6; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + y + z = −1 è −2x + y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 16,−x ≤ y ≤ √
3x, 3 +

√
x2 + y2 ≤ z ≤ 8 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = −2, z = 2, z = 6, y = 1− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−3), B(1; 1),
C(4; 1), D(4;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 9.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 3), B(5; 3), C(4; 4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = 4, y = 1 + x, y = 13− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−6; 4), C(−11; 3), D(−13;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2; 10), B(8; 10),C(18; 0), D(8; 0).

1)
10∫
0

dy
18−y∫
8−y

f(x, y) dx 2)
18∫
−2

dx
10∫
0

f(x, y) dy

3)
18∫
−2

dx
18−x∫
8−x

f(x, y) dy 4)
10∫
0

dy
18+y∫
8+y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x + 5,
y = x2 − 11x− 65, x = 6, x = 8, ÿâëÿåòñÿ
1) -115 2) x2 − 11x− 65 3) Íåò îäíîçíà÷íîãî îòâåòà
4) −x2 − 7x + 5 5) -31.75 6) -73
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (5; 4),
âûðåçàííîé ïðÿìîé y = −x + 14 ÿâëÿåòñÿ
1) 4−√10x− x2 2)

√
10x− x2 3) 9

4) 4 +
√

10x− x2 5) 14− x 6) −√10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x + 4 è y = −4x2 − 19x + 109.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 2x + 4 è y = −2x2 − 10x + 94, x = −7, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 12xy + 4y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(5;−5),
C(5; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos(4x− 3) + 2 sin(4x− 3− π
2 ) + 8) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1;−2), B(7; 2), C(4;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 4,−x ≤ y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(3; 2), C(3; 4),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 + 12xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 6; 0), B(6; 3; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 2y − z = 3 è −x + 2y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2 + y2 ≤ 9,
√

3x ≤ y ≤ − x√
3
, 3− x2 − y2 ≤ z ≤ 6− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = −2, y = 0, z = 0, z = −1− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 49, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 9. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 2y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 1), B(5;−1), C(5; 0) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x + 4y − z + 3) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 4y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = 6, y = −8 + x, y = 10− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(−4; 4), C(−11; 2), D(−13;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2; 0), B(7; 9),C(7; 18).

1)
7∫
−2

dx
4−2x∫
2−x

f(x, y) dy 2)
18∫
0

dy
−2+y∫
−4+y

2

f(x, y) dx

3)
7∫
−2

dx
18∫
0

f(x, y) dy 4)
7∫
−2

dx
4+2x∫
2+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 3x + 1,
y = x2 − 5x− 23, x = −1, x = 5, ÿâëÿåòñÿ
1) -9 2) -3 3) −x2 + 3x + 1

4) -5.75 5) x2 − 5x− 23 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−2; 5),
âûðåçàííîé ïðÿìîé y = −x + 5 ÿâëÿåòñÿ
1)
√

4x− x2 2) 5 +
√

4x− x2 3) 3
4) −√4x− x2 5) 5− x 6) 5−√4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x + 8 è y = −2x2 − 20x + 98.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 + 3x + 3 è y = 4x2 − 4x− 7, x = −6, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−3; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 ch(6x)− 2e6x − 2e−6x + 6) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−3), B(8;−9),
C(4;−9).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {9 ≤ x2 + y2 ≤ 36,
x√
3
≤ y ≤ − x√

3
}.



Èíòåãðàë ïî ìíîæåñòâó 253

Âàðèàíò 17
9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(2; 3), B(2; 8), C(5; 8), D(5; 3), åñëè ïëîòíîñòü γ = 6x + 4y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 + 12xy + 9y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(−1; 2; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
3x− 3y + z = −2 è 3x− 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ √
3x, 3 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0,
y = −1, x = 4, z = 0, z = 3− y.
13. Â îáëàñòè D : {x2 + y2 ≤ 36, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−2), B(6; 1), C(8; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = −2, y = 3, y = 4− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−2), B(3; 2), C(9; 3), D(11;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2; 10), B(−2; 18),C(6; 2).

1)
6∫
−2

dx
18∫
2

f(x, y) dy 2)
6∫
−2

dx
14−2x∫
8−x

f(x, y) dy

3)
18∫
2

dy

−10−y
2∫

−4−y

f(x, y) dx 4)
−2∫
−2

dx
14+2x∫
8+x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 8x− 5,
y = x2 − 4x− 19, x = 0, x = 6, ÿâëÿåòñÿ
1) x2 − 4x− 19 2) −x2 + 8x− 5 3) -5
4) 7 5) -53 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−5;−4),
âûðåçàííîé ïðÿìîé y = −x− 14 ÿâëÿåòñÿ
1) −4−√10x− x2 2) −4 +

√
10x− x2 3) 1

4)
√

10x− x2 5) −√10x− x2 6) −14− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x + 4 è y = −3x2 − 4x + 129.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 + 4x− 8 è y = −4x2 + 7x + 2, x = −3, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(8; 3), C(8; 8).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(6x) + 2e−6x − 2e6x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−4;−5), B(8;−10),
C(2;−10).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 9, y ≤ −x, y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 5), C(5; 5), D(5; 2),
åñëè ïëîòíîñòü γ =

4x + 5

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 + 12xy + 9y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(6; 2; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 2y − z = 3 è −3x− 2y − z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{4 ≤ x2+y2 ≤ 16, y ≥ −x, y ≥ √
3x,−3−

√
x2 + y2 ≤ z ≤ 1−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 5,
x = 8, z = 0, z = 0 + y.
13. Â îáëàñòè D : {x2 + y2 ≤ 36, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 9. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 3y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−1), B(2; 3), C(2;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(3x + 2y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 2y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 6, y = −3, y = −5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(4; 3), C(8; 5), D(12;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(8;−5), C(8; 7).

1)
8∫
−1

dx
7∫
−5

f(x, y) dy 2)
8∫
−1

dx

6x−15
9∫

−6x−3
9

f(x, y) dy

3)
8∫
−1

dx

6
9x+15∫
−6
9 x+3

f(x, y) dy 4)
8∫
−1

dx

6x+15
9∫

−6x+3
9

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x− 2,
y = x2 − 10x− 14, x = −4, x = −3, ÿâëÿåòñÿ
1) x2 − 10x− 14 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -50
4) 14 5) −x2 − 8x− 2 6) 13
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (4;−5),
âûðåçàííîé ïðÿìîé y = −5− x ÿâëÿåòñÿ
1) −5−√8x− x2 2) −5 +

√
8x− x2 3) -9

4) −5− x 5) −√8x− x2 6)
√

8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 3x + 7 è y = −3x2 + 9x + 19.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x− 2 è y = −3x2 + 21x + 28, x = −2, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−4), B(−1; 1),
C(4;−4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(4x− 5)− 3 cos 2(4x− 5) + 7) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 0), B(4; 2), C(7; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≥ −x, y ≥ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 3), B(0; 6), C(3; 6), D(3; 3),
åñëè ïëîòíîñòü γ =

2y + 4

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 5; 0), C(5; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 5y + z = −1 è −3x− 5y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{4 ≤ x2 + y2 ≤ 9,− x√
3
≤ y ≤ √

3x, 2 +
√

x2 + y2 ≤ z ≤ 3 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 16x + 24y + 24z = 96 è 9x + 12y + 12z = 36.
13. Â îáëàñòè D : {x2 + y2 ≤ 4, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 8. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 4y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 1), B(7; 1), C(9; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = −2, y = −1− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(−4; 5), C(−8; 3), D(−11;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4;−1), B(6; 8), C(−4; 16).

1)
6∫
−4

dx

−8x+128
10∫

9x+26
10

f(x, y) dy 2)
6∫
−4

dx

−8x−128
10∫

9x−26
10

f(x, y) dy

3)
6∫
−4

dx

−8
10 x+128∫
9
10x+26

f(x, y) dy 4)
6∫
−4

dx
16∫
−1

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 2,
y = x2 − 8x− 38, x = −8, x = −5, ÿâëÿåòñÿ
1) -25 2) -14 3) 7
4) Íåò îäíîçíà÷íîãî îòâåòà 5) −x2 − 6x + 2 6) x2 − 8x− 38

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−4; 4),
âûðåçàííîé ïðÿìîé y = x + 4 ÿâëÿåòñÿ
1) +4 + x 2) −√8x− x2 3) 4−√8x− x2

4) 4 +
√

8x− x2 5)
√

8x− x2 6) 4
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x + 5 è y = −4x2 + 23x + 89.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x− 8 è y = 2x2 − 11x− 16, x = −7, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(2;−2),
C(2; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 sin(5x− 4)− 3 cos(π
2 − 5x + 4) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2; 0), B(0; 5), C(2; 5).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,−√3x ≤ y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 3), B(0; 5), C(4; 5), D(4; 3),
åñëè ïëîòíîñòü γ = 0.05.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 + 12xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3; 2; 0), B(2;−3; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x + 2y − z = 1 è 4x + 2y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 25,
x√
3
≤ y ≤ − x√

3
, 1− x2 − y2 ≤ z ≤ 5− x2 − y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
9(z − 19)2 = 144(x2 + y2), è 9(z + 5)2 = 144(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−3),
B(−2; 0), C(0; 0), D(0;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 7.
Îïðåäåëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 3), B(2; 6), C(4; 8) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = −3 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(−3; 9), C(−9; 8), D(−10; 3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(2;−3), B(7; 2),C(12; 2), D(7;−3).

1)
12∫
2

dx
2∫
−3

f(x, y) dy 2)
2∫
−3

dy
10+y∫
5+y

f(x, y) dx

3)
12∫
2

dx
10+x∫
5+x

f(x, y) dy 4)
2∫
−3

dy
10−y∫
5−y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 4x− 1,
y = x2 − 8x− 15, x = 8, x = 9, ÿâëÿåòñÿ
1) -13 2) x2 − 8x− 15 3) -46
4) -33 5) −x2 + 4x− 1 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−5;−4),
âûðåçàííîé ïðÿìîé y = x− 3 ÿâëÿåòñÿ
1)
√−9− 10x− x2 2) −4−√−9− 10x− x2 3) −√−9− 10x− x2

4) x− 3 5) -8 6) −4 +
√−9− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 4x− 7 è y = −2x2 − 4x + 118.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 3x + 6 è y = −2x2 + 4x + 12, x = −5, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 3),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos 2(6− 5x) + 2 + 8 sin2(6− 5x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5; 2), B(5; 2), C(0;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 4), C(4; 2),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè 4x + 2y + z = 2 è 4x + 2y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 9, y ≤ − x√
3
, y ≤ x, 1 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
z = 20− 12

4

√
x2 + y2 è z = −4 +

12

4

√
x2 + y2, ðàâíà Mπ. Íàéòè

çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−2),
B(−1; 2), C(2; 2), D(2;−2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 6.
Îïðåäåëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(−1; 1), C(2; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

9

∫∫
P

(2x− 2y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 2y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = −3, y = −2, y = 2, y = 3− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−1; 2), C(2; 3), D(4;−4).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2; 7), B(3; 7),C(8; 2), D(3; 2).

1)
7∫
2

dy
10+y∫
5+y

f(x, y) dx 2)
7∫
2

dy
10−y∫
5−y

f(x, y) dx

3)
8∫
−2

dx
7∫
2

f(x, y) dy 4)
8∫
−2

dx
10−x∫
5−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x− 1,
y = x2 − 7x− 49, x = 7, x = 10, ÿâëÿåòñÿ
1) x2 − 7x− 49 2) −x2 − 3x− 1 3) -7.75
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -131 6) -71
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−2;−4),
âûðåçàííîé ïðÿìîé x = y − 2 ÿâëÿåòñÿ
1) −2−√8x− x2 2) y − 2 3) −2 +

√
8x− x2

4) 2 5) −
√

8y − y2 6)
√

8y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x− 3 è y = −2x2 − 17x + 17.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x− 8 è y = −4x2 + 2x + 104, x = −5, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(4;−1),
C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(2x− 6) + 4 sin(2x− 6− π
2 ) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2;−2), B(4; 4), C(1;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 5), C(5; 2),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(9; 3; 0), C(9; 9; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x− y − z = 1 è −2x− y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2+y2 ≤ 36, y ≥ − x√
3
, y ≥ √

3x, 1−
√

x2 + y2 ≤ z ≤ 5−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 1,
y = −2, z = −2, z = 4, y = 2− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(0; 2),
C(4; 2), D(4;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x + 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−2), B(7;−6), C(7;−8) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x− 4y − z + 3) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x− 4y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = −1, y = 2, y = −2 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−4), B(5;−1), C(10; 1), D(13;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(8; 10),C(8; 19).

1)
19∫
1

dy
−2+y∫
−3+y

2

f(x, y) dx 2)
8∫
−1

dx
3+2x∫
2+x

f(x, y) dy

3)
8∫
−1

dx
19∫
1

f(x, y) dy 4)
8∫
−1

dx
3−2x∫
2−x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x− 4,
y = x2 − 4x− 34, x = −6, x = −4, ÿâëÿåòñÿ
1) x2 − 4x− 34 2) −x2 − 8x− 4 3) 12
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -52 6) 8
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−5;−5),
âûðåçàííîé ïðÿìîé y = x− 5 ÿâëÿåòñÿ
1) −

√
10y − y2 2) -10 3) y − 5

4) −5 +
√

10y − y2 5) −5−
√

10y − y2 6)
√

10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 3x + 3 è y = −4x2 − 45x− 32.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 4x− 7 è y = 3x2 + 9x− 1, x = −2, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−4), B(−2; 2),
C(4;−4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 ch(3x)− 4e3x − 4e−3x + 12) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−5;−5), B(7;−9),
C(1;−9).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≥ − x√
3
, y ≥ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(5; 2), C(5; 6),
åñëè ïëîòíîñòü γ =

2y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−3; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè −3x− 3y + z = −1 è −3x− 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{4 ≤ x2 + y2 ≤ 16,− x√
3
≤ y ≤ x, 3 +

√
x2 + y2 ≤ z ≤ 9 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 3,
y = −1, y = 3, z = 1, z = 8− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(−1; 6),
C(1; 6), D(1; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 6.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 2), B(1; 2), C(−1; 4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè y = −3, y = 1 + x, y = −3− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−5; 6), C(−10; 4), D(−13;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 8),C(6;−4).

1)
6∫
0

dx
8−2x∫
2−x

f(x, y) dy 2)
8∫
−4

dy

−16−y
2∫

−10−y

f(x, y) dx

3)
0∫
0

dx
8+2x∫
2+x

f(x, y) dy 4)
6∫
0

dx
8∫
−4

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x + 2,
y = x2 − 4x− 48, x = 4, x = 6, ÿâëÿåòñÿ
1) x2 − 4x− 48 2) -58 3) -30
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -10 6) −x2 − 4x + 2

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (2; 6),
âûðåçàííîé ïðÿìîé x = −y + 11 ÿâëÿåòñÿ
1) 11− y 2)

√
−27− 12y − y2 3) 2−

√
−27− 12y − y2

4) 2 +
√
−27− 12y − y2 5) 5 6) −

√
−27− 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x + 5 è y = −2x2 + 10x + 55.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 3x + 4 è y = −3x2 + 8x− 0, x = −2, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 + 12xy + 4y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(6;−6),
C(6; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(4x) + 2e−4x − 2e4x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−4), B(6;−8),
C(3;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {4 ≤ x2 + y2 ≤ 25,
x√
3
≤ y ≤ − x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(5; 1), C(5; 4),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 18xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2; 1; 0), B(1;−2; 0), C(1; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x + 2y − z = 1 è 4x + 2y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ − x√
3
,−1− x2 − y2 ≤ z ≤ 2− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
x = 4, z = 3, z = 7− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 4),
C(7; 4), D(7; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3x + 4.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 4y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 2), B(2;−2), C(2;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè y = 2, y = −8 + x, y = 6− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 2), B(−7; 7), C(−13; 4), D(−16;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2;−1), B(5;−5), C(5; 6).

1)
5∫
−2

dx

7x−7
7∫

−4x+15
7

f(x, y) dy 2)
5∫
−2

dx
6∫
−5

f(x, y) dy

3)
5∫
−2

dx

7
7x+7∫

−4
7 x−15

f(x, y) dy 4)
5∫
−2

dx

7x+7
7∫

−4x−15
7

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 3x + 3,
y = x2 − 5x− 21, x = −1, x = 5, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) -1 3) -7
4) -3.75 5) x2 − 5x− 21 6) −x2 + 3x + 3

3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−2;−3),
âûðåçàííîé ïðÿìîé x = −y − 2 ÿâëÿåòñÿ
1) −2 +

√
6y − y2 2) −2−

√
6y − y2 3)

√
6y − y2

4) −2− y 5) −
√

6y − y2 6) -2
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x + 6 è y = −4x2 − 33x− 24.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 3x + 5 è y = −2x2 + 13x + 25, x = −4, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 6), C(6; 6).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(8 cos2(3x− 4)− 4 cos 2(3x− 4) + 2) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1;−4), B(4; 2), C(7;−4).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36, y ≤ −x, y ≤ x}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(3; 2), B(3; 7), C(8; 7), D(8; 2), åñëè ïëîòíîñòü γ = 4x + 6y + 3.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 + 16xy + 4y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 6; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 3y + z = 3 è −3x− 3y + z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{1 ≤ x2 + y2 ≤ 16, y ≤ − x√
3
, y ≤ √

3x,−2 + x2 + y2 ≤ z ≤ −1 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 1, y = 4,
x = 5, z = −3, z = −6 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 4),
C(4; 4), D(4; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 8.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 3y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−1), B(7; 3), C(8; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 4, y = 12− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 2), B(−2; 4), C(5; 6), D(9; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(1; 0), B(11; 6), C(1; 14).

1)
11∫
1

dx

−8
10 x+148∫
6
10x−6

f(x, y) dy 2)
11∫
1

dx

−8x−148
10∫

6x+6
10

f(x, y) dy

3)
11∫
1

dx

−8x+148
10∫

6x−6
10

f(x, y) dy 4)
11∫
1

dx
14∫
0

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 10x + 3,
y = x2 − 6x− 27, x = −4, x = 2, ÿâëÿåòñÿ
1) -72 2) −x2 − 10x + 3 3) -21
4) x2 − 6x− 27 5) Íåò îäíîçíà÷íîãî îòâåòà 6) 27
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (1; 6),
âûðåçàííîé ïðÿìîé x = −y + 5 ÿâëÿåòñÿ
1) 1 2) 1−

√
−32− 12y − y2 3)

√
−32− 12y − y2

4) 1 +
√
−32− 12y − y2 5) 5− y 6) −

√
−32− 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 3x− 3 è y = −3x2 − 45x− 63.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 − 4x− 6 è y = 4x2 − 4x− 5, x = −2, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(8; 2), C(8; 8).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(3x− 2)− 4 cos(π
2 − 3x + 2) + 7) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−5), B(3;−3), C(9;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D:

{1 ≤ x2 + y2 ≤ 9, y ≥ −√3x, y ≥ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 6), C(4; 6), D(4; 3),
åñëè ïëîòíîñòü γ =

6x + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 8xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(6; 1; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x− 4y − z = 1 è 4x− 4y − z = 3.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{1 ≤ x2 + y2 ≤ 9, y ≥ −x, y ≥ √
3x, 2−

√
x2 + y2 ≤ z ≤ 8−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 24x + 24y + 36z = 144 è 4x + 3y + 12z = 12.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 5),
C(7; 5), D(7; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3x + 8.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 2y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(1; 1), B(5; 5), C(5; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x + 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = 5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−3), B(2; 0), C(6; 3), D(9;−5).
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Âàðèàíò 27
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2;−3), B(2; 1),C(6; 1), D(2;−3).

1)
1∫
−3

dy
5+y∫
1+y

f(x, y) dx 2)
6∫
−2

dx
1∫
−3

f(x, y) dy

3)
6∫
−2

dx
5+x∫
1+x

f(x, y) dy 4)
1∫
−3

dy
5−y∫
1−y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x− 4,
y = x2 − 9x− 40, x = −7, x = −4, ÿâëÿåòñÿ
1) −x2 − 3x− 4 2) x2 − 9x− 40 3) -10.75
4) -32 5) -8 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−1;−1),
âûðåçàííîé ïðÿìîé y = x + 2 ÿâëÿåòñÿ
1) x + 2 2)

√
3− 2x− x2 3) −1−√3− 2x− x2

4) 1 5) −√3− 2x− x2 6) −1 +
√

3− 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x + 5 è y = −4x2 + 30x + 5.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 + 2x + 6 è y = −4x2 − 3x + 2, x = −6, x = 1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−3; 3),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(3− 2x) + 1 + 6 sin2(3− 2x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0; 5), B(10; 5), C(5;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{1 ≤ x2 + y2 ≤ 16,−x ≤ y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 6), C(4; 6), D(4; 2),
åñëè ïëîòíîñòü γ =

2y + 4

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 7; 0), C(7; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x + 2y + z = −3 è x + 2y + z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{1 ≤ x2 + y2 ≤ 9,−x ≤ y ≤ x√
3
, 1 +

√
x2 + y2 ≤ z ≤ 6 +

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
16(z + 0)2 = 9(x2 + y2), è 16(z + 6)2 = 9(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â îáëàñòè D : {x2 + y2 ≤ 36, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 4. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−3), B(5;−3), C(7;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(2x + 3y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x + 3y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 8, y = 1, y = 4− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(−1; 7), C(−5; 6), D(−6; 1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(2; 8), B(11; 8),C(20;−1), D(11;−1).

1)
20∫
2

dx
8∫
−1

f(x, y) dy 2)
8∫
−1

dy
19+y∫
10+y

f(x, y) dx

3)
8∫
−1

dy
19−y∫
10−y

f(x, y) dx 4)
20∫
2

dx
19−x∫
10−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x− 1,
y = x2 − 8x− 51, x = −7, x = −6, ÿâëÿåòñÿ
1) 11 2) 6 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -49 5) x2 − 8x− 51 6) −x2 − 8x− 1

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−5;−1),
âûðåçàííîé ïðÿìîé y = x + 8 ÿâëÿåòñÿ
1) −1−√−9− 10x− x2 2) x + 8 3) −1 +

√−9− 10x− x2

4) -5 5) −√−9− 10x− x2 6)
√−9− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x + 4 è y = −4x2 − 9x + 22.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x + 8 è y = −3x2 + 8x + 20, x = −3, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(6;−6),
C(6; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos(4x− 6) + 2 sin(4x− 6− π
2 ) + 10) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(1; 0), B(9; 3), C(5; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ − x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 4), C(5; 4), D(5; 2),
åñëè ïëîòíîñòü γ = 0.04.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 − 24xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−1; 0), B(−1;−3; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè −2x + 2y − z = −2 è −2x + 2y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{4 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ −√3x, 1− x2 − y2 ≤ z ≤ 4− x2 − y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 14− 9

3

√
x2 + y2

è z = −4 +
9

3

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå M .

13. Â îáëàñòè D : {x2 + y2 ≤ 64, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 3), B(−2; 6), C(0; 8) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 5, y = −2 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(−1; 5), C(−5; 2), D(−8;−1).
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Âàðèàíò 29
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(9; 9),C(9; 17).

1)
9∫
1

dx
−1−2x∫
0−x

f(x, y) dy 2)
17∫
1

dy
0+y∫
1+y
2

f(x, y) dx

3)
9∫
1

dx
−1+2x∫
0+x

f(x, y) dy 4)
9∫
1

dx
17∫
1

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x + 4,
y = x2 − 10x− 4, x = 5, x = 7, ÿâëÿåòñÿ
1) −x2 − 4x + 4 2) x2 − 10x− 4 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -41 5) -73 6) -8
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (1;−1),
âûðåçàííîé ïðÿìîé y = −x + 5 ÿâëÿåòñÿ
1) −1 +

√
24 + 2x− x2 2) 4 3) −√24 + 2x− x2

4)
√

24 + 2x− x2 5) −1−√24 + 2x− x2 6) 5− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 2x− 2 è y = −2x2 + 22x− 2.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 8 è y = 3x2 − 11x− 2, x = −7, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 3), C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 ch(2x)− 4e2x − 4e−2x + 4) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−2), B(7;−6),
C(2;−6).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ x}.
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Âàðèàíò 29
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(3; 6), C(7; 2),
åñëè ïëîòíîñòü γ =

2x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 4; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 5y + z = 3 è 5x− 5y + z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{1 ≤ x2 + y2 ≤ 9, y ≤ −√3x, y ≤ √
3x, 2 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = −2, z = −3, z = 3, y = −2− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 49, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x− 4y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 2), B(7;−2), C(9;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−4x− 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 3y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = 4, y = 10− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 2), B(0; 5), C(7; 6), D(9;−1).
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Âàðèàíò 30
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 6), B(0; 14),C(8;−2).

1)
14∫
−2

dy

−18−y
2∫

−10−y

f(x, y) dx 2)
8∫
0

dx
14−2x∫
6−x

f(x, y) dy

3)
0∫
0

dx
14+2x∫
6+x

f(x, y) dy 4)
8∫
0

dx
14∫
−2

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 9x + 1,
y = x2 − 5x− 29, x = 4, x = 6, ÿâëÿåòñÿ
1) −x2 − 9x + 1 2) -89 3) x2 − 5x− 29

4) -51 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -59.75
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (3; 2),
âûðåçàííîé ïðÿìîé y = −x + 10 ÿâëÿåòñÿ
1)
√

16 + 6x− x2 2) 2−√16 + 6x− x2 3) -3
4) 2 +

√
16 + 6x− x2 5) −√16 + 6x− x2 6) 10− x

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x + 3 è y = −4x2 + 27x + 43.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 − 5x + 4 è y = −4x2 − 6x + 6, x = −5, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(9; 3), C(9; 9).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(6x) + 2e−6x − 2e6x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−2), B(5;−8),
C(2;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≥ −√3x, y ≥ √
3x}.
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Âàðèàíò 30
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(6; 2),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(7; 1; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 4y − z = 1 è −3x− 4y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≥ − x√
3
, y ≥ x, 2−

√
x2 + y2 ≤ z ≤ 8−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2,
y = −3, y = 3, z = −1, z = 7− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 5),
C(2; 5), D(2; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 2y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 2), B(6;−2), C(6;−5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x + 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 13, y = −3, y = 2, y = −6 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 1), B(−2; 3), C(5; 5), D(8;−2).
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Âàðèàíò 31
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2;−3), B(8;−9), C(8; 1).

1)
8∫
2

dx

4
6x−26∫
−6
6 x−6

f(x, y) dy 2)
8∫
2

dx

4x+26
6∫

−6x+6
6

f(x, y) dy

3)
8∫
2

dx

4x−26
6∫

−6x−6
6

f(x, y) dy 4)
8∫
2

dx
1∫
−9

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 2x + 0,
y = x2 − 6x− 10, x = −2, x = 0, ÿâëÿåòñÿ
1) x2 − 6x− 10 2) 0 3) -3
4) -8 5) −x2 + 2x + 0 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (5;−2),
âûðåçàííîé ïðÿìîé y = −x− 1 ÿâëÿåòñÿ
1) −1− x 2) −2 +

√−9 + 10x− x2 3)
√−9 + 10x− x2

4) −2−√−9 + 10x− x2 5) 2 6) −√−9 + 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x− 8 è y = −4x2 + 21x + 52.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 5x + 3 è y = −3x2 + 20x + 3, x = −2, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−2), B(−1; 1),
C(2;−2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(8 cos2(6x− 3)− 4 cos 2(6x− 3) + 3) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2;−5), B(3; 1), C(8;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9,− x√
3
≤ y ≤ x√

3
}.
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Âàðèàíò 31
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(4; 1), C(4; 3),
åñëè ïëîòíîñòü γ =

2y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 + 12xy + 9y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(−2; 0; 0), C(0;−2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x + y + z = −1 è x + y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2 + y2 ≤ 16,−√3x ≤ y ≤ x,−3 +
√

x2 + y2 ≤ z ≤ −2 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 1, x = 4, z = 2, z = 10− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(0; 3),
C(1; 3), D(1; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 4y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−2), B(1;−2), C(−2; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x + 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 4y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = 3, y = 1 + x, y = 11− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−3), B(−2; 3), C(−7; 2), D(−8;−1).
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Âàðèàíò 32
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2;−1), B(7; 2), C(−2; 6).

1)
7∫
−2

dx

−4x−46
9∫

3x+3
9

f(x, y) dy 2)
7∫
−2

dx

−4x+46
9∫

3x−3
9

f(x, y) dy

3)
7∫
−2

dx

−4
9 x+46∫
3
9x−3

f(x, y) dy 4)
7∫
−2

dx
6∫
−1

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 2x− 1,
y = x2 − 6x− 11, x = 4, x = 6, ÿâëÿåòñÿ
1) −x2 + 2x− 1 2) -25 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -9 5) -4 6) x2 − 6x− 11

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−4; 6),
âûðåçàííîé ïðÿìîé y = −2− x ÿâëÿåòñÿ
1) 6 +

√
8x− x2 2) −2− x 3) 6−√8x− x2

4) −√8x− x2 5) 2 6)
√

8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x + 2 è y = −3x2 + 16x + 26.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 2x− 8 è y = 3x2 − x + 2, x = −8, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(2;−2),
C(2; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 sin(3x− 2)− 3 cos(π
2 − 3x + 2) + 4) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 0), B(3; 5), C(5; 5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{1 ≤ x2 + y2 ≤ 9,
x√
3
≤ y ≤ −√3x}.
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Âàðèàíò 32
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(6; 1), C(6; 4),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 7; 0), B(7; 2; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− 4y − z = 3 è x− 4y − z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25,
x√
3
≤ y ≤ −√3x, 1− x2 − y2 ≤ z ≤ 6− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 4, x = 5, z = 2, z = 1 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 4),
C(5; 4), D(5; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−3), B(5;−7), C(5;−5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−2x− 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè y = 1, y = −11 + x, y = 3− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−4), B(−2; 4), C(−9; 1), D(−12;−3).
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Âàðèàíò 33
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1;−3), B(9; 5),C(17; 5), D(9;−3).

1)
17∫
1

dx
5∫
−3

f(x, y) dy 2)
17∫
1

dx
12+x∫
4+x

f(x, y) dy

3)
5∫
−3

dy
12−y∫
4−y

f(x, y) dx 4)
5∫
−3

dy
12+y∫
4+y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x + 5,
y = x2 − 11x− 5, x = 0, x = 4, ÿâëÿåòñÿ
1) x2 − 11x− 5 2) 5 3) −x2 − 3x + 5

4) -23 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -1.75
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−2;−5),
âûðåçàííîé ïðÿìîé y = x− 9 ÿâëÿåòñÿ
1) −5−√32− 4x− x2 2) -5 3) −9 + x

4) −5 +
√

32− 4x− x2 5) −√32− 4x− x2 6)
√

32− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x + 6 è y = −4x2 + 11x + 90.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 3x + 3 è y = −3x2 + 5x + 3, x = −2, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 5), C(5; 5).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos 2(5− 2x) + 6 + 4 sin2(5− 2x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2; 3), B(10; 3), C(4; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 4, y ≤ − x√
3
, y ≤ x}.
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Âàðèàíò 33
9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(1; 2), B(1; 5), C(5; 5), D(5; 2), åñëè ïëîòíîñòü γ = 4x + 2y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 8xy + 4y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 8; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 2y + z = 1 è −2x + 2y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{1 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ x,−2 + x2 + y2 ≤ z ≤ −1 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 25x + 10y + 10z = 50 è 2x + 1y + 2z = 2.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 4),
C(4; 4), D(4; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 8.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 3y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(2;−1), B(6; 3), C(9; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−3x + 2y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 2y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = −4, y = −4, y = −6− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−2; 1), C(4; 4), D(6; 0).
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Âàðèàíò 34
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1; 8), B(7; 8),C(13; 2), D(7; 2).

1)
8∫
2

dy
15−y∫
9−y

f(x, y) dx 2)
8∫
2

dy
15+y∫
9+y

f(x, y) dx

3)
13∫
1

dx
15−x∫
9−x

f(x, y) dy 4)
13∫
1

dx
8∫
2

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x + 2,
y = x2 − 7x− 14, x = −1, x = 3, ÿâëÿåòñÿ
1) -4.75 2) Íåò îäíîçíà÷íîãî îòâåòà 3) −x2 − 3x + 2

4) x2 − 7x− 14 5) -16 6) 4
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−3;−2),
âûðåçàííîé ïðÿìîé y = x− 3 ÿâëÿåòñÿ
1) x− 3 2) −2 +

√
7− 6x− x2 3) −2−√7− 6x− x2

4)
√

7− 6x− x2 5) -6 6) −√7− 6x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x− 4 è y = −2x2 + 8x + 12.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x− 7 è y = −2x2 − 16x− 7, x = −6, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(7; 2), C(7; 7).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(2x− 4) + 4 sin(2x− 4− π
2 ) + 10) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(−3; 1), B(1; 6), C(−1; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{4 ≤ x2 + y2 ≤ 25, y ≥ −√3x, y ≥ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(4; 6), D(4; 2),
åñëè ïëîòíîñòü γ =

4x + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(2;−3; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
3x− 3y − z = 1 è 3x− 3y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{1 ≤ x2 + y2 ≤ 4, y ≥ −√3x, y ≥ x√
3
, 3−

√
x2 + y2 ≤ z ≤ 4−

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
36(z − 4)2 = 36(x2 + y2), è 36(z + 8)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 9),
C(6; 9), D(6; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 7.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 3y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 2), B(6; 6), C(6; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = −1, y = 1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(−2; 4), C(1; 6), D(5;−1).
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Âàðèàíò 35
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(6; 6),C(6; 14).

1)
6∫
−2

dx
14∫
−2

f(x, y) dy 2)
14∫
−2

dy
0+y∫
−2+y

2

f(x, y) dx

3)
6∫
−2

dx
2−2x∫
0−x

f(x, y) dy 4)
6∫
−2

dx
2+2x∫
0+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x + 3,
y = x2 − 6x− 21, x = −7, x = −5, ÿâëÿåòñÿ
1) 18 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -45
4) x2 − 6x− 21 5) 10 6) −x2 − 8x + 3

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (6;−5),
âûðåçàííîé ïðÿìîé x = y + 5 ÿâëÿåòñÿ
1) 6−√11− 10x− x2 2) 12 3)

√
11− 10y − y2

4) 6 +
√

11− 10x− x2 5) −
√

11− 10y − y2 6) y + 5
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 4x− 6 è y = −3x2 − 3x + 36.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 5x− 8 è y = 2x2 + 5x− 7, x = −4, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−1), B(−2; 2),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 ch(6x)− 4e6x − 4e−6x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−5; 0), B(3;−2),
C(−1;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 25,−√3x ≤ y ≤ x}.
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Âàðèàíò 35
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 6), C(6; 6), D(6; 3),
åñëè ïëîòíîñòü γ =

6y + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 7; 0), C(7; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
3x− y + z = 2 è 3x− y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 16,−√3x ≤ y ≤ x,−3 +
√

x2 + y2 ≤ z ≤ −1 +
√

x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 6− 6

6

√
x2 + y2

è z = −6 +
6

6

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå M .

13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 5),
C(7; 5), D(7; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 3.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 3y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−1;−3), B(3;−3), C(4;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x + 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 2, y = 3, y = 1− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(−1; 8), C(−6; 6), D(−8; 3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 5), B(0; 10),C(5; 0).

1)
5∫
0

dx
10−2x∫
5−x

f(x, y) dy 2)
10∫
0

dy

−10−y
2∫

−5−y

f(x, y) dx

3)
5∫
0

dx
10∫
0

f(x, y) dy 4)
0∫
0

dx
10+2x∫
5+x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x− 3,
y = x2 − 6x− 21, x = −7, x = −4, ÿâëÿåòñÿ
1) x2 − 6x− 21 2) −x2 − 6x− 3 3) 5
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -10 6) -30
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (4; 4),
âûðåçàííîé ïðÿìîé y = x− 3 ÿâëÿåòñÿ
1) 4−

√
−7 + 8y − y2 2) −

√
−7 + 8y − y2 3) 1

4)
√
−7 + 8y − y2 5) 4 +

√
−7 + 8y − y2 6) y − 3

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 5x− 4 è y = −4x2 − 11x + 8.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 + 2x + 3 è y = −4x2 + 4x + 11, x = −4, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(5;−5),
C(5; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(5x) + 2e−5x − 2e5x + 12) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 1), B(2;−2),
C(0;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D: {1 ≤ x2 + y2 ≤ 4,
√

3x ≤ y ≤ −x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(5; 6), D(5; 2),
åñëè ïëîòíîñòü γ = 0.05.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 8xy + 4y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 8; 0), B(8; 3; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 5y − z = 1 è 5x− 5y − z = 3.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{4 ≤ x2 + y2 ≤ 16, x ≤ y ≤ −√3x, 2− x2 − y2 ≤ z ≤ 5− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = −3, z = 0, z = 4, y = 1− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 8),
C(5; 8), D(5; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 5.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 2), B(−2; 5), C(0; 7) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−2x + 3y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 3y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 8, y = −1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(−3; 10), C(−6; 8), D(−8; 2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4;−4), B(0;−13), C(0; 5).

1)
0∫
−4

dx
5∫

−13
f(x, y) dy 2)

0∫
−4

dx

9x+20
4∫

−9x−52
4

f(x, y) dy

3)
0∫
−4

dx

9x−20
4∫

−9x+52
4

f(x, y) dy 4)
0∫
−4

dx

9
4x+20∫

−9
4 x−52

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 4,
y = x2 − 12x− 52, x = 8, x = 10, ÿâëÿåòñÿ
1) -156 2) -23 3) x2 − 12x− 52

4) Íåò îäíîçíà÷íîãî îòâåòà 5) −x2 − 6x + 4 6) -108
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (5;−2),
âûðåçàííîé ïðÿìîé x = −y + 5 ÿâëÿåòñÿ
1) 5− y 2) 7 3) 5 +

√
4y − y2

4) 5−
√

4y − y2 5) −
√

4y − y2 6)
√

4y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 2x + 7 è y = −4x2 + 30x + 47.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 5x + 6 è y = −2x2 − 7x + 78, x = −7, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(8 cos2(6x− 5)− 4 cos 2(6x− 5) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5; 1), B(−1; 7), C(3; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 7), C(7; 3),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 8; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− 5y + z = −2 è −x− 5y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{1 ≤ x2 + y2 ≤ 9, y ≤ − x√
3
, y ≤ √

3x, 3 + x2 + y2 ≤ z ≤ 9 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 1,
y = −2, y = 3, z = 1, z = 7− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 9, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 7. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 2), B(3;−2), C(6;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 2y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = −1, y = 2, y = 9− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−3), B(4;−1), C(8; 1), D(12;−5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(7; 8), C(−2; 13).

1)
7∫
−2

dx

−5x−107
9∫

6x−30
9

f(x, y) dy 2)
7∫
−2

dx
13∫
2

f(x, y) dy

3)
7∫
−2

dx

−5x+107
9∫

6x+30
9

f(x, y) dy 4)
7∫
−2

dx

−5
9 x+107∫
6
9x+30

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 4,
y = x2 − 8x− 36, x = 6, x = 7, ÿâëÿåòñÿ
1) -68 2) −x2 − 6x + 4 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -23 5) -87 6) x2 − 8x− 36

3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (3;−3),
âûðåçàííîé ïðÿìîé x = −y + 4 ÿâëÿåòñÿ
1) 3−

√
7 + 6y − y2 2) 3 +

√
7 + 6y − y2 3) 3

4) −
√

7 + 6y − y2 5)
√

7 + 6y − y2 6) 4− y
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x− 2 è y = −2x2 − 8x + 38.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 + 4x + 4 è y = 4x2 + 2x + 4, x = −4, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(7; 2), C(7; 7).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 sin(6x− 4)− 2 cos(π
2 − 6x + 4) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0;−4), B(4; 1), C(8; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≥ −√3x, y ≥ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 4), C(4; 1),
åñëè ïëîòíîñòü γ =

2y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(2;−2; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x + 2y − z = 3 è 2x + 2y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V: {4 ≤ x2 + y2 ≤ 16, y ≥

− x√
3
, y ≥ √

3x,−1−
√

x2 + y2 ≤ z ≤ 4−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 3,
y = −2, x = 5, z = 1, z = 3− y.
13. Â îáëàñòè D : {x2 + y2 ≤ 16, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 4y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 3), B(2; 0), C(2;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 3, y = 5, y = 4 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−4), B(0; 1), C(6; 3), D(8;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(4; 3),C(8; 3), D(4;−1).

1)
3∫
−1

dy
5+y∫
1+y

f(x, y) dx 2)
8∫
0

dx
3∫
−1

f(x, y) dy

3)
3∫
−1

dy
5−y∫
1−y

f(x, y) dx 4)
8∫
0

dx
5+x∫
1+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x− 5,
y = x2 − 10x− 29, x = −4, x = −2, ÿâëÿåòñÿ
1) −x2 − 8x− 5 2) x2 − 10x− 29 3) -53
4) 7 5) Íåò îäíîçíà÷íîãî îòâåòà 6) 11
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−1; 6),
âûðåçàííîé ïðÿìîé x = −y − 1 ÿâëÿåòñÿ
1) -1 2) −1−

√
12y − y2 3) −1− y

4) −
√

12y − y2 5)
√

12y − y2 6) −1 +
√

12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x− 4 è y = −2x2 − 1x + 116.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 4x− 7 è y = −3x2 − 2x− 12, x = −6, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−1), B(−2; 2),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos 2(3− 4x) + 5 + 4 sin2(3− 4x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 6), B(11; 6), C(6; 2).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D: {4 ≤ x2 + y2 ≤ 16,−x ≤ y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(7; 1), C(7; 5),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−1; 0), B(−1;−3; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè −2x + 3y − z = −2 è −2x + 3y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 36,
x√
3
≤ y ≤ −√3x, 3− x2 − y2 ≤ z ≤ 7− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 2, x = 3, z = −1, z = −1 + y.
13. Â îáëàñòè D : {x2 + y2 ≤ 4, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x− 3y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 2), B(5; 2), C(2; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(2x + 3y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x + 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = 4, y = 3 + x, y = 15− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(−1; 7), C(−8; 6), D(−10; 1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(0; 6), B(8; 6),C(16;−2), D(8;−2).

1)
6∫
−2

dy
14+y∫
6+y

f(x, y) dx 2)
16∫
0

dx
14−x∫
6−x

f(x, y) dy

3)
16∫
0

dx
6∫
−2

f(x, y) dy 4)
6∫
−2

dy
14−y∫
6−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 10x− 1,
y = x2 − 6x− 31, x = 2, x = 4, ÿâëÿåòñÿ
1) -76 2) -57 3) -25
4) x2 − 6x− 31 5) −x2 − 10x− 1 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−2; 5),
âûðåçàííîé ïðÿìîé y = x + 10 ÿâëÿåòñÿ
1) 5−√5− 4x− x2 2) 5 +

√
5− 4x− x2 3) −√5− 4x− x2

4)
√

5− 4x− x2 5) 8 6) x + 10
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x + 5 è y = −4x2 + 11x + 47.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 2x− 4 è y = −2x2 − 14x− 4, x = −6, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(3;−3),
C(3; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos(4x− 6) + 3 sin(4x− 6− π
2 ) + 4) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−5), B(5;−3), C(2;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25, x ≤ y ≤ −x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(6; 2), C(6; 5),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(−1; 5; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 3y + z = 1 è −x + 3y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{1 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ x, 2 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 12x + 28y + 21z = 84 è 6x + 12y + 8z = 24.
13. Â îáëàñòè D : {x2 + y2 ≤ 36, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 9. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−2), B(0;−4), C(0;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(−3x + 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = 3, y = −9 + x, y = 7− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−4; 7), C(−8; 6), D(−11; 1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(3; 3),C(3; 7).

1)
3∫
−1

dx
1−2x∫
0−x

f(x, y) dy 2)
3∫
−1

dx
1+2x∫
0+x

f(x, y) dy

3)
7∫
−1

dy
0+y∫
−1+y

2

f(x, y) dx 4)
3∫
−1

dx
7∫
−1

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 2,
y = x2 − 8x− 10, x = −1, x = 2, ÿâëÿåòñÿ
1) -14 2) -25 3) −x2 − 6x + 2

4) x2 − 8x− 10 5) 7 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (2;−3),
âûðåçàííîé ïðÿìîé y = x + 1 ÿâëÿåòñÿ
1) x + 1 2) −√32 + 4x− x2 3)

√
32 + 4x− x2

4) -9 5) −3−√32 + 4x− x2 6) −3 +
√

32 + 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 3x− 6 è y = −2x2 + 42x− 96.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 4 è y = 3x2 + 6x− 28, x = 1, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 ch(3x)− 3e3x − 3e−3x + 4) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(7;−5),
C(3;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ x√
3
}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(2; 4), B(2; 9), C(5; 9), D(5; 4), åñëè ïëîòíîñòü γ = 4x + 4y + 7.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 + 16xy + 4y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(2;−2; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
3x− 3y − z = −1 è 3x− 3y − z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V: {4 ≤ x2 + y2 ≤ 25, y ≥

−√3x, y ≥ x√
3
,−3−

√
x2 + y2 ≤ z ≤ 2−

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
25(z − 6)2 = 36(x2 + y2), è 25(z + 6)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(0; 2),
C(1; 2), D(1; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 7. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(2;−2), B(6; 2), C(8; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x + 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 4, y = 9− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(0; 3), C(5; 6), D(8; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1; 7), B(−1; 17),C(9;−3).

1)
−1∫
−1

dx
15+2x∫
6+x

f(x, y) dy 2)
9∫
−1

dx
15−2x∫
6−x

f(x, y) dy

3)
9∫
−1

dx
17∫
−3

f(x, y) dy 4)
17∫
−3

dy

−21−y
2∫

−12−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 1,
y = x2 − 10x− 23, x = −1, x = 5, ÿâëÿåòñÿ
1) −x2 − 2x + 1 2) x2 − 10x− 23 3) -34
4) -2 5) 2 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (3;−1),
âûðåçàííîé ïðÿìîé y = −x + 7 ÿâëÿåòñÿ
1) 4 2) −√16 + 6x− x2 3) −1 +

√
16 + 6x− x2

4) −1−√16 + 6x− x2 5)
√

16 + 6x− x2 6) 7− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 3x + 8 è y = −3x2 − 8x + 158.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 − 5x− 6 è y = −2x2 − 6x + 14, x = −8, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(7; 1), C(7; 7).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 sh(5x) + 3e−5x − 3e5x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(3;−9),
C(0;−9).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 25, y ≥ −x, y ≥ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 3), B(0; 5), C(2; 5), D(2; 3),
åñëè ïëîòíîñòü γ =

4x + 5

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(−1; 4; 0), C(4;−1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x + 2y + z = −2 è 5x + 2y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{4 ≤ x2 + y2 ≤ 9,− x√
3
≤ y ≤ x,−1 +

√
x2 + y2 ≤ z ≤ 2 +

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
z = 21− 12

5

√
x2 + y2 è z = −3 +

12

5

√
x2 + y2, ðàâíà Mπ. Íàéòè

çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−2), B(0; 2),
C(1; 2), D(1;−2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 8. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 2), B(1; 4), C(1; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(4x + 2y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 2y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = 3 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(2; 3), C(5; 6), D(9; 2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(11;−3), C(11; 7).

1)
11∫
2

dx
7∫
−3

f(x, y) dy 2)
11∫
2

dx

5
9x+8∫

−5
9 x+28

f(x, y) dy

3)
11∫
2

dx

5x−8
9∫

−5x−28
9

f(x, y) dy 4)
11∫
2

dx

5x+8
9∫

−5x+28
9

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 4x− 4,
y = x2 − 8x− 18, x = −3, x = −2, ÿâëÿåòñÿ
1) -16 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -16
4) -25 5) −x2 + 4x− 4 6) x2 − 8x− 18

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (1; 2),
âûðåçàííîé ïðÿìîé y = −x + 5 ÿâëÿåòñÿ
1) 2 +

√
3 + 2x− x2 2) 5− x 3) 0

4)
√

3 + 2x− x2 5) 2−√3 + 2x− x2 6) −√3 + 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x− 4 è y = −2x2 − 47x− 94.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 8 è y = −2x2 + 8x + 26, x = −2, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−3; 3),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(4x− 6)− 3 cos 2(4x− 6) + 2) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2;−1), B(0; 3), C(2;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{9 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 6), C(5; 6), D(5; 3),
åñëè ïëîòíîñòü γ =

2y + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 5; 0), B(5; 3; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 3y − z = −3 è −2x + 3y − z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{4 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ −x, 1− x2 − y2 ≤ z ≤ 4− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 1,
z = 2, z = 4, y = 4− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(3; 4),
C(4; 4), D(4; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 7. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 4y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 2), B(1; 2), C(4; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x + 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 4, y = 6− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(−2; 4), C(−6; 3), D(−8;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3;−4), B(4;−1), C(−3; 6).

1)
4∫
−3

dx

−7x−21
7∫

3x+19
7

f(x, y) dy 2)
4∫
−3

dx

−7x+21
7∫

3x−19
7

f(x, y) dy

3)
4∫
−3

dx

−7
7 x+21∫

3
7x−19

f(x, y) dy 4)
4∫
−3

dx
6∫
−4

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 14x− 2,
y = x2 − 10x− 32, x = −9, x = −6, ÿâëÿåòñÿ
1) 43 2) −x2 − 14x− 2 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -149 5) 46 6) x2 − 10x− 32

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−1;−5),
âûðåçàííîé ïðÿìîé y = −x− 9 ÿâëÿåòñÿ
1) −5 +

√
8− 2x− x2 2) −√8− 2x− x2 3) −9− x

4)
√

8− 2x− x2 5) −5−√8− 2x− x2 6) -2
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x + 6 è y = −2x2 − 12x + 18.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 3x + 8 è y = 3x2 + 3x + 17, x = −6, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 12xy + 4y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(2;−2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(4− 3x) + 5 + 6 sin2(4− 3x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5; 5), B(1; 5), C(−2; 3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D:

{1 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 6), C(3; 6), D(3; 2),
åñëè ïëîòíîñòü γ = 0.05.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 8xy + 4y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 8; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 3y + z = −2 è −2x + 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≤ − x√
3
, y ≤ √

3x, 3 + x2 + y2 ≤ z ≤ 7 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2,
y = −3, y = 3, z = −3, z = 5− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 0), B(−2; 3),
C(4; 3), D(4; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 7.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 3y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 2), B(−1; 4), C(2; 7) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = −3, y = 1, y = −1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−2), B(−4; 3), C(−7; 0), D(−8;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(5; 7),C(11; 7), D(5; 1).

1)
11∫
−1

dx
7∫
1

f(x, y) dy 2)
11∫
−1

dx
4+x∫
−2+x

f(x, y) dy

3)
7∫
1

dy
4+y∫
−2+y

f(x, y) dx 4)
7∫
1

dy
4−y∫
−2−y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x− 3,
y = x2 − 6x− 15, x = 4, x = 5, ÿâëÿåòñÿ
1) -35 2) -15 3) Íåò îäíîçíà÷íîãî îòâåòà
4) x2 − 6x− 15 5) −x2 − 4x− 3 6) -48
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−1;−3),
âûðåçàííîé ïðÿìîé y = −6− x ÿâëÿåòñÿ
1) -5 2)

√
3− 2x− x2 3) −3−√3− 2x− x2

4) −6− x 5) −√3− 2x− x2 6) −3 +
√

3− 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 3x− 6 è y = −2x2 + 13x + 9.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 4x + 3 è y = −3x2 + 7x + 13, x = −4, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 4),
C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos(6x− 2) + 3 sin(6x− 2− π
2 ) + 8) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−1), B(3; 2), C(1;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 3), C(3; 1),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(5;−1; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 4y − z = −2 è −3x− 4y − z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25, y ≥ −√3x, y ≥ x, 3−
√

x2 + y2 ≤ z ≤ 9−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 2,
x = 8, z = 3, z = 9− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 1), B(−3; 5),
C(3; 5), D(3; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2x + 3.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−1), B(3;−3), C(4;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = −4, y = −2, y = 1− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−1), B(5; 4), C(12; 6), D(14;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(2; 7), B(10; 7),C(18;−1), D(10;−1).

1)
7∫
−1

dy
17−y∫
9−y

f(x, y) dx 2)
18∫
2

dx
7∫
−1

f(x, y) dy

3)
7∫
−1

dy
17+y∫
9+y

f(x, y) dx 4)
18∫
2

dx
17−x∫
9−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x− 3,
y = x2 − 10x− 27, x = 5, x = 8, ÿâëÿåòñÿ
1) -68 2) x2 − 10x− 27 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -51 5) −x2 − 8x− 3 6) -131
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−5; 1),
âûðåçàííîé ïðÿìîé y = x + 0 ÿâëÿåòñÿ
1) 1−√11− 10x− x2 2) 1 3) −√11− 10x− x2

4)
√

11− 10x− x2 5) +0 + x 6) 1 +
√

11− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 4x + 3 è y = −4x2 − 12x + 67.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x− 6 è y = −4x2 + 33x− 30, x = −1, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 12xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(3;−1),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 ch(6x)− 3e6x − 3e−6x + 8) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−3), B(11;−7),
C(5;−7).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 25,−x ≤ y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 7), C(5; 3),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 7; 0), B(7; 3; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + y − z = 2 è −2x + y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{4 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ −x,−3− x2 − y2 ≤ z ≤ −2− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 4, x = 6, z = 1, z = 3 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 0), B(−2; 6),
C(1; 6), D(1; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 8.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 3y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 3), B(3;−1), C(3;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = 11, y = −1, y = 3, y = −4 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−2), B(2; 3), C(9; 4), D(13;−3).
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Âàðèàíò 47
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4;−4), B(1; 1),C(1; 6).

1)
1∫
−4

dx
4+2x∫
0+x

f(x, y) dy 2)
1∫
−4

dx
4−2x∫
0−x

f(x, y) dy

3)
1∫
−4

dx
6∫
−4

f(x, y) dy 4)
6∫
−4

dy
0+y∫
−4+y

2

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x + 3,
y = x2 − 10x− 5, x = −2, x = 0, ÿâëÿåòñÿ
1) 7 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 3
4) x2 − 10x− 5 5) −x2 − 4x + 3 6) -9
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−3; 2),
âûðåçàííîé ïðÿìîé y = x + 3 ÿâëÿåòñÿ
1) 2−√−5− 6x− x2 2) −√−5− 6x− x2 3)

√−5− 6x− x2

4) 0 5) x + 3 6) 2 +
√−5− 6x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x + 4 è y = −2x2 + 12x + 52.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 − 3x + 5 è y = 4x2 + 2x + 5, x = −3, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 2),
C(2;−2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 sh(5x) + 3e−5x − 3e5x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 1), B(8;−4), C(4;−4).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 4, x ≤ y ≤ −x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(6; 1), C(6; 4),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3; 3; 0), C(3; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x− 4y + z = 2 è 4x− 4y + z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ √
3x, 1−

√
x2 + y2 ≤ z ≤ 5−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 35x + 28y + 20z = 140 è 8x + 4y + 2z = 8.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1),
B(−1; 2), C(1; 2), D(1;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 2x + 8. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 2), B(2; 2), C(1; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 4y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = −3, y = −5 + x, y = 7− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(0; 5), C(−3; 3), D(−5;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(1; 4), B(1; 8),C(5; 0).

1)
1∫
1

dx
10+2x∫
5+x

f(x, y) dy 2)
5∫
1

dx
8∫
0

f(x, y) dy

3)
8∫
0

dy

−10−y
2∫

−5−y

f(x, y) dx 4)
5∫
1

dx
10−2x∫
5−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 4,
y = x2 − 12x− 16, x = 4, x = 6, ÿâëÿåòñÿ
1) -36 2) −x2 − 6x + 4 3) -23
4) x2 − 12x− 16 5) -68 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−1; 3),
âûðåçàííîé ïðÿìîé x = y − 7 ÿâëÿåòñÿ
1) −1−√6x− x2 2) −

√
6y − y2 3) −1 +

√
6x− x2

4)
√

6y − y2 5) 2 6) y − 7
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x− 8 è y = −2x2 + 2x + 12.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 − 4x− 2 è y = −4x2 − 12x− 17, x = −7, x = 0.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(2;−2),
C(2; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos2(3x− 6)− 2 cos 2(3x− 6) + 3) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−1), B(2; 5), C(7;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≤ − x√
3
, y ≤ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(5; 2), C(5; 6),
åñëè ïëîòíîñòü γ =

2x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 8xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(5; 2; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− 2y − z = 3 è x− 2y − z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 25,−√3x ≤ y ≤ x, 3 +
√

x2 + y2 ≤ z ≤ 9 +
√

x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
16(z − 10)2 = 81(x2 + y2), è 16(z + 8)2 = 81(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â îáëàñòè D : {x2 + y2 ≤ 64, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 3. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 3y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−1), B(4;−4), C(4;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−2x + 3y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 3y + 3,
âûðåçàííîé ïëîñêîñòÿìè y = 2, y = −8 + x, y = 6− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2; 1), B(−5; 6), C(−12; 5), D(−13;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2; 0), B(5;−9), C(5; 10).

1)
5∫
−2

dx
10∫
−9

f(x, y) dy 2)
5∫
−2

dx

10x+20
7∫

−9x−18
7

f(x, y) dy

3)
5∫
−2

dx

10x−20
7∫

−9x+18
7

f(x, y) dy 4)
5∫
−2

dx

10
7 x+20∫

−9
7 x−18

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 16x + 4,
y = x2 − 12x− 26, x = −4, x = 2, ÿâëÿåòñÿ
1) -32 2) x2 − 12x− 26 3) -188
4) Íåò îäíîçíà÷íîãî îòâåòà 5) −x2 − 16x + 4 6) 52
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−4; 4),
âûðåçàííîé ïðÿìîé y = x− 14 ÿâëÿåòñÿ
1) −

√
20 + 8y − y2 2)

√
20 + 8y − y2 3) −4 +

√
20 + 8y − y2

4) -10 5) y − 14 6) −4−
√

20 + 8y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 2x + 5 è y = −4x2 + 50x + 5.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x− 4 è y = −3x2 − 35x− 28, x = −6, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−3; 1),
C(1; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 sin(2x− 3)− 2 cos(π
2 − 2x + 3) + 5) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5;−4), B(0; 0), C(5; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16, y ≥ −√3x, y ≥ x√
3
}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(0; 2), B(0; 5), C(5; 5), D(5; 2), åñëè ïëîòíîñòü γ = 2x + 2y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 + 12xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 6; 0), C(6; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− y + z = −1 è x− y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ −x,−2− x2 − y2 ≤ z ≤ 2− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 0, z = 3, z = 7, y = 2− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 49, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 4. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 4y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−1;−2), B(2; 1), C(3; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−4x + 2y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 2y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = −3, y = 3, y = 2− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(2; 2), C(7; 3), D(11;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(6; 4), C(−3; 10).

1)
6∫
−3

dx

−6
9 x+72∫

4
9x+12

f(x, y) dy 2)
6∫
−3

dx

−6x+72
9∫

4x+12
9

f(x, y) dy

3)
6∫
−3

dx
10∫
0

f(x, y) dy 4)
6∫
−3

dx

−6x−72
9∫

4x−12
9

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x + 2,
y = x2 − 9x− 10, x = −1, x = 2, ÿâëÿåòñÿ
1) −x2 − 7x + 2 2) 8 3) Íåò îäíîçíà÷íîãî îòâåòà
4) x2 − 9x− 10 5) -16 6) -34.75
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (5;−3),
âûðåçàííîé ïðÿìîé x = −y + 5 ÿâëÿåòñÿ
1) 5 +

√
6y − y2 2) 8 3) 5−

√
6y − y2

4)
√

6y − y2 5) 5− y 6) −
√

6y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x− 7 è y = −4x2 − 32x− 37.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 3x− 2 è y = 2x2 + 4x + 18, x = −6, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(4; 1), C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos 2(2− 6x) + 1 + 4 sin2(2− 6x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−4; 3), B(2; 3), C(−1;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D: {4 ≤ x2 + y2 ≤ 9,−x ≤ y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(4; 6), D(4; 2),
åñëè ïëîòíîñòü γ =

2x + 4

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 8xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 5; 0), B(5; 3; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 3y − z = −1 è −x + 3y − z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{1 ≤ x2 + y2 ≤ 16, y ≤ − x√
3
, y ≤ √

3x,−2 + x2 + y2 ≤ z ≤ 1 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0,
y = −3, y = 3, z = 1, z = 7− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 16, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x + 2y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−1), B(6; 2), C(6;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(4x− 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 2, y = −1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(2; 5), C(8; 6), D(11;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2; 0), B(5; 7),C(12; 7), D(5; 0).

1)
7∫
0

dy
5−y∫
−2−y

f(x, y) dx 2)
7∫
0

dy
5+y∫
−2+y

f(x, y) dx

3)
12∫
−2

dx
5+x∫
−2+x

f(x, y) dy 4)
12∫
−2

dx
7∫
0

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x + 1,
y = x2 − 5x− 39, x = −7, x = −6, ÿâëÿåòñÿ
1) −x2 − 7x + 1 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 1
4) -35.75 5) x2 − 5x− 39 6) 7
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (3; 5),
âûðåçàííîé ïðÿìîé x = −y + 13 ÿâëÿåòñÿ
1) −

√
10y − y2 2) 3 3) 3 +

√
10y − y2

4)
√

10y − y2 5) 13− y 6) 3−
√

10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x− 8 è y = −2x2 − 47x− 44.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 − 2x + 2 è y = −2x2 − 10x− 13, x = −7, x = 0.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−3; 3),
C(3;−3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos(4x− 2) + 2 sin(4x− 2− π
2 ) + 8) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−2), B(7; 4), C(2;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ − x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 6), C(6; 6), D(6; 3),
åñëè ïëîòíîñòü γ =

2y + 4

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 6; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− 2y + z = 2 è −x− 2y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x, 2−
√

x2 + y2 ≤ z ≤ 4−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 1,
x = 4, z = −2, z = 5− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 5),
C(5; 5), D(5; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x− 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−3), B(2;−3), C(4;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(4x− 2y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 2y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 9, y = 2, y = 6− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−4), B(−2; 4), C(−5; 2), D(−6;−4).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2; 6), B(3; 6),C(8; 1), D(3; 1).

1)
8∫
−2

dx
6∫
1

f(x, y) dy 2)
6∫
1

dy
9+y∫
4+y

f(x, y) dx

3)
6∫
1

dy
9−y∫
4−y

f(x, y) dx 4)
8∫
−2

dx
9−x∫
4−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x− 3,
y = x2 − 7x− 43, x = −6, x = −5, ÿâëÿåòñÿ
1) -9 2) x2 − 7x− 43 3) −x2 − 5x− 3

4) -3 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -21.75
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (2; 4),
âûðåçàííîé ïðÿìîé x = −y + 0 ÿâëÿåòñÿ
1)

√
20 + 8y − y2 2) 2 +

√
20 + 8y − y2 3) 2−

√
20 + 8y − y2

4) −
√

20 + 8y − y2 5) 0− y 6) 2
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 5x− 4 è y = −3x2 + 30x + 26.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 2x + 4 è y = −4x2 − 2x + 292, x = −9, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(6;−6),
C(6; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 ch(4x)− 4e4x − 4e−4x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−2), B(7;−4),
C(4;−4).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≤ − x√
3
, y ≤ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 5), C(4; 5), D(4; 2),
åñëè ïëîòíîñòü γ = 0.06.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 + 12xy + 9y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(5; 3; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
3x + 3y − z = −1 è 3x + 3y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{1 ≤ x2 + y2 ≤ 4,−√3x ≤ y ≤ x,−1 +
√

x2 + y2 ≤ z ≤ 4 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 4, x = 5, z = 1, z = −1 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(−3; 7),
C(−1; 7), D(−1; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 3y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(2;−3), B(2; 0), C(4; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(2x− 3y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 3y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 1, y = −5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(1; 6), C(−4; 3), D(−7;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(11; 11),C(11; 20).

1)
11∫
2

dx
20∫
2

f(x, y) dy 2)
11∫
2

dx
−2−2x∫
0−x

f(x, y) dy

3)
20∫
2

dy
0+y∫
2+y
2

f(x, y) dx 4)
11∫
2

dx
−2+2x∫
0+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 0,
y = x2 − 10x− 70, x = 8, x = 11, ÿâëÿåòñÿ
1) −x2 − 6x + 0 2) -112 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -187 5) -27 6) x2 − 10x− 70

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−5; 2),
âûðåçàííîé ïðÿìîé y = x + 12 ÿâëÿåòñÿ
1) 2−√10x− x2 2) x + 12 3) 2 +

√
10x− x2

4)
√

10x− x2 5) −√10x− x2 6) 7
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x + 5 è y = −4x2 + 40x− 25.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 − 3x + 4 è y = 4x2 − x + 12, x = −4, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 sh(5x) + 4e−5x − 4e5x + 10) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−5), B(11;−9),
C(6;−9).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{9 ≤ x2 + y2 ≤ 25, y ≥ −x, y ≥ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(3; 4), C(6; 1),
åñëè ïëîòíîñòü γ =

2x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 6; 0), C(6; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x + 2y + z = 3 è −3x + 2y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{4 ≤ x2 + y2 ≤ 25, x ≤ y ≤ −x, 3− x2 − y2 ≤ z ≤ 5− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 24x + 42y + 28z = 168 è 6x + 12y + 8z = 24.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 3), B(−2; 6),
C(−1; 6), D(−1; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x + 4y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−1), B(0;−4), C(2;−4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x + 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = 7, y = 16− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(3; 0), C(7; 2), D(11;−6).
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Âàðèàíò 54
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 7), B(0; 13),C(6; 1).

1)
13∫
1

dy

−11−y
2∫

−5−y

f(x, y) dx 2)
0∫
0

dx
13+2x∫
7+x

f(x, y) dy

3)
6∫
0

dx
13−2x∫
7−x

f(x, y) dy 4)
6∫
0

dx
13∫
1

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 4,
y = x2 − 4x− 56, x = 7, x = 8, ÿâëÿåòñÿ
1) 1 2) −x2 − 2x + 4 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -76 5) -59 6) x2 − 4x− 56

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (1; 3),
âûðåçàííîé ïðÿìîé y = x + 5 ÿâëÿåòñÿ
1)
√

8 + 2x− x2 2) −√8 + 2x− x2 3) 0
4) x + 5 5) 3 +

√
8 + 2x− x2 6) 3−√8 + 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x + 7 è y = −2x2 − 5x + 103.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 2x− 6 è y = −2x2 + 5x− 2, x = −4, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(3;−2),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(6x− 5)− 3 cos 2(6x− 5) + 7) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3; 1), B(3; 5), C(9; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{9 ≤ x2 + y2 ≤ 25,− x√
3
≤ y ≤ √

3x}.
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Âàðèàíò 54
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 7), C(6; 3),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 5; 0), B(5; 3; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− 2y − z = 3 è −x− 2y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2 + y2 ≤ 9, y ≤ −x, y ≤ x, 1 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
25(z − 22)2 = 144(x2 + y2), è 25(z + 2)2 = 144(x2 + y2), ðàâíà Mπ.
Íàéòè çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 3), B(−2; 7),
C(0; 7), D(0; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 3.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 4y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 3), B(2; 0), C(2;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 13, y = 4, y = 9, y = 1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(3; 3), C(10; 4), D(14;−1).
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Âàðèàíò 55
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(4;−6), C(4; 6).

1)
4∫
0

dx

6x−0
4∫

−6x−0
4

f(x, y) dy 2)
4∫
0

dx

6
4x+0∫

−6
4 x+0

f(x, y) dy

3)
4∫
0

dx
6∫
−6

f(x, y) dy 4)
4∫
0

dx

6x+0
4∫

−6x+0
4

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 2,
y = x2 − 12x− 34, x = −4, x = −2, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) 10 3) 10
4) -25 5) x2 − 12x− 34 6) −x2 − 6x + 2

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−3; 3),
âûðåçàííîé ïðÿìîé y = −x + 6 ÿâëÿåòñÿ
1) 6− x 2)

√
27− 6x− x2 3) 3−√27− 6x− x2

4) 3 +
√

27− 6x− x2 5) 9 6) −√27− 6x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x + 3 è y = −2x2 − 1x + 11.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x + 5 è y = −3x2 − 9x + 15, x = −5, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−3), B(−1; 1),
C(3;−3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(3x− 5)− 4 cos(π
2 − 3x + 5) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−1), B(1; 5), C(3; 5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D: {9 ≤ x2 + y2 ≤ 36, x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(6; 1), C(6; 4),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 5; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x + y + z = −1 è 2x + y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{9 ≤ x2 + y2 ≤ 16,−x ≤ y ≤ x, 2 +
√

x2 + y2 ≤ z ≤ 4 +
√

x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 10− 6

2

√
x2 + y2

è z = −2 +
6

2

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå M .

13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 7),
C(7; 7), D(7; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 5.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 3), B(1; 3), C(0; 4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−2x + 3y − z + 3) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè y = 2, y = 4 + x, y = 10− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−3), B(0; 2), C(−7; 0), D(−8;−4).
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Âàðèàíò 56
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 2), B(6; 11), C(−3; 17).

1)
6∫
−3

dx

−6x−135
9∫

9x−45
9

f(x, y) dy 2)
6∫
−3

dx

−6x+135
9∫

9x+45
9

f(x, y) dy

3)
6∫
−3

dx
17∫
2

f(x, y) dy 4)
6∫
−3

dx

−6
9 x+135∫
9
9x+45

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 1,
y = x2 − 6x− 29, x = 4, x = 6, ÿâëÿåòñÿ
1) -47 2) x2 − 6x− 29 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -23 5) -2 6) −x2 − 2x + 1

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (5;−5),
âûðåçàííîé ïðÿìîé y = −x + 6 ÿâëÿåòñÿ
1)
√

11 + 10x− x2 2) −√11 + 10x− x2 3) −5−√11 + 10x− x2

4) 6− x 5) -11 6) −5 +
√

11 + 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 3x− 7 è y = −4x2 + 17x + 49.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x + 2 è y = 2x2 + 4x + 3, x = −4, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(3;−3),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos 2(4− 5x) + 7 + 8 sin2(4− 5x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−4; 4), B(8; 4), C(2;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{9 ≤ x2 + y2 ≤ 36, y ≤ −√3x, y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(3; 3), C(3; 5),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 12xy + 4y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(6; 2; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 3y − z = 3 è −x + 3y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{1 ≤ x2 + y2 ≤ 9,
√

3x ≤ y ≤ −x, 3− x2 − y2 ≤ z ≤ 6− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2,
y = −1, z = 1, z = 9, y = 6− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 0), B(2; 3),
C(5; 3), D(5; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 6.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x− 2y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(1; 2), B(5;−2), C(5; 0) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−3x + 2y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 2y + 4,
âûðåçàííîé ïëîñêîñòÿìè y = 6, y = 3 + x, y = 5− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−2), B(−3; 6), C(−10; 4), D(−13;−2).
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Âàðèàíò 57
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(6; 7),C(13; 7), D(6; 0).

1)
7∫
0

dy
6+y∫
−1+y

f(x, y) dx 2)
7∫
0

dy
6−y∫
−1−y

f(x, y) dx

3)
13∫
−1

dx
6+x∫
−1+x

f(x, y) dy 4)
13∫
−1

dx
7∫
0

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x− 3,
y = x2 − 5x− 63, x = −4, x = 5, ÿâëÿåòñÿ
1) x2 − 5x− 63 2) -9.75 3) -7
4) −x2 − 3x− 3 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -43
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (5;−1),
âûðåçàííîé ïðÿìîé y = −x− 1 ÿâëÿåòñÿ
1) −√10x− x2 2)

√
10x− x2 3) −1− x

4) −1 +
√

10x− x2 5) 4 6) −1−√10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x + 3 è y = −3x2 − 44x− 39.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 − 4x + 3 è y = −3x2 − 2x + 3, x = −3, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos(6x− 2) + 3 sin(6x− 2− π
2 ) + 12) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(−4;−5), B(2; 0), C(−1;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{4 ≤ x2 + y2 ≤ 25, y ≥ −x, y ≥ x}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(0; 4), B(0; 10), C(3; 10), D(3; 4), åñëè ïëîòíîñòü γ = 2x + 6y + 6.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 12xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3; 3; 0), C(3;−3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x− 3y + z = 1 è 2x− 3y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 16, y ≤ − x√
3
, y ≤ x, 3 + x2 + y2 ≤ z ≤ 8 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = −2, y = 1, z = 1, z = 2− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(−3; 3),
C(3; 3), D(3; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3x + 6.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−2), B(5; 2), C(6; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−4x− 3y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 3y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = 8− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4;−1), B(−3; 4), C(4; 7), D(6; 3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−4; 6), B(6; 6),C(16;−4), D(6;−4).

1)
16∫
−4

dx
6∫
−4

f(x, y) dy 2)
6∫
−4

dy
12+y∫
2+y

f(x, y) dx

3)
6∫
−4

dy
12−y∫
2−y

f(x, y) dx 4)
16∫
−4

dx
12−x∫
2−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x− 1,
y = x2 − 12x− 11, x = 0, x = 4, ÿâëÿåòñÿ
1) -13 2) -33 3) Íåò îäíîçíà÷íîãî îòâåòà
4) −x2 − 4x− 1 5) x2 − 12x− 11 6) -1
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−3;−5),
âûðåçàííîé ïðÿìîé y = −13− x ÿâëÿåòñÿ
1) -10 2)

√
16− 6x− x2 3) −5 +

√
16− 6x− x2

4) −√16− 6x− x2 5) −5−√16− 6x− x2 6) −13− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x + 6 è y = −2x2 − 39x + 6.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x− 6 è y = −4x2 − 11x + 234, x = −8, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(4;−1),
C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 ch(4x)− 3e4x − 3e−4x + 10) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−5;−5), B(3;−7),
C(−1;−7).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 9,−√3x ≤ y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 5), C(5; 5), D(5; 1),
åñëè ïëîòíîñòü γ =

6x + 4

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1; 4; 0), B(4;−1; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x− 5y − z = 2 è 2x− 5y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V: {9 ≤ x2 + y2 ≤ 16, y ≥

−√3x, y ≥ √
3x,−3−

√
x2 + y2 ≤ z ≤ 3−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 3, x = 3, z = 3, z = 12− y.
13. Â îáëàñòè D : {x2 + y2 ≤ 64, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 3y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−1), B(0; 2), C(0;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(−3x + 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 4, y = 2 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(2; 2), C(9; 5), D(11; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2;−1), B(6; 3),C(6; 7).

1)
6∫
2

dx
7∫
−1

f(x, y) dy 2)
6∫
2

dx
−5−2x∫
−3−x

f(x, y) dy

3)
6∫
2

dx
−5+2x∫
−3+x

f(x, y) dy 4)
7∫
−1

dy
3+y∫
5+y
2

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x− 2,
y = x2 − 4x− 42, x = −8, x = −6, ÿâëÿåòñÿ
1) −x2 − 6x− 2 2) -2 3) -29
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -18 6) x2 − 4x− 42

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−5;−3),
âûðåçàííîé ïðÿìîé y = x + 0 ÿâëÿåòñÿ
1) −3 +

√−21− 10x− x2 2) +0 + x 3) −3−√−21− 10x− x2

4) -3 5) −√−21− 10x− x2 6)
√−21− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 2 è y = −2x2 + 26x + 2.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 4x + 4 è y = 2x2 + 2x− 1, x = −2, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−4), B(−2; 2),
C(4;−4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(6x) + 2e−6x − 2e6x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 0), B(8;−3),
C(3;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 4,
√

3x ≤ y ≤ − x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 6), C(4; 6), D(4; 2),
åñëè ïëîòíîñòü γ =

4y + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(−2; 4; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 4y + z = −1 è 5x− 4y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 9,−x ≤ y ≤ √
3x, 1 +

√
x2 + y2 ≤ z ≤ 3 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 3, y = 3,
x = 11, z = −3, z = −5 + y.
13. Â îáëàñòè D : {x2 + y2 ≤ 4, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(2;−1), B(6;−1), C(9; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(4x + 2y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 2y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = 9, y = 3, y = 7− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4;−3), B(−6; 2), C(−13; 1), D(−16;−5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 6), B(−3; 14),C(5;−2).

1)
5∫
−3

dx
8−2x∫
3−x

f(x, y) dy 2)
−3∫
−3

dx
8+2x∫
3+x

f(x, y) dy

3)
14∫
−2

dy

−12−y
2∫

−7−y

f(x, y) dx 4)
5∫
−3

dx
14∫
−2

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x− 4,
y = x2 − 8x− 54, x = −9, x = −6, ÿâëÿåòñÿ
1) -13 2) −x2 − 8x− 4 3) x2 − 8x− 54

4) 8 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -52
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (5;−3),
âûðåçàííîé ïðÿìîé y = x− 11 ÿâëÿåòñÿ
1) x− 11 2) −√−16 + 10x− x2 3) −3 +

√−16 + 10x− x2

4) −3−√−16 + 10x− x2 5) -6 6)
√−16 + 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 6 è y = −4x2 − 12x + 246.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 + 2x + 6 è y = −4x2 − 0x + 9, x = −4, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(4;−4),
C(4; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos2(3x− 5)− 2 cos 2(3x− 5) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1;−3), B(6; 1), C(11;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ √
3x}.



Èíòåãðàë ïî ìíîæåñòâó 339

Âàðèàíò 60
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 4), C(3; 4), D(3; 1),
åñëè ïëîòíîñòü γ = 0.03.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 12xy + 9y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(6; 1; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x + 2y − z = −2 è 5x + 2y − z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ − x√
3
,−1− x2 − y2 ≤ z ≤ 5− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 36x + 18y + 18z = 108 è 12x + 3y + 4z = 12.
13. Â îáëàñòè D : {x2 + y2 ≤ 16, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 9. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 2y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 1), B(−2; 4), C(0; 6) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(3x + 2y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 2y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 1, y = 6, y = 4 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−2), B(0; 4), C(−4; 3), D(−7; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0;−3), B(7;−10), C(7; 7).

1)
7∫
0

dx

10x+21
7∫

−7x+21
7

f(x, y) dy 2)
7∫
0

dx
7∫

−10
f(x, y) dy

3)
7∫
0

dx

10
7 x−21∫

−7
7 x−21

f(x, y) dy 4)
7∫
0

dx

10x−21
7∫

−7x−21
7

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x + 0,
y = x2 − 12x− 42, x = 8, x = 10, ÿâëÿåòñÿ
1) x2 − 12x− 42 2) -140 3) -96
4) -12 5) −x2 − 4x + 0 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (5; 5),
âûðåçàííîé ïðÿìîé x = y − 6 ÿâëÿåòñÿ
1) y − 6 2) 5 +

√
11 + 10x− x2 3) 5−√11 + 10x− x2

4) −
√

11 + 10y − y2 5) 11 6)
√

11 + 10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 4 è y = −3x2 + 24x− 4.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 6 è y = −2x2 − 10x + 6, x = −3, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(−1; 3),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 sin(6x− 5)− 2 cos(π
2 − 6x + 5) + 7) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0;−3), B(3; 1), C(6; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36, y ≥ − x√
3
, y ≥ x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 5), C(5; 2),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 8xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 9; 0), C(9; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x− 3y + z = 3 è 2x− 3y + z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x√
3
, 1−

√
x2 + y2 ≤ z ≤ 2−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 1,
z = 2, z = 4, y = 9− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 49, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 6. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x− 4y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 1), B(5;−2), C(6;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè y = −2, y = −4 + x, y = 8− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1; 0), B(3; 2), C(7; 5), D(11;−2).
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Âàðèàíò 62
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(7; 6), C(1; 10).

1)
7∫
1

dx
10∫
−1

f(x, y) dy 2)
7∫
1

dx

−4
6 x+64∫

7
6x−13

f(x, y) dy

3)
7∫
1

dx

−4x−64
6∫

7x+13
6

f(x, y) dy 4)
7∫
1

dx

−4x+64
6∫

7x−13
6

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 1,
y = x2 − 4x− 11, x = 4, x = 6, ÿâëÿåòñÿ
1) -2 2) −x2 − 2x + 1 3) -23
4) x2 − 4x− 11 5) -47 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−2;−3),
âûðåçàííîé ïðÿìîé y = x− 2 ÿâëÿåòñÿ
1) −2−

√
6y − y2 2) −

√
6y − y2 3) y − 2

4) −2 +
√

6y − y2 5)
√

6y − y2 6) -5
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x− 5 è y = −2x2 + 23x + 55.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 3x− 8 è y = 2x2 − 4x− 2, x = −6, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(4;−2),
C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(4− 6x) + 5 + 6 sin2(4− 6x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 6), B(7; 6), C(4; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25,−x ≤ y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 7), C(6; 3),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1; 4; 0), B(4;−1; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x + 3y − z = 2 è 2x + 3y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{1 ≤ x2 + y2 ≤ 4,− x√
3
≤ y ≤ √

3x,−3 +
√

x2 + y2 ≤ z ≤ 2 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 3,
y = 7, z = 1, z = 7− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 1), B(−3; 3),
C(−1; 3), D(−1; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x− 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(2;−1), B(5;−4), C(5;−6) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

9

∫∫
P

(2x− 2y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 2y − 2,
âûðåçàííîé ïëîñêîñòÿìè y = 6, y = −3 + x, y = 9− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 1), B(−1; 6), C(5; 8), D(7; 1).
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Âàðèàíò 63
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(6; 6),C(12; 6), D(6; 0).

1)
6∫
0

dy
6+y∫
0+y

f(x, y) dx 2)
12∫
0

dx
6∫
0

f(x, y) dy

3)
6∫
0

dy
6−y∫
0−y

f(x, y) dx 4)
12∫
0

dx
6+x∫
0+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x + 5,
y = x2 − 8x− 65, x = −6, x = −4, ÿâëÿåòñÿ
1) -7 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 5
4) −x2 − 4x + 5 5) -7 6) x2 − 8x− 65

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−4;−2),
âûðåçàííîé ïðÿìîé x = −y + 0 ÿâëÿåòñÿ
1)

√
32− 4y − y2 2) 2 3) −4 +

√
32− 4y − y2

4) −4−
√

32− 4y − y2 5) −
√

32− 4y − y2 6) 0− y
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 2x + 4 è y = −3x2 − 16x + 60.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 − 2x− 3 è y = −2x2 + 4x− 11, x = −1, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 + 12xy + 4y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−3; 3),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(2x− 4) + 4 sin(2x− 4− π
2 ) + 14) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(−5;−4), B(7; 1), C(1;−4).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ − x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(6; 3), C(6; 7),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 7; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x− 2y + z = −3 è 4x− 2y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{1 ≤ x2 + y2 ≤ 4, x ≤ y ≤ −√3x, 1− x2 − y2 ≤ z ≤ 4− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 3, x = 5, z = 2, z = 11− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(1; 1),
C(4; 1), D(4;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 2y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−1), B(6;−1), C(4; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−4x− 2y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 2y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = −2, y = −2, y = 1− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 2), B(−7; 11), C(−10; 10), D(−13; 7).
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Âàðèàíò 64
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1; 0), B(5; 0),C(9;−4), D(5;−4).

1)
9∫
1

dx
5−x∫
1−x

f(x, y) dy 2)
0∫
−4

dy
5+y∫
1+y

f(x, y) dx

3)
9∫
1

dx
0∫
−4

f(x, y) dy 4)
0∫
−4

dy
5−y∫
1−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 10x + 5,
y = x2 − 12x− 7, x = 2, x = 4, ÿâëÿåòñÿ
1) -51 2) x2 − 12x− 7 3) −x2 − 10x + 5

4) -70 5) -19 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (3; 6),
âûðåçàííîé ïðÿìîé x = −y + 11 ÿâëÿåòñÿ
1) 3−

√
−32− 12y − y2 2) 3 3) 11− y

4)
√
−32− 12y − y2 5) −

√
−32− 12y − y2 6) 3 +

√
−32− 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 3x + 8 è y = −4x2 + 15x + 32.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 2x− 6 è y = −2x2 + 26x + 24, x = −4, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 3), C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 ch(3x)− 3e3x − 3e−3x + 8) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−1), B(10;−5),
C(4;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 16,− x√
3
≤ y ≤ √

3x}.
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Âàðèàíò 64
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(5; 1), C(5; 4),
åñëè ïëîòíîñòü γ =

2x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(0;−2; 0), C(0; 0; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 5y − z = 2 è 5x− 5y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ x√
3
, 3 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 1, y = 5,
x = 3, z = 2, z = 3 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 4),
C(5; 4), D(5; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x + 4y + 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−1), B(0;−4), C(0;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x + 4y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 4, y = 8 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−3), B(−3; 6), C(−10; 3), D(−13;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(12; 8),C(12; 18).

1)
12∫
2

dx
−6−2x∫
−4−x

f(x, y) dy 2)
12∫
2

dx
18∫
−2

f(x, y) dy

3)
12∫
2

dx
−6+2x∫
−4+x

f(x, y) dy 4)
18∫
−2

dy
4+y∫
6+y
2

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 4x + 1,
y = x2 − 6x− 27, x = −1, x = 6, ÿâëÿåòñÿ
1) −x2 + 4x + 1 2) -11 3) -11
4) Íåò îäíîçíà÷íîãî îòâåòà 5) x2 − 6x− 27 6) -4
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−2; 6),
âûðåçàííîé ïðÿìîé x = −y + 2 ÿâëÿåòñÿ
1) −2−

√
−32− 12y − y2 2) −

√
−32− 12y − y2 3)

√
−32− 12y − y2

4) 2− y 5) -2 6) −2 +
√
−32− 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 2x− 2 è y = −4x2 − 50x− 74.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 + 4x + 2 è y = 4x2 + 11x− 4, x = −2, x = 9.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(3;−2),
C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(4x) + 2e−4x − 2e4x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−5;−2), B(7;−4),
C(1;−4).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ − x√
3
}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(0; 4), B(0; 8), C(3; 8), D(3; 4), åñëè ïëîòíîñòü γ = 2x + 2y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 + 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(3; 7; 0), C(7; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x + y + z = −2 è −3x + y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2+y2 ≤ 9, y ≥ −√3x, y ≥ √
3x, 3−

√
x2 + y2 ≤ z ≤ 5−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 30x + 36y + 30z = 180 è 6x + 9y + 6z = 18.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(−1; 2),
C(4; 2), D(4; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 5.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 3y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(0; 6), C(2; 6) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x + 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 6, y = 8− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(3; 3), C(8; 5), D(11;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(0; 4),C(4;−4).

1)
4∫
0

dx
4∫
−4

f(x, y) dy 2)
0∫
0

dx
4+2x∫
0+x

f(x, y) dy

3)
4∫
−4

dy

−12−y
2∫

−8−y

f(x, y) dx 4)
4∫
0

dx
4−2x∫
0−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x− 5,
y = x2 − 11x− 61, x = −3, x = 6, ÿâëÿåòñÿ
1) x2 − 11x− 61 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 1
4) -71 5) -23.75 6) −x2 − 5x− 5

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−1;−1),
âûðåçàííîé ïðÿìîé y = x + 3 ÿâëÿåòñÿ
1) −√8− 2x− x2 2) −1 +

√
8− 2x− x2 3) 2

4)
√

8− 2x− x2 5) −1−√8− 2x− x2 6) x + 3
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 3x− 7 è y = −2x2 + 9x + 113.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 5x + 4 è y = −3x2 + x + 4, x = −6, x = 1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−4), B(−1; 1),
C(4;−4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(3x− 4)− 3 cos 2(3x− 4) + 5) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−2), B(2; 0), C(5;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≤ − x√
3
, y ≤ x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 5), C(4; 5), D(4; 2),
åñëè ïëîòíîñòü γ =

4x + 3

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 12xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 3; 0), B(3; 1; 0), C(3; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 4y − z = −1 è 5x− 4y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{9 ≤ x2 + y2 ≤ 36,−√3x ≤ y ≤ x√
3
,−1+

√
x2 + y2 ≤ z ≤ 1+

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
36(z − 10)2 = 36(x2 + y2), è 36(z + 2)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2;−3), B(2; 0),
C(5; 0), D(5;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3x + 5.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 3), B(1; 6), C(1; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−4x + 2y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 2y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 1, y = −6 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(4; 2), C(9; 5), D(11; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(4;−6), C(4; 3).

1)
4∫
0

dx
3∫
−6

f(x, y) dy 2)
4∫
0

dx

4
4x−4∫

−5
4 x−4

f(x, y) dy

3)
4∫
0

dx

4x+4
4∫

−5x+4
4

f(x, y) dy 4)
4∫
0

dx

4x−4
4∫

−5x−4
4

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 9x + 4,
y = x2 − 9x− 14, x = −5, x = −4, ÿâëÿåòñÿ
1) −x2 − 9x + 4 2) -56.75 3) x2 − 9x− 14

4) 24 5) 24 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (2; 4),
âûðåçàííîé ïðÿìîé y = x + 6 ÿâëÿåòñÿ
1) 0 2) 4−√12 + 4x− x2 3) −√12 + 4x− x2

4)
√

12 + 4x− x2 5) 4 +
√

12 + 4x− x2 6) x + 6
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 5x + 3 è y = −3x2 − 30x− 27.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 2 è y = −4x2 − 12x + 238, x = −7, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(1;−1),
C(1; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(5x− 6)− 4 cos(π
2 − 5x + 6) + 2) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−4;−1), B(1; 1), C(6; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≥ − x√
3
, y ≥ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 1), B(0; 4), C(4; 4), D(4; 1),
åñëè ïëîòíîñòü γ =

6y + 7

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 + 12xy + 9y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè 2x− y + z = 3 è 2x− y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 36, x ≤ y ≤ −√3x, 2− x2 − y2 ≤ z ≤ 3− x2 − y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 11− 9

2

√
x2 + y2

è z = −7 +
9

2

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå M .

13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 4),
C(4; 4), D(4; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 8.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x− 3y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 2), B(0; 2), C(1; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−3x− 2y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x− 2y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = −1, y = 2, y = 8− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−5; 5), C(−11; 4), D(−14;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1;−2), B(7; 6), C(−1; 10).

1)
7∫
−1

dx
10∫
−2

f(x, y) dy 2)
7∫
−1

dx

−4x−76
8∫

8x+8
8

f(x, y) dy

3)
7∫
−1

dx

−4
8 x+76∫
8
8x−8

f(x, y) dy 4)
7∫
−1

dx

−4x+76
8∫

8x−8
8

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x + 5,
y = x2 − 4x− 7, x = −4, x = −3, ÿâëÿåòñÿ
1) -3 2) 2 3) Íåò îäíîçíà÷íîãî îòâåòà
4) 2 5) x2 − 4x− 7 6) −x2 − 2x + 5

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (−2; 5),
âûðåçàííîé ïðÿìîé y = −x + 7 ÿâëÿåòñÿ
1)
√

12− 4x− x2 2) 9 3) 7− x

4) 5−√12− 4x− x2 5) 5 +
√

12− 4x− x2 6) −√12− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 7 è y = −2x2 + 20x + 65.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x + 2 è y = 2x2 − 12x− 22, x = −7, x = −2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 + 12xy + 4y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−3; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(3− 5x) + 2 + 6 sin2(3− 5x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0; 8), B(10; 8), C(5; 5).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36,−x ≤ y ≤ x}.
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Âàðèàíò 68
9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 4), C(4; 4), D(4; 2),
åñëè ïëîòíîñòü γ = 0.03.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(9x2 + 12xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(4;−2; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x + 2y − z = 1 è −3x + 2y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{1 ≤ x2 + y2 ≤ 4, y ≤ − x√
3
, y ≤ √

3x,−1 + x2 + y2 ≤ z ≤ 2 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 3, z = 3, z = 5, y = 8− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(1; 3),
C(3; 3), D(3;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 9.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 4y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 3), B(2; 5), C(5; 8) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 10, y = 3, y = 6, y = −1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−2;−3), B(−5; 6), C(−10; 5), D(−13;−1).
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Âàðèàíò 69
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(3; 7),C(8; 7), D(3; 2).

1)
8∫
−2

dx
1+x∫
−4+x

f(x, y) dy 2)
7∫
2

dy
1+y∫
−4+y

f(x, y) dx

3)
7∫
2

dy
1−y∫
−4−y

f(x, y) dx 4)
8∫
−2

dx
7∫
2

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x− 2,
y = x2 − 9x− 62, x = 7, x = 8, ÿâëÿåòñÿ
1) x2 − 9x− 62 2) -122 3) -38.75
4) -100 5) −x2 − 7x− 2 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−4; 3),
âûðåçàííîé ïðÿìîé y = −x + 4 ÿâëÿåòñÿ
1) -2 2) 3−√9− 8x− x2 3) 3 +

√
9− 8x− x2

4) −√9− 8x− x2 5)
√

9− 8x− x2 6) 4− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x− 6 è y = −4x2 − 8x + 84.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 2x + 6 è y = −3x2 + 3x + 18, x = −4, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(0;−2),
C(0; 0).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 cos(6x− 5) + 2 sin(6x− 5− π
2 ) + 12) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(0; 1), B(6; 5), C(3; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{9 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ − x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(3; 4), C(5; 2),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 18xy + 9y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 5; 0), C(5; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− 3y + z = −2 è x− 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{9 ≤ x2+y2 ≤ 16, y ≥ − x√
3
, y ≥ x√

3
,−1−

√
x2 + y2 ≤ z ≤ 5−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = −1, y = 3, z = 0, z = 2− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 9, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 6. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 2y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−3), B(2;−7), C(3;−7) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x + 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x + 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè y = −1, y = 2 + x, y = 6− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−2), B(1; 3), C(5; 4), D(8; 0).
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Âàðèàíò 70
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−4; 4), B(3; 4),C(10;−3), D(3;−3).

1)
4∫
−3

dy
7−y∫
0−y

f(x, y) dx 2)
10∫
−4

dx
4∫
−3

f(x, y) dy

3)
4∫
−3

dy
7+y∫
0+y

f(x, y) dx 4)
10∫
−4

dx
7−x∫
0−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 2x + 4,
y = x2 − 10x− 10, x = 8, x = 11, ÿâëÿåòñÿ
1) -44 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -95
4) x2 − 10x− 10 5) −x2 + 2x + 4 6) 1
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−5; 1),
âûðåçàííîé ïðÿìîé y = −x− 7 ÿâëÿåòñÿ
1) 1 +

√−16− 10x− x2 2)
√−16− 10x− x2 3) −7− x

4) 4 5) −√−16− 10x− x2 6) 1−√−16− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 5x− 5 è y = −4x2 − 5x + 58.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x + 6 è y = −3x2 − 16x + 30, x = −7, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 2),
C(2;−2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 ch(4x)− 3e4x − 3e−4x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−4), B(11;−8),
C(5;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 9, y ≤ −x, y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(3; 4), C(5; 2),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 8xy + 4y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2; 2; 0), B(2;−2; 0), C(2; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 2y − z = 2 è −2x + 2y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 25,− x√
3
≤ y ≤ √

3x, 3 +
√

x2 + y2 ≤ z ≤ 7 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 2, x = 5, z = 3, z = 7− y.
13. Â îáëàñòè D : {x2 + y2 ≤ 64, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 2y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−3), B(1;−7), C(1;−8) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−3x− 2y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x− 2y + 2,
âûðåçàííîé ïëîñêîñòÿìè y = 4, y = −3 + x, y = 7− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(0; 6), C(4; 9), D(6; 2).
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Âàðèàíò 71
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(11; 7),C(11; 16).

1)
16∫
−2

dy
4+y∫
6+y
2

f(x, y) dx 2)
11∫
2

dx
16∫
−2

f(x, y) dy

3)
11∫
2

dx
−6+2x∫
−4+x

f(x, y) dy 4)
11∫
2

dx
−6−2x∫
−4−x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x− 3,
y = x2 − 11x− 13, x = −2, x = 0, ÿâëÿåòñÿ
1) -9.75 2) -3 3) −x2 − 3x− 3

4) Íåò îäíîçíà÷íîãî îòâåòà 5) -1 6) x2 − 11x− 13

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (5;−5),
âûðåçàííîé ïðÿìîé y = −4− x ÿâëÿåòñÿ
1) −4− x 2) -9 3) −5 +

√−9 + 10x− x2

4) −5−√−9 + 10x− x2 5)
√−9 + 10x− x2 6) −√−9 + 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 4x− 5 è y = −2x2 − 24x− 5.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 3 è y = 3x2 − 5x + 33, x = −8, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(5;−5),
C(5; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 sh(3x) + 4e−3x − 4e3x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−5;−3), B(7;−8),
C(1;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≥ −√3x, y ≥ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(3; 2), C(3; 4),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3; 0; 0), C(0; 0; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x− 3y + z = 2 è 2x− 3y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{4 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ −√3x,−3− x2 − y2 ≤ z ≤ 1− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 4, x = 5, z = −3, z = −5 + y.
13. Â îáëàñòè D : {x2 + y2 ≤ 36, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 3. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 4y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−2), B(6;−2), C(5;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(4x + 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 1, y = 9− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(−5; 8), C(−12; 6), D(−14; 2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2; 7), B(2; 17),C(12;−3).

1)
12∫
2

dx
21−2x∫
9−x

f(x, y) dy 2)
12∫
2

dx
17∫
−3

f(x, y) dy

3)
2∫
2

dx
21+2x∫
9+x

f(x, y) dy 4)
17∫
−3

dy

−27−y
2∫

−15−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 3x + 1,
y = x2 − 7x− 27, x = 6, x = 8, ÿâëÿåòñÿ
1) −x2 + 3x + 1 2) -5.75 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -39 5) -17 6) x2 − 7x− 27

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−5;−4),
âûðåçàííîé ïðÿìîé y = x− 5 ÿâëÿåòñÿ
1)
√

11− 10x− x2 2) −5 + x 3) −4 +
√

11− 10x− x2

4) -4 5) −√11− 10x− x2 6) −4−√11− 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x + 2 è y = −3x2 − 16x + 110.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 + 2x− 6 è y = −4x2 − 4x− 11, x = −8, x = 0.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 4),
C(4; 4).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(8 cos2(5x− 2)− 4 cos 2(5x− 2) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2;−2), B(4; 2), C(10;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 25,− x√
3
≤ y ≤ x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(5; 3), C(5; 6),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 12xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(1;−1; 0), C(1; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x + 2y − z = 3 è 4x + 2y − z = 6.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{4 ≤ x2 + y2 ≤ 16, y ≤ −√3x, y ≤ √
3x,−3 + x2 + y2 ≤ z ≤ 1 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 15x + 12y + 20z = 60 è 6x + 2y + 3z = 6.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 3),
C(4; 3), D(4; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x + 4y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−3), B(6;−6), C(6;−4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 3) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 2, y = −1 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−4), B(−2; 2), C(−7;−1), D(−10;−7).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(6;−6), C(6; 5).

1)
6∫
−3

dx

6x−9
9∫

−5x+24
9

f(x, y) dy 2)
6∫
−3

dx

6x+9
9∫

−5x−24
9

f(x, y) dy

3)
6∫
−3

dx

6
9x+9∫

−5
9 x−24

f(x, y) dy 4)
6∫
−3

dx
5∫
−6

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 7x− 3,
y = x2 − 5x− 17, x = 0, x = 6, ÿâëÿåòñÿ
1) −x2 + 7x− 3 2) -39.75 3) 3
4) x2 − 5x− 17 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -3
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (4; 3),
âûðåçàííîé ïðÿìîé y = x− 6 ÿâëÿåòñÿ
1) −√9 + 8x− x2 2) x− 6 3) 3 +

√
9 + 8x− x2

4)
√

9 + 8x− x2 5) 3−√9 + 8x− x2 6) -2
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x− 7 è y = −4x2 − 2x + 173.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 3x + 4 è y = −2x2 − 17x + 4, x = −5, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(2;−2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(2x− 6)− 4 cos(π
2 − 2x + 6) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0; 1), B(5; 4), C(10; 4).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 16, x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(1; 1), B(1; 7), C(4; 7), D(4; 1), åñëè ïëîòíîñòü γ = 4x + 2y + 3.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 + 16xy + 4y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3; 3; 0), C(3;−3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− 2y + z = −1 è −x− 2y + z = 3.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25, y ≥ − x√
3
, y ≥ x, 1−

√
x2 + y2 ≤ z ≤ 4−

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
36(z − 16)2 = 81(x2 + y2), è 36(z + 2)2 = 81(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 1), B(0; 5),
C(3; 5), D(3; 1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x + 3y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 1), B(4; 3), C(7; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(−2x− 3y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 3y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 6, y = 7, y = 10− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(−2; 4), C(4; 5), D(7;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(6; 5), C(−4; 14).

1)
6∫
−4

dx

−9x−104
10∫

5x−20
10

f(x, y) dy 2)
6∫
−4

dx
14∫
0

f(x, y) dy

3)
6∫
−4

dx

−9x+104
10∫

5x+20
10

f(x, y) dy 4)
6∫
−4

dx

−9
10 x+104∫
5
10x+20

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 4x− 5,
y = x2 − 4x− 23, x = −2, x = 2, ÿâëÿåòñÿ
1) -1 2) −x2 − 4x− 5 3) x2 − 4x− 23

4) -17 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -17
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (2; 2),
âûðåçàííîé ïðÿìîé x = y − 3 ÿâëÿåòñÿ
1)

√
5 + 4y − y2 2) y − 3 3) −

√
5 + 4y − y2

4) 2 +
√

5 + 4x− x2 5) 2−√5 + 4x− x2 6) 5
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 2x + 2 è y = −4x2 + 28x− 22.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x− 3 è y = 3x2 − 13x− 15, x = −9, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−3; 3),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(2− 3x) + 2 + 6 sin2(2− 3x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3; 6), B(9; 6), C(3; 4).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{9 ≤ x2 + y2 ≤ 25, y ≥ −√3x, y ≥ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 4), C(3; 4), D(3; 2),
åñëè ïëîòíîñòü γ =

4x + 7

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 12xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 6; 0), B(6; 3; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
4x− 2y − z = 3 è 4x− 2y − z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{1 ≤ x2 + y2 ≤ 4,−x ≤ y ≤ x√
3
, 3 +

√
x2 + y2 ≤ z ≤ 9 +

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 5− 6

4

√
x2 + y2

è z = −7 +
6

4

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå M .

13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(−2; 4),
C(1; 4), D(1; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(3; 2), B(7; 6), C(7; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = −5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−4), B(−1; 1), C(3; 3), D(6;−5).



368 Èíòåãðàë ïî ìíîæåñòâó

Âàðèàíò 75
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−4; 2), B(5; 11),C(14; 11), D(5; 2).

1)
14∫
−4

dx
11∫
2

f(x, y) dy 2)
11∫
2

dy
3+y∫
−6+y

f(x, y) dx

3)
11∫
2

dy
3−y∫
−6−y

f(x, y) dx 4)
14∫
−4

dx
3+x∫
−6+x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 8x + 4,
y = x2 − 8x− 46, x = −9, x = −6, ÿâëÿåòñÿ
1) −x2 − 8x + 4 2) x2 − 8x− 46 3) 16
4) -44 5) -5 6) Íåò îäíîçíà÷íîãî îòâåòà
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−1; 5),
âûðåçàííîé ïðÿìîé y = x− 8 ÿâëÿåòñÿ
1) −1−

√
−21 + 10y − y2 2) −1 +

√
−21 + 10y − y2 3) y − 8

4) -3 5)
√
−21 + 10y − y2 6) −

√
−21 + 10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 3x + 2 è y = −3x2 − 3x + 26.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 − 4x + 8 è y = −4x2 + 3x− 2, x = 0, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(2;−2),
C(2; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(4x− 2) + 4 sin(4x− 2− π
2 ) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−3), B(3; 1), C(0;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9,−x ≤ y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 4), C(3; 4), D(3; 2),
åñëè ïëîòíîñòü γ =

4y + 5

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(−2; 4; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 3y + z = −2 è −2x + 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{1 ≤ x2 + y2 ≤ 4, x ≤ y ≤ −√3x, 2− x2 − y2 ≤ z ≤ 4− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 2, z = 3, z = 7, y = 3− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 5),
C(7; 5), D(7; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 9.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 3y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 2), B(2; 2), C(5; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x− 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = −1, y = 1, y = 7− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−4), B(−4; 3), C(−11; 0), D(−14;−5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1; 11), B(10; 11),C(19; 2), D(10; 2).

1)
11∫
2

dy
21−y∫
12−y

f(x, y) dx 2)
19∫
1

dx
11∫
2

f(x, y) dy

3)
19∫
1

dx
21−x∫
12−x

f(x, y) dy 4)
11∫
2

dy
21+y∫
12+y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x− 5,
y = x2 − 7x− 11, x = −5, x = −2, ÿâëÿåòñÿ
1) -11.75 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -15
4) x2 − 7x− 11 5) -3 6) −x2 − 3x− 5

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−1; 6),
âûðåçàííîé ïðÿìîé x = −y + 7 ÿâëÿåòñÿ
1) −1 +

√
−32 + 12y − y2 2) 1 3) −

√
−32 + 12y − y2

4) 7− y 5)
√
−32 + 12y − y2 6) −1−

√
−32 + 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 5x + 4 è y = −3x2 + 29x + 4.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x− 6 è y = −3x2 − 58x− 132, x = −8, x = 0.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 1),
C(1; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 ch(3x)− 2e3x − 2e−3x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−4), B(3;−8),
C(0;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 9,
√

3x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 3), B(0; 5), C(2; 5), D(2; 3),
åñëè ïëîòíîñòü γ = 0.03.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 + 12xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1;−1; 0), B(1;−1; 0), C(1; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− y − z = 1 è x− y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ x√

3
,−3 + x2 + y2 ≤ z ≤ −1 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 2, y = 4, z = −3, z = −3− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(−1; 4),
C(3; 4), D(3; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 9.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−2x + 3y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 2), B(−2; 5), C(2; 9) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(4x + 2y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 2y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 9, y = 1, y = 4, y = −2 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−6; 7), C(−12; 4), D(−14; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 2), B(2; 7),C(2; 12).

1)
12∫
2

dy
−5+y∫
−8+y

2

f(x, y) dx 2)
2∫
−3

dx
12∫
2

f(x, y) dy

3)
2∫
−3

dx
8+2x∫
5+x

f(x, y) dy 4)
2∫
−3

dx
8−2x∫
5−x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x− 4,
y = x2 − 9x− 20, x = 5, x = 7, ÿâëÿåòñÿ
1) -54 2) Íåò îäíîçíà÷íîãî îòâåòà 3) −x2 − 5x− 4

4) -88 5) -22.75 6) x2 − 9x− 20

3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (3; 5),
âûðåçàííîé ïðÿìîé x = −y + 13 ÿâëÿåòñÿ
1)

√
10y − y2 2) 3−

√
10y − y2 3) −

√
10y − y2

4) 3 5) 13− y 6) 3 +
√

10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x + 2 è y = −4x2 − 11x + 194.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 3x− 2 è y = 3x2 + x + 13, x = −8, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 − 18xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(5;−1),
C(5; 5).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 sh(6x) + 4e−6x − 4e6x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(1;−7),
C(−1;−7).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 4, y ≤ − x√
3
, y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(2; 5), C(6; 1),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3; 1; 0), C(1;−3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x + y + z = −3 è −3x + y + z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{1 ≤ x2 + y2 ≤ 9,
x√
3
≤ y ≤ − x√

3
, 3− x2 − y2 ≤ z ≤ 4− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0,
y = −1, x = 6, z = 2, z = 5− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−3),
B(−2; 1), C(1; 1), D(1;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 4y + 9. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 3), B(3;−1), C(4;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(3x + 3y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 3y + 4,
âûðåçàííîé ïëîñêîñòÿìè y = 1, y = 4 + x, y = 6− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 2), B(2; 6), C(7; 8), D(9; 4).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 5), B(−3; 12),C(4;−2).

1)
4∫
−3

dx
6−2x∫
2−x

f(x, y) dy 2)
−3∫
−3

dx
6+2x∫
2+x

f(x, y) dy

3)
12∫
−2

dy

−10−y
2∫

−6−y

f(x, y) dx 4)
4∫
−3

dx
12∫
−2

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x− 3,
y = x2 − 12x− 23, x = 6, x = 9, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) -30 3) −x2 − 6x− 3

4) -138 5) -75 6) x2 − 12x− 23

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−5; 5),
âûðåçàííîé ïðÿìîé x = −y − 6 ÿâëÿåòñÿ
1) −5−

√
11 + 10y − y2 2) −

√
11 + 10y − y2 3) -5

4) −5 +
√

11 + 10y − y2 5)
√

11 + 10y − y2 6) −6− y
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x + 7 è y = −4x2 + 25x + 133.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 − 3x− 4 è y = −3x2 + x− 7, x = −1, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(−1; 1),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(5x− 4)− 3 cos 2(5x− 4) + 4) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−1), B(1; 2), C(5;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36,−x ≤ y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 4), C(4; 2),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 8xy + 4y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 5; 0), B(5; 3; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x− y − z = −3 è x− y − z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{1 ≤ x2 + y2 ≤ 9, y ≥ −x, y ≥ x, 2−
√

x2 + y2 ≤ z ≤ 7−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 3, x = 1, z = 3, z = 0 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(−1; 3),
C(4; 3), D(4; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 8.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 2y + 1) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(1;−1), C(1;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(−4x + 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè y = 7, y = 1 + x, y = 5− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(2; 3), C(7; 4), D(9;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1; 2), B(9;−6), C(9; 10).

1)
9∫
−1

dx
10∫
−6

f(x, y) dy 2)
9∫
−1

dx

8x+28
10∫

−8x+12
10

f(x, y) dy

3)
9∫
−1

dx

8
10x+28∫
−8
10 x+12

f(x, y) dy 4)
9∫
−1

dx

8x−28
10∫

−8x−12
10

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 9x− 4,
y = x2 − 9x− 36, x = −5, x = −3, ÿâëÿåòñÿ
1) -64.75 2) Íåò îäíîçíà÷íîãî îòâåòà 3) x2 − 9x− 36

4) −x2 − 9x− 4 5) 14 6) 16
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−4;−2),
âûðåçàííîé ïðÿìîé y = x + 5 ÿâëÿåòñÿ
1) −2 +

√−7− 8x− x2 2)
√−7− 8x− x2 3) 1

4) x + 5 5) −√−7− 8x− x2 6) −2−√−7− 8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x + 7 è y = −3x2 − 26x + 79.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 5x + 8 è y = −4x2 − 29x + 80, x = −8, x = 3.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(4;−4),
C(4; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 sin(2x− 5)− 3 cos(π
2 − 2x + 5) + 5) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5;−3), B(−3; 3), C(−1; 3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 4,
√

3x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(5; 2), C(5; 4),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè 4x + 2y + z = 1 è 4x + 2y + z = 3.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 9,−x ≤ y ≤ x,−3 +
√

x2 + y2 ≤ z ≤ 1 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 20x + 12y + 15z = 60 è 6x + 6y + 4z = 12.
13. Â îáëàñòè D : {x2 + y2 ≤ 49, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 5. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 3y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 1), B(1; 1), C(0; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè x = 2, y = −1, y = 5− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 2), B(−3; 9), C(−10; 8), D(−12; 3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4;−1), B(2; 8), C(−4; 13).

1)
2∫
−4

dx

−5x−58
6∫

9x−30
6

f(x, y) dy 2)
2∫
−4

dx

−5
6 x+58∫

9
6x+30

f(x, y) dy

3)
2∫
−4

dx
13∫
−1

f(x, y) dy 4)
2∫
−4

dx

−5x+58
6∫

9x+30
6

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x + 4,
y = x2 − 7x− 26, x = 4, x = 6, ÿâëÿåòñÿ
1) -24 2) x2 − 7x− 26 3) -50
4) -2.75 5) Íåò îäíîçíà÷íîãî îòâåòà 6) −x2 − 3x + 4

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (5;−2),
âûðåçàííîé ïðÿìîé y = x− 4 ÿâëÿåòñÿ
1) −2 +

√−16 + 10x− x2 2) x− 4 3)
√−16 + 10x− x2

4) −√−16 + 10x− x2 5) -5 6) −2−√−16 + 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 5x + 5 è y = −3x2 − 30x− 23.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 + 3x + 6 è y = 4x2 + 7x + 18, x = −5, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(1; 7), C(7; 7).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos 2(5− 3x) + 1 + 8 sin2(5− 3x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 6), B(9; 6), C(5; 4).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{4 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(4; 3), C(4; 5),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 7; 0), C(7; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− y + z = 2 è −3x− y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 25,
√

3x ≤ y ≤ −x, 3− x2 − y2 ≤ z ≤ 7− x2 − y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
9(z − 5)2 = 36(x2 + y2), è 9(z + 7)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â îáëàñòè D : {x2 + y2 ≤ 9, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 9. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x + 2y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−2), B(5;−4), C(5;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−4x + 2y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 2y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = −2, y = 4, y = 8 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(−4; 7), C(−10; 6), D(−13; 3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(2; 5),C(7; 5), D(2; 0).

1)
7∫
−3

dx
2+x∫
−3+x

f(x, y) dy 2)
5∫
0

dy
2+y∫
−3+y

f(x, y) dx

3)
7∫
−3

dx
5∫
0

f(x, y) dy 4)
5∫
0

dy
2−y∫
−3−y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 + 5x + 0,
y = x2 − 7x− 14, x = 0, x = 6, ÿâëÿåòñÿ
1) -18.75 2) x2 − 7x− 14 3) -6
4) Íåò îäíîçíà÷íîãî îòâåòà 5) 0 6) −x2 + 5x + 0

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−2;−5),
âûðåçàííîé ïðÿìîé y = −x− 5 ÿâëÿåòñÿ
1) −5−√4x− x2 2)

√
4x− x2 3) −5− x

4) −5 +
√

4x− x2 5) −√4x− x2 6) -3
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 3x− 7 è y = −4x2 − 39x− 37.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 + 2x− 5 è y = −3x2 + x + 7, x = −5, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(5; 3), C(5; 5).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(4x− 6) + 4 sin(4x− 6− π
2 ) + 4) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 0), B(5; 5), C(3; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36, y ≥ −x, y ≥ √
3x}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(3; 4), B(3; 9), C(6; 9), D(6; 4), åñëè ïëîòíîñòü γ = 2x + 6y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(9x2 − 12xy + 4y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 7; 0), B(7; 1; 0), C(7; 7; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
x + y − z = 3 è x + y − z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 25, y ≤ −x, y ≤ √
3x,−2 + x2 + y2 ≤ z ≤ 1 + x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z = 12− 9

4

√
x2 + y2

è z = −6 +
9

4

√
x2 + y2, ðàâíà Mπ. Íàéòè çíà÷åíèå M .

13. Â îáëàñòè D : {x2 + y2 ≤ 4, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x− 3y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 1), B(6; 5), C(8; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(2x− 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 6, y = 6, y = 7− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(−2; 5), C(5; 7), D(9; 2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−1; 3), B(3; 3),C(7;−1), D(3;−1).

1)
7∫
−1

dx
3∫
−1

f(x, y) dy 2)
3∫
−1

dy
6−y∫
2−y

f(x, y) dx

3)
7∫
−1

dx
6−x∫
2−x

f(x, y) dy 4)
3∫
−1

dy
6+y∫
2+y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x + 4,
y = x2 − 5x− 20, x = −2, x = 3, ÿâëÿåòñÿ
1) 6 2) −x2 − 3x + 4 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -2.75 5) x2 − 5x− 20 6) -14
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (2;−2),
âûðåçàííîé ïðÿìîé y = −x + 2 ÿâëÿåòñÿ
1) -4 2) −2−√4x− x2 3) −2 +

√
4x− x2

4) −√4x− x2 5)
√

4x− x2 6) 2− x
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x− 8 è y = −2x2 + 3x + 2.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 4x + 6 è y = −2x2 + 12x + 38, x = −4, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−3), B(−1; 1),
C(3;−3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 ch(4x)− 4e4x − 4e−4x + 4) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−5), B(1;−8),
C(−1;−8).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,−√3x ≤ y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 4), C(3; 4), D(3; 2),
åñëè ïëîòíîñòü γ =

4x + 7

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 + 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 8; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− 3y + z = 3 è −x− 3y + z = 7.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{9 ≤ x2+y2 ≤ 36, y ≥ −√3x, y ≥ x,−2−
√

x2 + y2 ≤ z ≤ 4−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2,
y = −2, z = −1, z = 7, y = 4− x.
13. Â îáëàñòè D : {x2 + y2 ≤ 16, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 7. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x + 3y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 2), B(4; 4), C(4; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 4, y = −3 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−2), B(−1; 1), C(2; 3), D(4;−5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2;−1), B(6; 7),C(6; 15).

1)
6∫
−2

dx
3+2x∫
1+x

f(x, y) dy 2)
6∫
−2

dx
15∫
−1

f(x, y) dy

3)
15∫
−1

dy
−1+y∫
−3+y

2

f(x, y) dx 4)
6∫
−2

dx
3−2x∫
1−x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x− 1,
y = x2 − 12x− 9, x = −5, x = −2, ÿâëÿåòñÿ
1) −x2 − 6x− 1 2) 7 3) -28
4) 4 5) Íåò îäíîçíà÷íîãî îòâåòà 6) x2 − 12x− 9

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (4; 4),
âûðåçàííîé ïðÿìîé y = −x + 5 ÿâëÿåòñÿ
1) 4−√−7 + 8x− x2 2) −√−7 + 8x− x2 3) 5− x

4) 4 +
√−7 + 8x− x2 5) 7 6)

√−7 + 8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 2x + 6 è y = −2x2 − 17x + 6.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x− 6 è y = 2x2 + 10x− 6, x = −3, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(5;−5),
C(5; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 sh(2x) + 4e−2x − 4e2x + 12) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−4;−2), B(8;−5),
C(2;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{9 ≤ x2 + y2 ≤ 36,
√

3x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 4), C(3; 4), D(3; 2),
åñëè ïëîòíîñòü γ =

4y + 6

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(4; 1; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
3x + y − z = 2 è 3x + y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 25, x ≤ y ≤ −√3x, 1− x2 − y2 ≤ z ≤ 5− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = −1, y = 1, z = −3, z = −4− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−1), B(1; 0),
C(2; 0), D(2;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 4y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−3), B(1;−3), C(3;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x + 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 3, y = 5, y = 8− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1;−4), B(−2; 2), C(−5; 1), D(−6;−3).



386 Èíòåãðàë ïî ìíîæåñòâó

Âàðèàíò 84
1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 11), B(−3; 20),C(6; 2).

1)
−3∫
−3

dx
14+2x∫
8+x

f(x, y) dy 2)
6∫
−3

dx
20∫
2

f(x, y) dy

3)
6∫
−3

dx
14−2x∫
8−x

f(x, y) dy 4)
20∫
2

dy

−10−y
2∫

−4−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x + 4,
y = x2 − 9x− 8, x = −6, x = −3, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) −x2 − 7x + 4 3) -32.75
4) x2 − 9x− 8 5) 16 6) 10
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (5;−2),
âûðåçàííîé ïðÿìîé y = 0− x ÿâëÿåòñÿ
1) −2−√−16 + 10x− x2 2) −2 +

√−16 + 10x− x2 3)
√−16 + 10x− x2

4) −√−16 + 10x− x2 5) +0− x 6) -5
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 2x + 3 è y = −2x2 − 8x + 39.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −4x2 − 5x− 4 è y = −3x2 − 7x− 4, x = −5, x = 1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−3; 2),
C(2; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos2(6x− 2)− 2 cos 2(6x− 2) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1;−3), B(4; 1), C(7;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36, y ≤ −x, y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 4), C(5; 4), D(5; 2),
åñëè ïëîòíîñòü γ = 0.03.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 − 24xy + 9y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 4; 0), C(4; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x− 3y + z = −1 è −2x− 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 9, y ≤ −x, y ≤ x,−1 + x2 + y2 ≤ z ≤ 5 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = −2, x = 4, z = 2, z = 7− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1;−2), B(1; 0),
C(2; 0), D(2;−2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x + 2y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−3), B(−2;−1), C(1; 2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(3x + 3y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 3y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 9, y = −4, y = 1, y = −3 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(1;−3), B(0; 6), C(−4; 4), D(−5;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(8;−4), C(8; 7).

1)
8∫
2

dx

5x−2
6∫

−6x−24
6

f(x, y) dy 2)
8∫
2

dx
7∫
−4

f(x, y) dy

3)
8∫
2

dx

5
6x+2∫

−6
6 x+24

f(x, y) dy 4)
8∫
2

dx

5x+2
6∫

−6x+24
6

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x + 5,
y = x2 − 4x− 19, x = 4, x = 5, ÿâëÿåòñÿ
1) -22 2) -50 3) -35
4) x2 − 4x− 19 5) Íåò îäíîçíà÷íîãî îòâåòà 6) −x2 − 6x + 5

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (5;−4),
âûðåçàííîé ïðÿìîé y = x− 12 ÿâëÿåòñÿ
1) −4−√−16 + 10x− x2 2) −√−16 + 10x− x2 3)

√−16 + 10x− x2

4) −12 + x 5) -4 6) −4 +
√−16 + 10x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x + 6 è y = −2x2 + 33x + 6.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 2x + 2 è y = −3x2 + 2x + 218, x = −9, x = 9.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 + 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(1;−2),
C(1; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(2 sin(6x− 3)− 2 cos(π
2 − 6x + 3) + 6) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−3;−1), B(0; 3), C(3; 3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 16, y ≥ −x, y ≥ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 7), C(6; 3),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 16xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 4; 0), B(4; 2; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x + 2y − z = −3 è 2x + 2y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 9, y ≥ −x, y ≥ x√
3
,−2−

√
x2 + y2 ≤ z ≤ 4−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 1, y = 4,
x = 7, z = −1, z = −3 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(−3; 3),
C(0; 3), D(0; 0) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 4y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−1; 1), B(1;−1), C(2;−1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(2x− 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè y = −1, y = −2 + x, y = 4− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 2), B(−2; 6), C(4; 9), D(8; 3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(3; 3), C(−3; 12).

1)
3∫
−3

dx
12∫
−3

f(x, y) dy 2)
3∫
−3

dx

−9x+45
6∫

6x+0
6

f(x, y) dy

3)
3∫
−3

dx

−9x−45
6∫

6x−0
6

f(x, y) dy 4)
3∫
−3

dx

−9
6 x+45∫
6
6x+0

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 2x− 1,
y = x2 − 8x− 9, x = 5, x = 8, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) -36 3) -4
4) −x2 − 2x− 1 5) x2 − 8x− 9 6) -81
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (1; 6),
âûðåçàííîé ïðÿìîé y = x + 1 ÿâëÿåòñÿ
1) x + 1 2)

√
15 + 2x− x2 3) −√15 + 2x− x2

4) 6−√15 + 2x− x2 5) 6 +
√

15 + 2x− x2 6) 2
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 − 4x + 5 è y = −4x2 − 53x− 37.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 2 è y = 3x2 − 0x + 14, x = −3, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−1), B(−1; 1),
C(1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos 2(3− 6x) + 2 + 6 sin2(3− 6x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−5; 2), B(5; 2), C(0; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2 +
√

x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,−√3x ≤ y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(1; 5), C(3; 3),
åñëè ïëîòíîñòü γ =

4y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 + 24xy + 9y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3; 1; 0), C(1; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + y + z = 1 è −x + y + z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{1 ≤ x2 + y2 ≤ 9,− x√
3
≤ y ≤ x√

3
,−3 +

√
x2 + y2 ≤ z ≤ 2 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 56x + 42y + 48z = 336 è 12x + 12y + 16z = 48.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 2), B(−1; 8),
C(3; 8), D(3; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 6.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−4x + 2y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 1), B(0;−2), C(0;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(3x + 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x + 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè y = 8, y = 2 + x, y = 6− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3;−1), B(−1; 2), C(4; 3), D(8;−2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1; 0), B(10; 9),C(19; 9), D(10; 0).

1)
19∫
1

dx
10+x∫
1+x

f(x, y) dy 2)
9∫
0

dy
10−y∫
1−y

f(x, y) dx

3)
19∫
1

dx
9∫
0

f(x, y) dy 4)
9∫
0

dy
10+y∫
1+y

f(x, y) dx

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 16x− 5,
y = x2 − 12x− 35, x = −6, x = −4, ÿâëÿåòñÿ
1) -197 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 43
4) x2 − 12x− 35 5) 55 6) −x2 − 16x− 5

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−4; 2),
âûðåçàííîé ïðÿìîé x = y − 11 ÿâëÿåòñÿ
1) −4 +

√
21 + 4x− x2 2) 1 3) y − 11

4)
√

21 + 4y − y2 5) −
√

21 + 4y − y2 6) −4−√21 + 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 3x + 5 è y = −4x2 − 5x + 21.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −5x2 − 3x− 8 è y = −4x2 + 2x− 12, x = −2, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(2;−2),
C(2; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 ch(3x)− 2e3x − 2e−3x + 12) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1;−4), B(5;−10),
C(2;−10).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 25,
x√
3
≤ y ≤ − x√

3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(4; 2), C(4; 5),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(6; 2; 0), C(6; 6; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
2x + 2y − z = 3 è 2x + 2y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ −x, 1− x2 − y2 ≤ z ≤ 4− x2 − y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
16(z − 8)2 = 36(x2 + y2), è 16(z + 4)2 = 36(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 4),
C(3; 4), D(3; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 3.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 2y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(−1; 3), C(−4; 6) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

9

∫∫
P

(2x− 2y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 2y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 3, y = 9− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−4), B(−1; 2), C(−7; 0), D(−8;−5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(0; 0), B(4; 0),C(8;−4), D(4;−4).

1)
8∫
0

dx
0∫
−4

f(x, y) dy 2)
8∫
0

dx
4−x∫
0−x

f(x, y) dy

3)
0∫
−4

dy
4−y∫
0−y

f(x, y) dx 4)
0∫
−4

dy
4+y∫
0+y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 12x + 0,
y = x2 − 12x− 50, x = 4, x = 6, ÿâëÿåòñÿ
1) -64 2) x2 − 12x− 50 3) -108
4) −x2 − 12x + 0 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -108
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−1; 4),
âûðåçàííîé ïðÿìîé y = x− 11 ÿâëÿåòñÿ
1) -7 2)

√
20 + 8y − y2 3) −1−

√
20 + 8y − y2

4) y − 11 5) −1 +
√

20 + 8y − y2 6) −
√

20 + 8y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 4x + 8 è y = −4x2 + 28x + 152.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 3x + 2 è y = −4x2 − 27x + 38, x = −8, x = 2.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(−2; 0),
C(0; 0).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(6 sh(4x) + 3e−4x − 3e4x + 2) dx dy ïî

òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−4;−1), B(6;−5),
C(1;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D: {1 ≤ x2 + y2 ≤ 9, y ≤ −x, y ≤ x√
3
}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(3; 3), C(3; 5),
åñëè ïëîòíîñòü γ =

3x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 + 12xy + 9y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 1; 0), B(1; 3; 0), C(3; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 2y + z = −3 è −x + 2y + z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{9 ≤ x2 + y2 ≤ 36, y ≥ − x√
3
, y ≥ x,−2−

√
x2 + y2 ≤ z ≤ 1−

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −1,
y = 0, z = −3, z = 3, y = 5− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3;−2), B(3; 2),
C(8; 2), D(8;−2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2y + 7.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−2;−3), B(2;−7), C(2;−6) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(2x− 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 7, y = −2, y = −5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−4), B(−3; 4), C(−10; 2), D(−11;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−1; 2), B(4; 7),C(4; 12).

1)
12∫
2

dy
−3+y∫
−4+y

2

f(x, y) dx 2)
4∫
−1

dx
12∫
2

f(x, y) dy

3)
4∫
−1

dx
4+2x∫
3+x

f(x, y) dy 4)
4∫
−1

dx
4−2x∫
3−x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 7x + 5,
y = x2 − 9x− 19, x = −2, x = 3, ÿâëÿåòñÿ
1) -31.75 2) −x2 − 7x + 5 3) 15
4) Íåò îäíîçíà÷íîãî îòâåòà 5) -25 6) x2 − 9x− 19

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (4; 6),
âûðåçàííîé ïðÿìîé x = −y + 14 ÿâëÿåòñÿ
1) 8 2) 14− y 3) −

√
−20 + 12y − y2

4) 4−
√
−20 + 12y − y2 5)

√
−20 + 12y − y2 6) 4 +

√
−20 + 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 3 è y = −4x2 + 28x + 43.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 − 3x− 4 è y = 4x2 − 4x + 26, x = −9, x = 8.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 24xy + 9y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−1;−3),
C(−1;−1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(5x− 6)− 3 cos 2(5x− 6) + 5) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1;−3), B(4;−1), C(7;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

x2 + y2 , ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≥ −√3x, y ≥ √
3x}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(3; 3), B(3; 9), C(7; 9), D(7; 3), åñëè ïëîòíîñòü γ = 2x + 2y + 4.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 − 12xy + 9y2 + 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(1; 4; 0), B(4; 1; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 4y − z = −3 è −3x− 4y − z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{1 ≤ x2 + y2 ≤ 16,− x√
3
≤ y ≤ x,−3 +

√
x2 + y2 ≤ z ≤ −2 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2, y = 2,
y = 8, z = 3, z = 11− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 3), B(−1; 7),
C(3; 7), D(3; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 2x + 5.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−3;−1), B(1; 3), C(4; 3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −2x− 4y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 8, y = 2, y = 5− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2; 1), B(3; 3), C(10; 6), D(13;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(0; 3), B(0; 8),C(5;−2).

1)
5∫
0

dx
8−2x∫
3−x

f(x, y) dy 2)
5∫
0

dx
8∫
−2

f(x, y) dy

3)
0∫
0

dx
8+2x∫
3+x

f(x, y) dy 4)
8∫
−2

dy

−12−y
2∫

−7−y

f(x, y) dx

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x + 0,
y = x2 − 5x− 32, x = −3, x = 3, ÿâëÿåòñÿ
1) x2 − 5x− 32 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -24
4) −x2 − 5x + 0 5) -18.75 6) 6
3. Íèæíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 6 ñ öåíòðîì â òî÷êå (−5;−3),
âûðåçàííîé ïðÿìîé x = −y − 2 ÿâëÿåòñÿ
1) -5 2) −

√
27 + 6y − y2 3) −5−

√
27 + 6y − y2

4) −5 +
√

27 + 6y − y2 5) −2− y 6)
√

27 + 6y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x + 5 è y = −3x2 − 24x + 75.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 3x + 7 è y = −2x2 + 5x + 22, x = −5, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−3), B(−3; 3),
C(3;−3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(2x− 4)− 4 cos(π
2 − 2x + 4) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−2; 1), B(0; 5), C(2; 5).
8. Âû÷èñëèòü 1

π

∫∫
D

√
x2 + y2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9,− x√
3
≤ y ≤ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 6), C(3; 6), D(3; 2),
åñëè ïëîòíîñòü γ =

6x + 5

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(−2; 3; 0), C(3; 3; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 4y + z = 3 è −3x− 4y + z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2)3/2 dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 16,
x√
3
≤ y ≤ − x√

3
, 3− x2 − y2 ≤ z ≤ 8− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 2, x = 5, z = −2, z = 4− y.
13. Â îáëàñòè D : {x2 + y2 ≤ 36, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 9. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 2y − 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−1;−2), B(2; 1), C(2;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x + 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = −4, y = 2, y = 3 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(0; 3), C(6; 6), D(9; 0).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(1; 0), B(10;−4), C(10; 10).

1)
10∫
1

dx

10x+10
9∫

−4x−4
9

f(x, y) dy 2)
10∫
1

dx
10∫
−4

f(x, y) dy

3)
10∫
1

dx

10
9 x−10∫
−4
9 x+4

f(x, y) dy 4)
10∫
1

dx

10x−10
9∫

−4x+4
9

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 14x− 4,
y = x2 − 12x− 28, x = −6, x = −5, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) −x2 − 14x− 4 3) -151
4) 41 5) x2 − 12x− 28 6) 44
3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå

∫
dy

∫
f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (4; 6),
âûðåçàííîé ïðÿìîé x = −y + 5 ÿâëÿåòñÿ
1)

√
−11 + 12y − y2 2) 4 +

√
−11 + 12y − y2 3) 5− y

4) 4 5) −
√
−11 + 12y − y2 6) 4−

√
−11 + 12y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 + 4x− 5 è y = −3x2 + 4x + 58.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 3x2 + 4x− 4 è y = −2x2 − 41x− 94, x = −8, x = −1.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 + 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(1;−1),
C(1; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos 2(3− 6x) + 1 + 8 sin2(3− 6x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(1; 3), B(11; 3), C(6;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D: {4 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ −x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 2), B(1; 4), C(4; 4), D(4; 2),
åñëè ïëîòíîñòü γ =

6y + 5

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 24xy + 9y2 − 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(4;−2; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− 4y − z = −1 è 5x− 4y − z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2 +
√

x2 + y2) dx dy dz, ãäå V:

{4 ≤ x2 + y2 ≤ 25, y ≤ − x√
3
, y ≤ x√

3
,−3 + x2 + y2 ≤ z ≤ −2 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 5, x = 2, z = 3, z = 3 + y.
13. Â îáëàñòè D : {x2 + y2 ≤ 49, x ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 3. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(4x + 4y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 3), B(0; 3), C(1; 4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(2x + 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x + 4y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = −1, y = −2, y = 3, y = 7− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−4), B(−2; 3), C(−5; 1), D(−8;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(1; 6), C(−4; 15).

1)
1∫
−4

dx

−9x+39
5∫

6x+24
5

f(x, y) dy 2)
1∫
−4

dx

−9
5 x+39∫

6
5x+24

f(x, y) dy

3)
1∫
−4

dx
15∫
0

f(x, y) dy 4)
1∫
−4

dx

−9x−39
5∫

6x−24
5

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 9x− 5,
y = x2 − 9x− 55, x = −8, x = −6, ÿâëÿåòñÿ
1) x2 − 9x− 55 2) −x2 − 9x− 5 3) -65.75
4) Íåò îäíîçíà÷íîãî îòâåòà 5) 3 6) 13
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−2; 2),
âûðåçàííîé ïðÿìîé y = x + 9 ÿâëÿåòñÿ
1)
√

21− 4x− x2 2) 2 +
√

21− 4x− x2 3) −√21− 4x− x2

4) x + 9 5) 7 6) 2−√21− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x− 8 è y = −2x2 − 27x + 22.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x− 2 è y = 3x2 − 10x− 8, x = −9, x = 0.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 7), C(7; 7).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(3 cos(6x− 3) + 3 sin(6x− 3− π
2 ) + 2) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−4;−3), B(0; 2), C(−2;−3).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{4 ≤ x2 + y2 ≤ 9, y ≤ − x√
3
, y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 6), C(3; 6), D(3; 2),
åñëè ïëîòíîñòü γ = 0.02.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 − 16xy + 4y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−3; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè −x− 5y + z = −3 è −x− 5y + z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 36, y ≥ −x, y ≥ x, 1−
√

x2 + y2 ≤ z ≤ 6−
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 49x + 42y + 42z = 294 è 9x + 12y + 12z = 36.
13. Â îáëàñòè D : {x2 + y2 ≤ 9, x ≤ 0, y ≥ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 3. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x + 2y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(1;−2), B(1; 0), C(5; 4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 10, y = −1, y = 2, y = −5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(0;−3), B(−3; 4), C(−8; 1), D(−9;−5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(6; 7),C(13; 7), D(6; 0).

1)
7∫
0

dy
6+y∫
−1+y

f(x, y) dx 2)
7∫
0

dy
6−y∫
−1−y

f(x, y) dx

3)
13∫
−1

dx
6+x∫
−1+x

f(x, y) dy 4)
13∫
−1

dx
7∫
0

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x− 1,
y = x2 − 9x− 7, x = 4, x = 5, ÿâëÿåòñÿ
1) -51 2) −x2 − 5x− 1 3) -37
4) Íåò îäíîçíà÷íîãî îòâåòà 5) x2 − 9x− 7 6) -19.75
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 3 ñ öåíòðîì â òî÷êå (−2;−4),
âûðåçàííîé ïðÿìîé y = x + 1 ÿâëÿåòñÿ
1) −4 +

√
5− 4x− x2 2) -7 3) −√5− 4x− x2

4) x + 1 5)
√

5− 4x− x2 6) −4−√5− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 3x− 6 è y = −2x2 − 3x + 210.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 − 2x− 8 è y = −2x2 − x + 12, x = −5, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 + 12xy + 4y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−2), B(1;−2),
C(1; 1).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 ch(5x)− 2e5x − 2e−5x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−3), B(12;−6),
C(6;−6).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{1 ≤ x2 + y2 ≤ 16, y ≥ −√3x, y ≥ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 6), C(5; 3),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 − 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 4; 0), B(4; 2; 0), C(4; 4; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− 2y − z = 1 è −x− 2y − z = 4.
11. Âû÷èñëèòü 1

π

∫∫∫
V

√
x2 + y2 dx dy dz, ãäå V:

{1 ≤ x2 + y2 ≤ 16,−√3x ≤ y ≤ x√
3
, 3 +

√
x2 + y2 ≤ z ≤ 7 +

√
x2 + y2}.

12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
4(z − 10)2 = 81(x2 + y2), è 4(z + 8)2 = 81(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â îáëàñòè D : {x2 + y2 ≤ 16, x ≥ 0, y ≤ 0} ðàñïðåäåëåíà ìàññà ñ
ïëîòíîñòüþ γ = 4. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x + 2y − 2) dl,

ãäå L - ëîìàíàÿ ABC, A(−3; 3), B(−1; 1), C(2; 1) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

33

∫∫
P

(4x− 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 4y − 2,
âûðåçàííîé ïëîñêîñòÿìè y = −4, y = −1 + x, y = −3− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−4), B(5;−1), C(10; 2), D(12;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(0; 4), B(5; 4),C(10;−1), D(5;−1).

1)
4∫
−1

dy
9+y∫
4+y

f(x, y) dx 2)
10∫
0

dx
4∫
−1

f(x, y) dy

3)
4∫
−1

dy
9−y∫
4−y

f(x, y) dx 4)
10∫
0

dx
9−x∫
4−x

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 5x− 5,
y = x2 − 11x− 41, x = 7, x = 8, ÿâëÿåòñÿ
1) -89 2) -23.75 3) Íåò îäíîçíà÷íîãî îòâåòà
4) x2 − 11x− 41 5) −x2 − 5x− 5 6) -109
3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (−4; 1),
âûðåçàííîé ïðÿìîé y = −x− 1 ÿâëÿåòñÿ
1) 3 2)

√−12− 8x− x2 3) 1 +
√−12− 8x− x2

4) −1− x 5) 1−√−12− 8x− x2 6) −√−12− 8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 5x− 4 è y = −3x2 − 25x + 21.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 5 è y = −3x2 − 4x + 58, x = −4, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 + 16xy + 4y2 + 6) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2; 2), B(1;−1),
C(1; 2).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4 sh(5x) + 2e−5x − 2e5x + 14) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3;−2), B(5;−5),
C(1;−5).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{4 ≤ x2 + y2 ≤ 16,− x√
3
≤ y ≤ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(3; 6), C(7; 2),
åñëè ïëîòíîñòü γ =

2y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(16x2 − 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 8; 0), C(8; 8; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x + 3y + z = −1 è −x + 3y + z = 1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 16, x ≤ y ≤ −x, 2− x2 − y2 ≤ z ≤ 6− x2 − y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 0, z = 1, z = 3, y = 4− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 4),
C(4; 4), D(4; 3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 8. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî íà÷àëà êîîðäèíàò.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x + 2y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(1; 1), B(5;−3), C(5;−4) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(−4x + 3y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −4x + 3y + 2,
âûðåçàííîé ïëîñêîñòÿìè y = 8, y = 1 + x, y = 5− x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2; 0), B(5; 3), C(11; 5), D(13;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4;−2), B(0; 2),C(0; 6).

1)
0∫
−4

dx
6∫
−2

f(x, y) dy 2)
6∫
−2

dy
−2+y∫
−6+y

2

f(x, y) dx

3)
0∫
−4

dx
6+2x∫
2+x

f(x, y) dy 4)
0∫
−4

dx
6−2x∫
2−x

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 11x− 2,
y = x2 − 9x− 42, x = −6, x = −4, ÿâëÿåòñÿ
1) −x2 − 11x− 2 2) 26 3) 28
4) x2 − 9x− 42 5) Íåò îäíîçíà÷íîãî îòâåòà 6) -92.75
3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå

∫
dx

∫
f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (2;−3),
âûðåçàííîé ïðÿìîé y = −x + 1 ÿâëÿåòñÿ
1) −√4x− x2 2) 1− x 3) −3 +

√
4x− x2

4)
√

4x− x2 5) −3−√4x− x2 6) -5
4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x + 3 è y = −3x2 − 33x + 87.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 5x2 + 5x + 3 è y = 4x2 + 5x + 28, x = −7, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 12xy + 9y2 − 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 8), C(8; 8).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos2(5x− 3)− 2 cos 2(5x− 3) + 3) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1; 0), B(2; 5), C(5; 0).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{1 ≤ x2 + y2 ≤ 4, y ≥ −√3x, y ≥ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(1; 3), B(4; 3), C(4; 6),
åñëè ïëîòíîñòü γ =

3y

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 + 12xy + 4y2 − 2) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−2;−2; 0), B(0;−2; 0), C(0; 0; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−x− y − z = 1 è −x− y − z = 5.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

x2 + y2 , ãäå V:

{9 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ x√
3
,−2 + x2 + y2 ≤ z ≤ 1 + x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 3,
y = −3, y = 3, z = 2, z = 11− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3;−2), B(3; 0),
C(6; 0), D(6;−2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 5. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x + 3y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(−2; 3), B(1; 3), C(−1; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 4y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = −3, y = −1, y = 1− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 1), B(−6; 8), C(−10; 6), D(−11; 2).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−3; 2), B(−3; 7),C(2;−3).

1)
2∫
−3

dx
1−2x∫
−1−x

f(x, y) dy 2)
7∫
−3

dy

−7−y
2∫

−5−y

f(x, y) dx

3)
−3∫
−3

dx
1+2x∫
−1+x

f(x, y) dy 4)
2∫
−3

dx
7∫
−3

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 11x− 2,
y = x2 − 11x− 34, x = 3, x = 5, ÿâëÿåòñÿ
1) -92.75 2) Íåò îäíîçíà÷íîãî îòâåòà 3) −x2 − 11x− 2

4) -44 5) -82 6) x2 − 11x− 34

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 2 ñ öåíòðîì â òî÷êå (4;−1),
âûðåçàííîé ïðÿìîé y = −x + 1 ÿâëÿåòñÿ
1) 1− x 2)

√−12 + 8x− x2 3) −1 +
√−12 + 8x− x2

4) −1−√−12 + 8x− x2 5) 1 6) −√−12 + 8x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x− 5 è y = −3x2 + 23x + 79.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 4x− 8 è y = −2x2 + 7x− 4, x = −4, x = 5.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(9x2 + 12xy + 4y2 − 2) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(1; 1), B(3; 1), C(3; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 sin(4x− 2)− 4 cos(π
2 − 4x + 2) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−5), B(5;−1), C(11;−1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{9 ≤ x2 + y2 ≤ 25,−√3x ≤ y ≤ x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy òðåóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(3; 1), B(7; 1), C(7; 5),
åñëè ïëîòíîñòü γ =

4x

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 + 12xy + 9y2 + 3) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 2; 0), B(2; 6; 0), C(6; 2; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−2x + 3y + z = 1 è −2x + 3y + z = 3.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V: {9 ≤ x2 + y2 ≤ 25,−√3x ≤ y ≤
√

3x,−3 +
√

x2 + y2 ≤ z ≤ −1 +
√

x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −3,
y = 3, x = 3, z = −3, z = 2− y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0; 2), B(0; 4),
C(3; 4), D(3; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 9. Îïðåäåëèòü
ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 2y − 3) dl,

ãäå L - ëîìàíàÿ ABC, A(2;−1), B(6;−5), C(6;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

19

∫∫
P

(−3x− 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = −3x− 3y − 3,
âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = 5 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4;−1), B(−6; 5), C(−11; 2), D(−13;−3).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−4; 1), B(1;−6), C(1; 6).

1)
1∫
−4

dx

5x−25
5∫

−7x+23
5

f(x, y) dy 2)
1∫
−4

dx

5x+25
5∫

−7x−23
5

f(x, y) dy

3)
1∫
−4

dx

5
5x+25∫

−7
5 x−23

f(x, y) dy 4)
1∫
−4

dx
6∫
−6

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 9x− 2,
y = x2 − 5x− 32, x = −4, x = 2, ÿâëÿåòñÿ
1) 18 2) -24 3) Íåò îäíîçíà÷íîãî îòâåòà
4) -62.75 5) −x2 − 9x− 2 6) x2 − 5x− 32

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (−2;−3),
âûðåçàííîé ïðÿìîé y = −10− x ÿâëÿåòñÿ
1)
√

21− 4x− x2 2) −3−√21− 4x− x2 3) −3 +
√

21− 4x− x2

4) −10− x 5) -8 6) −√21− 4x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 2x + 3 è y = −3x2 + 12x + 43.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 2x + 6 è y = −3x2 + 26x + 90, x = −3, x = 7.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 + 12xy + 9y2 + 3) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(0; 0), C(0; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos 2(6− 3x) + 1 + 8 sin2(6− 3x)) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(0; 8), B(8; 8), C(4; 2).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2)3/2 dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 16,
√

3x ≤ y ≤ − x√
3
}.
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9. Âû÷èñëèòü ìàññó ïðÿìîóãîëüíîé ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ
A(2; 1), B(2; 7), C(7; 7), D(7; 1), åñëè ïëîòíîñòü γ = 4x + 4y + 5.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(4x2 + 12xy + 9y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−1; 1; 0), B(1;−1; 0), C(1; 1; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x + y − z = −3 è −3x + y − z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz

(x2 + y2)3/2 , ãäå V:

{1 ≤ x2 + y2 ≤ 16, x ≤ y ≤ − x√
3
, 3− x2 − y2 ≤ z ≤ 6− x2 − y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = −2,
y = 4, x = 0, z = −1, z = −3 + y.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 2), B(3; 8),
C(5; 8), D(5; 2) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 3y + 9.
Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(3x− 3y + 3) dl,

ãäå L - ëîìàíàÿ ABC, A(1; 1), B(5; 5), C(7; 5) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 3x− 2y + 3,
âûðåçàííîé ïëîñêîñòÿìè x = 2, y = 6, y = 4− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−1), B(5; 3), C(11; 5), D(13; 1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî òðåóãîëüíîé îáëàñòè
ñ âåðøèíàìè â òî÷êàõ A(−2; 1), B(8; 10), C(−2; 14).

1)
8∫
−2

dx
14∫
1

f(x, y) dy 2)
8∫
−2

dx

−4
10 x+132∫
9
10x+28

f(x, y) dy

3)
8∫
−2

dx

−4x−132
10∫

9x−28
10

f(x, y) dy 4)
8∫
−2

dx

−4x+132
10∫

9x+28
10

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x + 5,
y = x2 − 9x− 15, x = −1, x = 4, ÿâëÿåòñÿ
1) -1.75 2) Íåò îäíîçíà÷íîãî îòâåòà 3) 7
4) x2 − 9x− 15 5) -23 6) −x2 − 3x + 5

3. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (1;−2),
âûðåçàííîé ïðÿìîé y = x− 8 ÿâëÿåòñÿ
1) −√24 + 2x− x2 2)

√
24 + 2x− x2 3) −2−√24 + 2x− x2

4) −8 + x 5) -2 6) −2 +
√

24 + 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 5x− 5 è y = −3x2 − 68x− 131.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x + 7 è y = 3x2 − 4x + 16, x = −4, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 24xy + 9y2 − 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(3; 3), B(3; 8), C(8; 8).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(4 cos(6x− 2) + 4 sin(6x− 2− π
2 ) + 14) dx dy ïî òðåóãîëüíîé îáëàñòè

ñ âåðøèíàìè â òî÷êàõ A(−1; 1), B(9; 5), C(4; 1).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy√
x2 + y2

, ãäå D:

{4 ≤ x2 + y2 ≤ 16, y ≤ −x, y ≤ √
3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Ox ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 3), B(2; 5), C(5; 5), D(5; 3),
åñëè ïëîòíîñòü γ =

4x + 3

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(4x2 − 12xy + 9y2 − 4) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(−3;−3; 0), B(−3;−1; 0), C(−1;−1; 0) è îãðàíè÷åííîé
ïëîñêîñòÿìè −3x + 2y + z = −1 è −3x + 2y + z = 2.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{4 ≤ x2 + y2 ≤ 9, y ≤ − x√
3
, y ≤ √

3x, 2 + x2 + y2 ≤ z ≤ 3 + x2 + y2}.
12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 0, y = 0,
z = 0, 30x + 30y + 25z = 150 è 16x + 12y + 12z = 48.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(0; 2),
C(5; 2), D(5;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4x + 8.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x− 2y − 1) dl,

ãäå L - ëîìàíàÿ ABC, A(3;−3), B(6; 0), C(6;−3) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(2x− 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 2x− 4y − 4,
âûðåçàííîé ïëîñêîñòÿìè x = −2, y = −1, y = −2 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−4; 0), B(−1; 3), C(2; 5), D(6;−1).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(6; 7),C(13; 7), D(6; 0).

1)
13∫
−1

dx
6+x∫
−1+x

f(x, y) dy 2)
7∫
0

dy
6−y∫
−1−y

f(x, y) dx

3)
7∫
0

dy
6+y∫
−1+y

f(x, y) dx 4)
13∫
−1

dx
7∫
0

f(x, y) dy

2. Âåðõíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 3x− 2,
y = x2 − 9x− 38, x = −7, x = −4, ÿâëÿåòñÿ
1) −x2 − 3x− 2 2) Íåò îäíîçíà÷íîãî îòâåòà 3) -30
4) -6 5) -8.75 6) x2 − 9x− 38

3. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 4 ñ öåíòðîì â òî÷êå (1; 6),
âûðåçàííîé ïðÿìîé y = x + 1 ÿâëÿåòñÿ
1) x + 1 2) 6−√15 + 2x− x2 3) 6 +

√
15 + 2x− x2

4)
√

15 + 2x− x2 5) 2 6) −√15 + 2x− x2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 − 4x− 8 è y = −3x2 − 34x− 8.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = −3x2 + 3x− 3 è y = −2x2 + x + 12, x = −8, x = 4.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(4x2 − 8xy + 4y2 − 5) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 0), B(−3; 3),
C(0; 0).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(8 ch(2x)− 4e2x − 4e−2x + 10) dx dy

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−1; 0), B(9;−2),
C(4;−2).
8. Âû÷èñëèòü 1

π

∫∫
D

dx dy

(x2 + y2)3/2 , ãäå D:

{9 ≤ x2 + y2 ≤ 25, y ≥ − x√
3
, y ≥ √

3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî îñè Oy ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 4), C(5; 4), D(5; 2),
åñëè ïëîòíîñòü γ =

2y + 4

100
.

10. Âû÷èñëèòü òðîéíîé èíòåãðàë
∫∫∫
V

(9x2 − 12xy + 4y2 + 5) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(3; 3; 0), B(9; 3; 0), C(9; 9; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
5x− y − z = −3 è 5x− y − z = −1.
11. Âû÷èñëèòü 1

π

∫∫∫
V

(x2 + y2) dx dy, ãäå V:

{9 ≤ x2 + y2 ≤ 36, y ≥ −√3x, y ≥ x, 3−
√

x2 + y2 ≤ z ≤ 4−
√

x2 + y2}.
12. Ìåðà ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè
25(z + 0)2 = 9(x2 + y2), è 25(z + 6)2 = 9(x2 + y2), ðàâíà Mπ. Íàéòè
çíà÷åíèå M .
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(0;−1), B(0; 4),
C(4; 4), D(4;−1) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ γ = 4y + 8.
Îïðåäåëèòü àáñöèññó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(−3x− 3y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(−1;−3), B(3;−3), C(4;−2) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 3y + 4,
âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 3, y = 7, y = 14− x.
16. Îïðåäåëèòü àáñöèññó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(−3; 2), B(−6; 11), C(−9; 9), D(−12; 5).
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1. Ðàññòàâèòü ïðåäåëû â ïîâòîðíîì èíòåãðàëå ïî ïàðàëëåëîãðàììó
ñ âåðøèíàìè â òî÷êàõ A(1; 7), B(6; 7),C(11; 2), D(6; 2).

1)
7∫
2

dy
13+y∫
8+y

f(x, y) dx 2)
7∫
2

dy
13−y∫
8−y

f(x, y) dx

3)
11∫
1

dx
13−x∫
8−x

f(x, y) dy 4)
11∫
1

dx
7∫
2

f(x, y) dy

2. Íèæíèì ïðåäåëîì ïî y â ïîâòîðíîì èíòåãðàëå
∫

dx
∫

f(x, y) dy

ïî îáëàñòè, îãðàíè÷åííîé ëèíèÿìè y = −x2 − 6x− 1,
y = x2 − 6x− 51, x = −9, x = −6, ÿâëÿåòñÿ
1) Íåò îäíîçíà÷íîãî îòâåòà 2) -28 3) -1
4) -28 5) x2 − 6x− 51 6) −x2 − 6x− 1

3. Âåðõíèì ïðåäåëîì ïî x â ïîâòîðíîì èíòåãðàëå
∫

dy
∫

f(x, y) dx

ïî ìåíüøåé ÷àñòè êðóãà ðàäèóñà 5 ñ öåíòðîì â òî÷êå (2;−5),
âûðåçàííîé ïðÿìîé x = y + 2 ÿâëÿåòñÿ
1)

√
10y − y2 2) 2 +

√
10x− x2 3) 7

4) y + 2 5) 2−√10x− x2 6) −
√

10y − y2

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 4x2 − 4x− 8 è y = −4x2 + 36x− 40.
5. Âû÷èñëèòü ñóììàðíóþ ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè
y = 2x2 + 5x + 2 è y = −2x2 + 17x + 2, x = −2, x = 6.
6. Âû÷èñëèòü äâîéíîé èíòåãðàë

∫∫
D

(16x2 − 16xy + 4y2 + 4) dx dy.

ïî òðåóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−3; 3), B(2;−2),
C(2; 3).
7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫

D

(6 cos2(5x− 2)− 3 cos 2(5x− 2) + 1) dx dy ïî òðåóãîëüíîé îáëàñòè ñ

âåðøèíàìè â òî÷êàõ A(−1;−4), B(2; 2), C(5;−4).
8. Âû÷èñëèòü 1

π

∫∫
D

(x2 + y2) dx dy, ãäå D:

{9 ≤ x2 + y2 ≤ 36, x ≤ y ≤ −√3x}.
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9. Âû÷èñëèòü ìîìåíò èíåðöèè îòíîñèòåëüíî òî÷êè O(0; 0)

ïðÿìîóãîëüíîé
ïëàñòèíû ñ âåðøèíàìè â òî÷êàõ A(2; 2), B(2; 6), C(5; 6), D(5; 2),
åñëè ïëîòíîñòü γ = 0.04.
10. Âû÷èñëèòü òðîéíîé èíòåãðàë

∫∫∫
V

(16x2 + 16xy + 4y2 + 6) dx dy dz.
ïî òðåóãîëüíîé ïðèçìå ñ âåðòèêàëüíûìè ðåáðàìè, ïðîõîäÿùèìè ÷åðåç
òî÷êè A(2; 5; 0), B(5; 2; 0), C(5; 5; 0) è îãðàíè÷åííîé ïëîñêîñòÿìè
−3x− 4y − z = −1 è −3x− 4y − z = 3.
11. Âû÷èñëèòü 1

π

∫∫∫
V

dx dy dz√
x2 + y2

, ãäå V:

{9 ≤ x2 + y2 ≤ 36,− x√
3
≤ y ≤ x√

3
, 3 +

√
x2 + y2 ≤ z ≤ 4 +

√
x2 + y2}.

12. Íàéòè ìåðó ìíîæåñòâà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x = 2,
y = −1, z = 0, z = 4, y = 5− x.
13. Â ïðÿìîóãîëüíîé îáëàñòè ñ âåðøèíàìè â òî÷êàõ A(−2;−3),
B(−2; 1), C(3; 1), D(3;−3) ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ
γ = 3x + 5. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ.
14. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë

∫
L

(2x + 4y + 4) dl,

ãäå L - ëîìàíàÿ ABC, A(2; 3), B(2; 5), C(6; 9) (
√

2 ' 1.414).
15. Âû÷èñëèòü 1√

21

∫∫
P

(4x− 2y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè
z = 4x− 2y + 2,
âûðåçàííîé ïëîñêîñòÿìè x = 0, y = 3, y = 5, y = 7 + x.
16. Îïðåäåëèòü îðäèíàòó öåíòðà ìàññ îäíîðîäíîãî ìàòåðèàëüíîãî
÷åòûðåõóãîëüíèêà
ñ âåðøèíàìè â òî÷êàõ A(2;−2), B(0; 3), C(−7; 1), D(−8;−3).
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Íåêîòîðûå ïîëåçíûå ôîðìóëû
1. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ ñêàëÿðíîãî ïîëÿ
∂u

∂l
=

∂u

∂x
cos α +

∂u

∂y
cos β +

∂u

∂z
cos γ.

2. Ãðàäèåíò ñêàëÿðíîãî ïîëÿ
−→∇u =

∂u

∂x
~i +

∂u

∂y
~j +

∂u

∂z
~k.

3. Ïîòîê âåêòîðíîãî ïîëÿ∏
Γ(~a) =

∫∫
Γ

(~a, ~no) dσ =
∫∫
Γ

ax(x, y, z) dydz + ay(x, y, z) dxdz + az(x, y, z) dxdy.
4. Öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ
ÖL(~a) =

∮
L
(~a,
−→
dl) =

∮
L

ax(x, y, z) dx + ay(x, y, z) dy + az(x, y, z) dz.
5. Äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ
div~a( ~M) = lim

Γ→M

∏
Γ(~a)

V
=

∂ax(M)

∂x
+

∂ay(M)

∂y
+

∂az(M)

∂z
= (

−→∇ ,~a).
6. Ðîòîð (âèõðü) âåêòîðíîãî ïîëÿ

rot(~a) =

∣∣∣∣∣∣∣∣

~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
ax ay az

∣∣∣∣∣∣∣∣
=

(∂az

∂y
− ∂ay

∂z

)
~i +

(∂ax

∂z
− ∂az

∂x

)
~j +

(∂ay

∂x
− ∂ax

∂y

)
~k = [

−→∇ ,~a].

7. Ôîðìóëà Îñòðîãðàäñêîãî-Ãàóññà (äëÿ çàìêíóòîé ïîâåðõíîñòè Γ)∏
Γ(~a) =

∫∫∫
V

div~a dv,
∫∫∫
V

(∂ax

∂x
+

∂ay

∂y
+

∂az

∂z

)
dxdydz =

∫∫
Γ

ax dydz + aydxdz + azdxdy.
8. Ôîðìóëà Ñòîêñà∏

Γ

(
rot(~a)

)
=ÖL(~a)∫∫

Γ

(
rot(~a( ~M)),

−→
dσ

)
=

∮
L

(~a,
−→
dl)

∫∫
Γ

(∂az

∂y
− ∂ay

∂z

)
dydz +

(∂ax

∂z
− ∂az

∂x

)
dxdz +

(∂ay

∂x
− ∂ax

∂y

)
dxdy =

∮
L
(~a,
−→
dl) =

∮
L

ax dx + ay dy + az dz.

9. Îïåðàòîð Ãàìèëüòîíà −→∇ =
∂

∂x
~i +

∂

∂y
~j +

∂

∂z
~k

10. Îïåðàòîð Ëàïëàñà 4 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
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Âàðèàíò 1

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x+2y +2)
−→
i +(3x−4y−4)

−→
j íà ïóòè ABCD, åñëè

A(1; 2), B(7; 8), C(7; 2), D(12; 2).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 4y + 3) dx + (4x2− 2y− 1) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

25− x2, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = −3, y = 5− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−2y +2z) dydz+(2x+4y +2z) dxdz+(4x−4y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, x = −1, y = −4, y = 5 + x, z = −1, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x + 3y − 4z) dydz+(2x + 3) dxdz+(4y + 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x− 2y

2x + 2y
â òî÷êå M1(−4; 6)

ïî íàïðàâëåíèþ ê òî÷êå M2(11;−2).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x + 2y

5x + 3y
â òî÷êå Mo(6; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x~i + 4y~j − 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−2;−3; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x + 2y − 2z; 3x + 4y + 4z; 3x + 3y + 4z} â òî÷êå Mo(−3;−2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;−5;−5)∫
(1;2;−6)

(3y − 5z + 6) dx + (3x− 4z + 5) dy + (−5x− 4y + 5) dz.

11. Ïîëå {(−3x + 2y − 3z)~i + (2x− 3y − 3z)~j + (−3x− 3y + 6z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) ñêàëÿðíîå
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Âàðèàíò 2

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+4y +2)
−→
i +(3x+4y +4)

−→
j íà ïóòè ABCD, åñëè

A(3; 12), B(3; 6), C(6; 6), D(3; 3).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 − 4y − 3) dx + (4x2 − 2y − 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

16− x2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−2x+3y− z +5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+3y +2,

âûðåçàííîé ïëîñêîñòÿìè x = 2, y = 3, y = 6 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−3y−2z) dydz+(3x+4y +2z) dxdz+(3x−3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = 3, y = 7, y = 13− x, z = 1, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 4) dydz+(4z − 2) dxdz+(3x + 4y + 2z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

4
+

y

3
= 1, 0 ≤ z ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2xy

3x− 2y
â òî÷êå M1(10;−3)

ïî íàïðàâëåíèþ ê òî÷êå M2(22; 6).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

2x− 4y
â òî÷êå Mo(10;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4y + 4z

x2
~i +

2x + 3z

y2
~j +

−3x− 3y

z2
~k â òî÷êå Mo(1; 4;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 − 3y − 3z)~i+(4x− 2y2 − 4z)~j+(2x− 4y − 3z2)~k â òî÷êå Mo(−2;−1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;2;3)∫

(−7;−7;−3)

(4y + 5z + 3 cos(πx)) dx + (4x− 2z − 2 cos(πy)) dy + (5x− 2y − 5 cos(πz)) dz.

11. Ïîëå {(5x + 4y + 5z)~i + (4x− 2y + 5z)~j + (5x + 6y − 3z)~k}
1) âåêòîðíîå 2) ñîëåíîèäàëüíîå

3) ñêàëÿðíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 3

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+3y−4)
−→
i +(3x−2y +4)

−→
j íà ïóòè ABCD, åñëè

A(2; 5), B(2; 1), C(6; 5), D(11; 5).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 4y2 − 4) dx + (3x + 3y2 + 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

16− y2, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x+4y− z +2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+4y−2,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 1, y = −1− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x− 3y − 2z) dydz+(4x− 4y − 2z) dxdz+(2x− 3y + 2z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = 4, x = 7, y = 10, y = −1 + x, z = 1, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y − 2) dydz+(3x− 2y − 2z) dxdz+(2x− 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

2
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x + 2y

4x− 2y
â òî÷êå M1(3;−1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(7;−4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x− 4y

2x + 2y
â òî÷êå Mo(−3;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x + 3y − 3z

x
~i +

2x + 2y + 3z

y
~j +

5x− 4y + 4z

z
~k â òî÷êå Mo(−4;−4;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2

x
+ 4y − 4z; 2x +

4

y
+ 2z; 3x + 2y +

4

z
} â òî÷êå Mo(−3;−3;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−5;2;4)∫
(1;−6;1)

(12x− 4y + 5z) dx + (−4x + 6y − 2z) dy + (5x− 2y − 10z) dz.

11. Ïîëå {(−5x− 3y + 2z)~i + (−3x− 3y + 6z)~j + (2x + 6y + 11z)~k}
1) ñêàëÿðíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 4

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+4y−3)
−→
i +(3x−4y−4)

−→
j íà ïóòè ABCD, åñëè

A(2; 7), B(5; 7), C(2; 4), D(2;−2).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 4y2 + 4) dx + (2x− 3y2 − 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

9− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 2y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 2, y = −1, y = −6 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−4y−2z) dydz+(2x+4y−3z) dxdz+(3x+2y−4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 8, y = 4, y = 6, y = 9− x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y + 3z) dydz+(2x + 4) dxdz+(2y + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

2
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x + 3y

x− 4
+

3x− 4y

y − 1
â òî÷êå M1(6;−4)

ïî íàïðàâëåíèþ ê òî÷êå M2(15; 8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

7x + 2y
â òî÷êå Mo(10; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x− 4y

2x + 3z
~i +

−4x− 4y

−4y + 4z
~j +

2x− 4z

−2y + 4z
~k â òî÷êå Mo(1;−1; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x + 2y − 3z)~i+(3x + 3ey + 3z)~j+(3x− 4y + 3 tg z)~k â òî÷êå Mo(−1; 1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;0;4)∫

(−5;−6;−5)

(4x + 4π sin(πx)) dx + (6y − 4π sin(πy)) dy + (−8z − 4π sin(πz)) dz.

11. Ïîëå 4x2 − 2y2 + 4z2 − 3xy − 4yz + 3xz

1) ñêàëÿðíîå 2) âåêòîðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 5

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−3y +2)
−→
i +(3x+4y +4)

−→
j íà ïóòè ABCD, åñëè

A(−2; 9), B(1; 9), C(1; 3), D(7; 9).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 + 3y− 3) dx + (3x2 + 3y + 2) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 2− | x |, y = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(3x− 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 3y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 2, y = 4, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+3y−3z) dydz+(2x−4y +4z) dxdz+(2x+4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, x = 8, y = 1, y = 1 + x, z = 2, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2) dydz+(2z + 4) dxdz+(4x + 3y − 3z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

5
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x− 3y

x− 1
+

2x + 4y

y − 4
â òî÷êå M1(7;−4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(13;−12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 3y

x− 2
+

2x + 3y

y + 1
â òî÷êå

Mo(1;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x~i + 4y~j − 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−4; 2;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 3y − 2z)~i+(3x− 3

√
y − 3z)~j+(2x− 3y − 4 ctg z)~k â òî÷êå Mo(−1; 1;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;−3;5)∫

(−2;−1;−4)

(2y − 3z − 5) dx + (2x + 3z − 5) dy + (−3x + 3y + 4) dz.

11. Ïîëå {(mx + 5y − 5z)~i + (5x− 3y − 4z)~j + (−5x− 3y + 2z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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Âàðèàíò 6

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x− 3y + 3) dx + (4x− 3y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(0; 3), B(6; 9), C(6; 3), D(10; 3).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 − 3y − 2) dx + (3x2 − 2y − 1) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −5, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = 12, y = −1, y = 3, y = −5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y +3z) dydz+(2x−2y−4z) dxdz+(3x−4y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, y = 4, y = 7, y = 10− x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 4)) dydz+(3x + 4y − 4z) dxdz+(2x + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

4
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 3y

5x− 3y
â òî÷êå M1(8; 8)

ïî íàïðàâëåíèþ ê òî÷êå M2(20; 13).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
4x + 2y

x− 2
+

6x + 3y

y + 1
â òî÷êå

Mo(1; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4y + 4z

x2
~i +

5x + 3z

y2
~j +

3x− 2y

z2
~k â òî÷êå Mo(2;−4; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3x + 2y + 2z; 3x− 4y + 2z; 3x− 3y − 2z} â òî÷êå Mo(−1; 1;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;2;−4)∫
(−5;2;0)

(2y − 2z + 5 cos(πx)) dx + (2x + 5z + 3 cos(πy)) dy + (−2x + 5y + 3 cos(πz)) dz.

11. Ïîëå {(−2x + my + nz)~i + (−3x− 3y + 4z)~j + (5x + 5y − 3z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...



Òåîðèÿ ïîëÿ 429

Âàðèàíò 7

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 2y + 4) dx + (3x + 3y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(1; 8), B(1; 4), C(4; 4), D(1; 1).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 3y2 − 2) dx + (3x− 3y2 − 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 3− | y |, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y + 2,

âûðåçàííîé ïëîñêîñòÿìè y = 2, y = −2 + x, y = 16− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−4y +3z) dydz+(4x+4y +3z) dxdz+(2x+4y− 3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, x = 3, y = 8, y = 3 + x, z = −1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 4y − 4z) dydz+(4x + 2) dxdz+(3y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

2
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2xy

7x + 4y
â òî÷êå M1(3; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(15; 9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 2y

4x− 4y
â òî÷êå Mo(−3; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x− 2y + 2z

x
~i +

5x + 3y + 2z

y
~j +

−4x + 4y + 4z

z
~k â òî÷êå Mo(1;−4;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4x2 + 4y + 4z)~i+(4x− 2y2 − 4z)~j+(3x + 3y + 4z2)~k â òî÷êå Mo(−3; 2;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;−5;0)∫

(1;−3;−5)

(8x + 4y − 2z) dx + (4x− 6y − 3z) dy + (−2x− 3y − 6z) dz.

11. Ïîëå {(−3x− 2y + 3z)~i + (−2x + 2y − 4z)~j + (3x− 4y + 1z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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Âàðèàíò 8

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 3y + 4) dx + (2x− 2y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(1; 10), B(1; 4), C(7; 10), D(12; 10).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 2y2 − 1) dx + (2x− 3y2 − 1) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −2, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x+4y− z +4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+4y−2,

âûðåçàííîé ïëîñêîñòÿìè y = 1, y = −5 + x, y = −3− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y +2z) dydz+(2x−4y +4z) dxdz+(3x−2y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 6, y = 1, y = 4, y = 3− x, z = 3, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 3) dydz+(2z + 3) dxdz+(4x + 4y − 2z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

3
= 1, 0 ≤ z ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 3y

3x + 2y
â òî÷êå M1(8; 5)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(16; 20).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

2x + 4y
â òî÷êå Mo(9;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x + 3y

−2x + 2z
~i +

−3x + 5y

−4y − 4z
~j +

−2x− 2z

4y + 4z
~k â òî÷êå Mo(4; 1;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2

x
+ 2y − 2z; 4x +

3

y
+ 4z; 4x + 2y − 4

z
} â òî÷êå Mo(1; 3; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;1;2)∫

(−4;1;3)

(12x− 2π sin(πx)) dx + (−6y + 6π sin(πy)) dy + (12z + 3π sin(πz)) dz.

11. Ïîëå {(−3x + 6y + 6z)~i + (6x− 3y − 2z)~j + (6x− 1y + 6z)~k}
1) âåêòîðíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) ñîëåíîèäàëüíîå
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Âàðèàíò 9

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 2y + 4) dx + (3x− 4y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(2; 8), B(7; 8), C(2; 3), D(2; 0).

2. Âû÷èñëèòü 1

π

∮
L

(3x2− 2y + 3) dx + (2x2− 4y− 1) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

25− x2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(2x + 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x + 3y − 3,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = −1, y = 2− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +4z) dydz+(2x− 2y +2z) dxdz+(4x+2y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 6, y = 3, y = 7 + x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 3) dydz+(2x− 3y − 4z) dxdz+(4x− 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

2
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

6x + 4y
â òî÷êå M1(2; 5)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(11;−7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 4y

7x + 2y
â òî÷êå Mo(6; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x~i + 2y~j + 3z~k√
x2 + y2 + z2

â òî÷êå Mo(−2; 4; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x− 2y + 3z)~i+(2x + 4ey − 4z)~j+(4x + 4y − 4 tg z)~k â òî÷êå Mo(−1; 2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−4;4)∫

(0;−2;−7)

(6y + 5z + 4) dx + (6x + 4z + 5) dy + (5x + 4y + 6) dz.

11. Ïîëå {(−3x + 3y − 3z)~i + (3x− 5y − 5z)~j + (−3x− 5y + 11z)~k}
1) ñêàëÿðíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 10

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 3y − 2) dx + (2x + 2y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(−3; 5), B(3; 5), C(3; 2), D(6; 5).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 − 3y − 2) dx + (2x2 − 4y − 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

9− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 4y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 4, y = 1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+3y +2z) dydz+(4x+2y +3z) dxdz+(3x+2y− 3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = 4, y = 9, y = 15− x, z = −2, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x− 4y + 2z) dydz+(3x− 4) dxdz+(2y + 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

5
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x + 2y

x + 1
+

5x + 3y

y + 4
â òî÷êå M1(2;−1)

ïî íàïðàâëåíèþ ê òî÷êå M2(7; 11).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
4xy

6x− 3y
â òî÷êå Mo(8;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2y − 2z

x2
~i +

5x− 2z

y2
~j +

2x− 3y

z2
~k â òî÷êå Mo(−2; 4; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x− 2y − 2z)~i+(2x− 4

√
y − 4z)~j+(3x− 3y − 4 ctg z)~k â òî÷êå Mo(−2; 3; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;2;−2)∫
(0;2;3)

(4y + 6z − 4 cos(πx)) dx + (4x + 4z + 2 cos(πy)) dy + (6x + 4y − 4 cos(πz)) dz.

11. Ïîëå −3x2 + 3y2 + 3z2 + 3xy − 4yz − 2xz

1) ñêàëÿðíîå 2) ñîëåíîèäàëüíîå

3) ïîòåíöèàëüíîå 4) âåêòîðíîå



Òåîðèÿ ïîëÿ 433

Âàðèàíò 11

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+3y−2)
−→
i +(3x−2y +3)

−→
j íà ïóòè ABCD, åñëè

A(0; 4), B(6; 10), C(6; 4), D(9; 4).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 3y2 + 2) dx + (2x− 2y2 + 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

1− y2, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 4, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y +3z) dydz+(2x−2y +3z) dxdz+(4x−3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 4, y = 3, y = −5 + x, z = −3, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 4) dydz+(2z − 2) dxdz+(2x− 2y − 4z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

5
= 1, 0 ≤ z ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x− 3y

x− 1
+

5x + 3y

y − 1
â òî÷êå M1(−4; 5)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−12; 11).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 4y

x− 3
+

4x− 2y

y − 1
â òî÷êå

Mo(−4;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x− 3y − 4z

x
~i +

−4x + 3y − 4z

y
~j +

4x + 3y − 2z

z
~k â òî÷êå Mo(−3;−2;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4x− 3y − 3z; 4x− 3y − 3z; 4x + 3y + 2z} â òî÷êå Mo(−3; 1; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;3;3)∫

(−3;−7;0)

(12x + 3y − 2z) dx + (3x + 8y + 6z) dy + (−2x + 6y − 4z) dz.

11. Ïîëå {(mx + 7y + 2z)~i + (7x + 4y + 2z)~j + (2x + 3y − 4z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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Âàðèàíò 12

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+4y +2)
−→
i +(4x− 3y +2)

−→
j íà ïóòè ABCD, åñëè

A(1; 13), B(1; 9), C(7; 9), D(1; 3).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 3y2 + 2) dx + (3x + 2y2 + 1) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

9− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 2y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 7, y = 1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−2y−2z) dydz+(2x+3y−2z) dxdz+(2x+2y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = 1, y = 6, y = 2− x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 2)) dydz+(3x− 4y + 4z) dxdz+(2x + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

4
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x + 2y

2x− 2y
â òî÷êå M1(1;−4)

ïî íàïðàâëåíèþ ê òî÷êå M2(−8; 8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
3x + 3y

x− 4
+

3x− 2y

y + 4
â òî÷êå

Mo(8; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x + 2y

−3x + 5z
~i +

−2x + 4y

−4y + 4z
~j +

4x + 3z

4y + 2z
~k â òî÷êå Mo(2; 4;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4x2 − 2y − 2z)~i+(4x− 3y2 − 3z)~j+(3x− 3y + 4z2)~k â òî÷êå Mo(2;−1; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−3;−5)∫

(−2;−3;−6)

(12x + 4π sin(πx)) dx + (−8y − 2π sin(πy)) dy + (−4z + 2π sin(πz)) dz.

11. Ïîëå {(4x + my + nz)~i + (6x + 2y − 4z)~j + (−5x− 3y + 1z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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Âàðèàíò 13

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−3y +4)
−→
i +(4x+3y−4)

−→
j íà ïóòè ABCD, åñëè

A(1; 6), B(1; 3), C(4; 6), D(10; 6).

2. Âû÷èñëèòü 1

π

∮
L

(4x2− 3y− 4) dx + (4x2 + 3y + 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 4− | x |, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 3y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 1, y = 3, y = 9− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +3z) dydz+(4x−3y +2z) dxdz+(4x−2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 5, y = 2, y = 5 + x, z = 3, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y + 3z) dydz+(2x + 3) dxdz+(3y + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

4x− 4y
â òî÷êå M1(−1; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(−13; 12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6x + 4y

5x− 3y
â òî÷êå Mo(10;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i− 2y~j − 3z~k√
x2 + y2 + z2

â òî÷êå Mo(−1;−3; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
+ 2y − 3z; 2x +

4

y
− 4z; 3x− 3y +

3

z
} â òî÷êå Mo(−2;−3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;5;0)∫
(0;−6;0)

(6y − 4z + 6) dx + (6x + 6z − 3) dy + (−4x + 6y + 4) dz.

11. Ïîëå {(−2x− 2y − 2z)~i + (−2x− 3y − 4z)~j + (−2x− 4y + 5z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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Âàðèàíò 14

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+2y−2)
−→
i +(3x+2y +4)

−→
j íà ïóòè ABCD, åñëè

A(3; 9), B(9; 9), C(3; 3), D(3;−2).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 − 3y − 1) dx + (3x2 + 3y − 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −5, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x+4y− z +1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+4y−4,

âûðåçàííîé ïëîñêîñòÿìè x = 14, y = −3, y = 2, y = −7 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−4y +3z) dydz+(4x−3y +2z) dxdz+(2x−4y−4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, y = 3, y = 7, y = 8− x, z = 4, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 4) dydz+(2z + 4) dxdz+(2x + 2y + 4z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

2
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x + 2y

6x− 4y
â òî÷êå M1(−1;−2)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−13; 3).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6xy

5x + 2y
â òî÷êå Mo(8; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3y + 3z

x2
~i +

−2x− 2z

y2
~j +

−4x− 3y

z2
~k â òî÷êå Mo(−3; 4;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x− 2y − 4z)~i+(4x− 2ey − 3z)~j+(3x + 2y + 2 tg z)~k â òî÷êå Mo(2;−3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;−2;6)∫
(3;−1;0)

(3y + 2z − 4 cos(πx)) dx + (3x + 4z − 2 cos(πy)) dy + (2x + 4y − 5 cos(πz)) dz.

11. Ïîëå {(−5x + 7y + 6z)~i + (7x− 2y + 2z)~j + (6x + 3y + 7z)~k}
1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 15

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−3)
−→
i +(2x−2y−3)

−→
j íà ïóòè ABCD, åñëè

A(−3; 7), B(2; 7), C(2; 3), D(6; 7).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 4y2 + 3) dx + (4x− 4y2 + 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 3− | y |, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 3y − 3,

âûðåçàííîé ïëîñêîñòÿìè y = 4, y = 1 + x, y = 13− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y−4z) dydz+(2x−2y−4z) dxdz+(4x+4y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, x = 3, y = 12, y = 6 + x, z = −2, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 3) dydz+(4x + 2y + 4z) dxdz+(2x + 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

5
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3xy

3x− 3y
â òî÷êå M1(4; 9)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(10; 17).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x + 3y

4x + 4y
â òî÷êå Mo(10;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x + 3y − 4z

x
~i +

5x− 2y − 4z

y
~j +

2x− 2y + 2z

z
~k â òî÷êå Mo(−1;−1;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 ln x + 3y − 2z)~i+(4x− 3

√
y − 2z)~j+(3x + 3y − 4 ctg z)~k â òî÷êå Mo(2; 1;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;6;−3)∫

(−5;−4;−7)

(4x + 6y − 5z) dx + (6x− 8y − 2z) dy + (−5x− 2y + 10z) dz.

11. Ïîëå {(5x + 6y + 4z)~i + (6x− 3y + 4z)~j + (4x + 4y + 1z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) âåêòîðíîå 4) ñîëåíîèäàëüíîå
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Âàðèàíò 16

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 3y − 4) dx + (3x + 4y − 4) dy ïî ëîìàíîé ABCD,

åñëè A(1; 1), B(4; 4), C(4; 1), D(8; 1).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 4y2 + 3) dx + (3x− 3y2 − 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −3, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x+4y− z +3) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+4y−3,

âûðåçàííîé ïëîñêîñòÿìè y = 6, y = −8 + x, y = 10− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−2y−3z) dydz+(4x+2y +4z) dxdz+(4x−4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 6, y = 4, y = 7, y = 8− x, z = −1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y + 3z) dydz+(4x + 2) dxdz+(2y + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

2
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x− 4y

x− 2
+

6x + 2y

y + 3
â òî÷êå M1(8; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(12; 7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

5x− 3y
â òî÷êå Mo(4; 10).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x− 3y

−4x− 2z
~i +

3x + 3y

4y + 4z
~j +

3x− 2z

−2y − 3z
~k â òî÷êå Mo(−2; 1; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4x− 3y + 4z; 4x− 3y + 4z; 4x− 2y + 4z} â òî÷êå Mo(2; 3; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;1;1)∫

(0;−1;−1)

(12x− 2π sin(πx)) dx + (−4y + 6π sin(πy)) dy + (12z + 5π sin(πz)) dz.

11. Ïîëå −4x2 − 2y2 + 4z2 + 2xy + 4yz + 4xz

1) ïîòåíöèàëüíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ñêàëÿðíîå
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Âàðèàíò 17

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 4y + 4) dx + (3x− 3y − 4) dy ïî ëîìàíîé ABCD,

åñëè A(3; 13), B(3; 10), C(9; 10), D(3; 4).

2. Âû÷èñëèòü 1

π

∮
L

(4x2− 3y− 4) dx + (3x2− 2y + 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

25− x2, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y − 3,

âûðåçàííîé ïëîñêîñòÿìè x = −2, y = 3, y = 4− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y−3z) dydz+(3x+4y +2z) dxdz+(3x−4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 5, y = −4, y = −3 + x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2)) dydz+(2x− 3y − 2z) dxdz+(3x− 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

5
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 3y

x− 2
+

6x + 3y

y + 4
â òî÷êå M1(5; 1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(13;−5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
4x− 3y

x− 1
+

3x− 2y

y − 2
â òî÷êå

Mo(2; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x~i− 2y~j − 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−4;−3; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 − 4y + 2z)~i+(3x− 4y2 + 2z)~j+(3x + 2y + 4z2)~k â òî÷êå Mo(2;−1;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;6;1)∫

(−7;−1;−4)

(5y − 2z − 5) dx + (5x− 4z + 6) dy + (−2x− 4y − 4) dz.

11. Ïîëå {(mx− 2y − 5z)~i + (−2x− 2y − 2z)~j + (−5x− 1y + 5z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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Âàðèàíò 18

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 2y − 4) dx + (4x + 2y − 4) dy ïî ëîìàíîé ABCD,

åñëè A(0; 6), B(0; 3), C(3; 6), D(8; 6).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 + 2y + 3) dx + (3x2 − 3y − 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

25− x2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(3x + 2y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 2y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 6, y = −3, y = −5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−2y +2z) dydz+(4x−2y−3z) dxdz+(2x+4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = 2, y = 6, y = 14− x, z = 1, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x + 3y − 2z) dydz+(2x + 3) dxdz+(2y − 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

4
+

z

5
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x + 4y

7x− 4y
â òî÷êå M1(−4; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(−16; 12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
4x− 2y

x + 4
+

5x− 4y

y + 2
â òî÷êå

Mo(3; 8).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4y − 3z

x2
~i +

2x + 5z

y2
~j +

−3x− 2y

z2
~k â òî÷êå Mo(−4; 4;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
+ 2y + 3z; 3x− 4

y
− 2z; 4x− 2y +

4

z
} â òî÷êå Mo(3; 2;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;4;−4)∫

(−1;−7;−5)

(4y − 2z + 3 cos(πx)) dx + (4x− 5z + 5 cos(πy)) dy + (−2x− 5y − 3 cos(πz)) dz.

11. Ïîëå {(2x + my + nz)~i + (3x + 6y − 2z)~j + (7x− 1y + 6z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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Âàðèàíò 19

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 2y − 4) dx + (4x− 2y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(2; 6), B(6; 6), C(2; 2), D(2;−4).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 4y2 + 3) dx + (4x− 4y2 + 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

16− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = −2, y = −1− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+4y− 3z) dydz+(2x− 2y +3z) dxdz+(3x+2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 5, y = 6, y = −3 + x, z = −3, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 3) dydz+(4z − 4) dxdz+(2x + 4y − 3z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

4
+

y

5
= 1, 0 ≤ z ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

5x + 3y
â òî÷êå M1(8; 6)

ïî íàïðàâëåíèþ ê òî÷êå M2(−4; 15).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7xy

7x− 4y
â òî÷êå Mo(2;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x + 3y + 2z

x
~i +

5x + 5y + 2z

y
~j +

−2x + 4y − 3z

z
~k â òî÷êå Mo(−3; 3; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x− 4y − 3z)~i+(4x + 4ey + 2z)~j+(2x− 3y + 3 tg z)~k â òî÷êå Mo(2;−3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;4;3)∫
(−7;2;3)

(4x− 2y − 4z) dx + (−2x + 10y + 5z) dy + (−4x + 5y − 4z) dz.

11. Ïîëå {(−2x + 4y − 3z)~i + (4x + 2y + 3z)~j + (−3x + 3y − 0z)~k}
1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 20

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x + 2y + 4) dx + (3x− 4y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(−4; 6), B(0; 6), C(0; 3), D(3; 6).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 3y2 − 4) dx + (4x− 2y2 − 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 3y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = −3 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+2y− 3z) dydz+(2x+3y +3z) dxdz+(2x+4y− 4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 11, y = −3, y = 1, y = 4− x, z = −3, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 4) dydz+(3x− 3y − 3z) dxdz+(3x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

5
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x + 4y

4x + 3y
â òî÷êå M1(−4;−4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(2;−12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 4y

2x− 2y
â òî÷êå Mo(−2; 2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 2y

−2x− 2z
~i +

4x + 3y

2y − 4z
~j +

4x + 4z

−2y + 3z
~k â òî÷êå Mo(−4; 3;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 3y − 4z)~i+(2x + 3

√
y + 3z)~j+(4x + 3y + 4 ctg z)~k â òî÷êå Mo(−2;−2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;−2;−3)∫
(0;1;−6)

(12x + 4π sin(πx)) dx + (6y + 4π sin(πy)) dy + (8z − 2π sin(πz)) dz.

11. Ïîëå {(−2x− 3y − 4z)~i + (−3x− 5y + 7z)~j + (−4x + 8y + 7z)~k}
1) âåêòîðíîå 2) ñîëåíîèäàëüíîå

3) ñêàëÿðíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 21

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−3y−4)
−→
i +(3x−2y +2)

−→
j íà ïóòè ABCD, åñëè

A(3; 4), B(7; 8), C(7; 4), D(13; 4).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 2y− 3) dx + (4x2 + 2y + 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 4− | x |, y = 0}.
3. Âû÷èñëèòü 1√

9

∫∫
P

(2x− 2y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 2y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = −3, y = −2, y = 2, y = 3− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−3y +3z) dydz+(2x−2y +4z) dxdz+(2x−2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, x = −1, y = −1, y = 8 + x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 2y − 3z) dydz+(4x− 3) dxdz+(3y + 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2xy

2x + 4y
â òî÷êå M1(−2; 3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−5;−1).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2xy

6x− 4y
â òî÷êå Mo(−4; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x~i + 4y~j + 3z~k√
x2 + y2 + z2

â òî÷êå Mo(2;−3;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4x + 4y + 3z; 3x− 3y + 4z; 2x + 4y − 2z} â òî÷êå Mo(−2; 2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;−5;−5)∫
(0;1;2)

(5y − 4z − 4) dx + (5x + 2z + 4) dy + (−4x + 2y + 2) dz.

11. Ïîëå {(−4x− 3y − 2z)~i + (−3x + 2y + 2z)~j + (−2x + 2y + 5z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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Âàðèàíò 22

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+2y +4)
−→
i +(4x+2y−3)

−→
j íà ïóòè ABCD, åñëè

A(0; 12), B(0; 8), C(6; 8), D(0; 2).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 + 4y + 3) dx + (2x2 + 3y − 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −6, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x− 4y − z + 3) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −3x− 4y − 3,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = −1, y = 2, y = −2 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y−4z) dydz+(4x−4y +4z) dxdz+(2x−2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = 1, y = 3, y = 8− x, z = 0, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 4) dydz+(4z + 3) dxdz+(3x + 3y − 2z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

5
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x− 2y

x + 2
+

4x + 4y

y − 3
â òî÷êå M1(1;−2)

ïî íàïðàâëåíèþ ê òî÷êå M2(−4; 10).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x− 3y

x + 4
+

2x− 2y

y + 2
â òî÷êå

Mo(3; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5y + 3z

x2
~i +

−4x + 3z

y2
~j +

5x− 4y

z2
~k â òî÷êå Mo(3;−2;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 − 3y − 2z)~i+(3x + 4y2 + 3z)~j+(3x + 3y + 3z2)~k â òî÷êå Mo(−2;−3;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;3;2)∫

(−1;−1;2)

(5y − 4z − 4 cos(πx)) dx + (5x− 3z − 2 cos(πy)) dy + (−4x− 3y + 3 cos(πz)) dz.

11. Ïîëå −4x2 − 4y2 + 2z2 + 2xy + 4yz − 4xz

1) ïîòåíöèàëüíîå 2) ñêàëÿðíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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Âàðèàíò 23

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−2)
−→
i +(4x−3y−3)

−→
j íà ïóòè ABCD, åñëè

A(0; 10), B(0; 4), C(6; 10), D(11; 10).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 4y2 + 4) dx + (2x + 2y2 − 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 5− | y |, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −3x + 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè y = −3, y = 1 + x, y = −3− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y−3z) dydz+(3x+4y +3z) dxdz+(2x+4y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 3, y = 9, y = 1 + x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 4)) dydz+(4x + 2y + 2z) dxdz+(3x + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

5
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x + 3y

x− 3
+

4x− 2y

y − 3
â òî÷êå M1(10;−1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(22;−6).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
2x + 4y

x− 1
+

6x + 2y

y − 1
â òî÷êå

Mo(7; 8).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 5y − 3z

x
~i +

3x + 3y + 4z

y
~j +

4x− 4y − 2z

z
~k â òî÷êå Mo(−3; 4; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3

x
− 2y − 2z; 2x +

2

y
− 3z; 4x + 2y − 2

z
} â òî÷êå Mo(−1;−2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−5;4;−1)∫

(−3;−2;−4)

(4x− 2y − 3z) dx + (−2x− 10y + 6z) dy + (−3x + 6y + 10z) dz.

11. Ïîëå {(mx + 2y − 2z)~i + (2x− 2y + 3z)~j + (−2x + 4y − 0z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+3y−2)
−→
i +(3x−2y +4)

−→
j íà ïóòè ABCD, åñëè

A(0; 4), B(3; 4), C(0; 1), D(0;−3).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 2y2 − 2) dx + (3x− 2y2 − 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −6, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y + 3,

âûðåçàííîé ïëîñêîñòÿìè y = 2, y = −8 + x, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−4y +2z) dydz+(2x+4y−3z) dxdz+(4x+3y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = 1, y = 3, y = 2− x, z = 0, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 3y − 3z) dydz+(4x + 3) dxdz+(2y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

3
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 2y

4x + 2y
â òî÷êå M1(1; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(10;−5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x + 4y

4x + 3y
â òî÷êå Mo(1;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x− 2y

−4x + 5z
~i +

−3x + 3y

−2y − 2z
~j +

−3x− 2z

3y − 3z
~k â òî÷êå Mo(−2; 4; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x + 2y + 3z)~i+(3x− 3ey − 4z)~j+(3x + 3y + 3 tg z)~k â òî÷êå Mo(−2;−2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−5;3)∫
(3;1;−7)

(10x− 5π sin(πx)) dx + (−8y − 3π sin(πy)) dy + (−6z + 4π sin(πz)) dz.

11. Ïîëå {(3x + my + nz)~i + (7x + 7y + 6z)~j + (−3x + 7y + 7z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x− 3y − 4)
−→
i + (4x− 3y − 2)

−→
j íà ïóòè ABCD,

åñëè

A(−3; 7), B(0; 7), C(0; 1), D(6; 7).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 3y− 2) dx + (4x2 + 4y− 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

16− x2, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 4, y = 12− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y−3z) dydz+(3x+3y−2z) dxdz+(4x−2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 6, y = −2, y = 2 + x, z = −4, z = −1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2) dydz+(3x− 4y + 2z) dxdz+(3x + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

4
= 1, 0 ≤ y ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

5x + 4y
â òî÷êå M1(7; 5)

ïî íàïðàâëåíèþ ê òî÷êå M2(3; 2).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

3x + 3y
â òî÷êå Mo(−3;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x~i− 3y~j − 4z~k√
x2 + y2 + z2

â òî÷êå Mo(2;−1;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x− 2y + 4z)~i+(4x− 2

√
y − 2z)~j+(4x + 3y − 4 ctg z)~k â òî÷êå Mo(2;−1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;−5;−2)∫
(−6;−2;−5)

(4y + 4z + 2) dx + (4x + 4z + 6) dy + (4x + 4y + 6) dz.

11. Ïîëå {(2x− 2y + 4z)~i + (−2x + 4y − 4z)~j + (4x− 4y − 6z)~k}
1) ñîëåíîèäàëüíîå 2) ïîòåíöèàëüíîå

3) âåêòîðíîå 4) ñêàëÿðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 4y − 3) dx + (2x + 4y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(3; 3), B(6; 6), C(6; 3), D(10; 3).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 2y − 2) dx + (2x2 − 3y + 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

25− x2, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x+4y− z +5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+4y +3,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = 5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +2z) dydz+(4x+3y−2z) dxdz+(3x+4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = −3, y = 2, y = 8− x, z = −4, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 3y + 3z) dydz+(2x + 2) dxdz+(3y − 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

5
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 4y

6x + 2y
â òî÷êå M1(1;−2)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(5;−5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6x− 4y

5x− 2y
â òî÷êå Mo(9;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2y + 4z

x2
~i +

4x + 5z

y2
~j +

−2x− 4y

z2
~k â òî÷êå Mo(−3; 1; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3x− 2y + 2z; 4x + 4y + 4z; 4x + 4y − 2z} â òî÷êå Mo(3;−3;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;1;1)∫

(−2;−6;−3)

(6y − 5z − 3 cos(πx)) dx + (6x + 5z − 5 cos(πy)) dy + (−5x + 5y + 4 cos(πz)) dz.

11. Ïîëå {(−2x− 3y − 5z)~i + (−3x + 6y − 4z)~j + (−5x− 3y − 4z)~k}
1) ïîòåíöèàëüíîå 2) ñîëåíîèäàëüíîå

3) ñêàëÿðíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 2y + 3) dx + (4x− 3y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(1; 10), B(1; 7), C(6; 7), D(1; 2).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 4y2 − 4) dx + (3x− 4y2 − 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(2x + 3y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x + 3y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 8, y = 1, y = 4− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+4y +4z) dydz+(2x+3y− 3z) dxdz+(3x+4y− 4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, x = 4, y = 13, y = 4 + x, z = −2, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 2)) dydz+(3x− 3y − 2z) dxdz+(4x− 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

4
= 1, 0 ≤ y ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

2x− 3y
â òî÷êå M1(9; 1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(5;−2).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3xy

4x + 4y
â òî÷êå Mo(2; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x + 5y − 3z

x
~i +

3x + 2y + 2z

y
~j +

2x + 5y − 3z

z
~k â òî÷êå Mo(−2;−3;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 + 2y − 4z)~i+(3x− 2y2 + 2z)~j+(3x− 3y + 2z2)~k â òî÷êå Mo(1; 3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;6;0)∫

(−4;−1;0)

(8x− 5y + 5z) dx + (−5x + 4y + 2z) dy + (5x + 2y + 10z) dz.

11. Ïîëå {(4x + 6y + 2z)~i + (6x + 6y − 3z)~j + (2x− 3y − 7z)~k}
1) âåêòîðíîå 2) ñêàëÿðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 4y − 3) dx + (3x− 2y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(1; 6), B(1; 3), C(4; 6), D(7; 6).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 4y2 − 4) dx + (2x + 3y2 − 2) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

16− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 5, y = −2 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−4y +2z) dydz+(2x+2y +3z) dxdz+(3x−2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 9, y = 2, y = 5, y = 9− x, z = −1, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 2y + 4z) dydz+(2x− 4) dxdz+(3y + 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

3
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x− 3y

x + 2
+

2x− 2y

y + 3
â òî÷êå M1(10; 9)

ïî íàïðàâëåíèþ ê òî÷êå M2(5;−3).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x + 4y

x− 3
+

3x + 3y

y + 3
â òî÷êå

Mo(6;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 3y

3x + 4z
~i +

−3x− 4y

4y − 4z
~j +

3x + 3z

−4y + 2z
~k â òî÷êå Mo(3; 4;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
− 2y + 2z; 3x +

4

y
− 2z; 3x + 3y +

2

z
} â òî÷êå Mo(−3;−2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;−4;2)∫

(−6;2;−4)

(12x− 2π sin(πx)) dx + (8y − 2π sin(πy)) dy + (−4z + 2π sin(πz)) dz.

11. Ïîëå 4x2 − 2y2 − 2z2 − 3xy + 4yz + 4xz

1) ïîòåíöèàëüíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ñêàëÿðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 2y + 3) dx + (4x + 4y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(1; 7), B(4; 7), C(1; 4), D(1;−1).

2. Âû÷èñëèòü 1

π

∮
L

(2x2− 4y− 2) dx + (3x2 + 4y + 2) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 5− | x |, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−4x− 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 3y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = 4, y = 10− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x− 4y − 4z) dydz+(3x− 2y − 2z) dxdz+(2x− 3y + 4z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = 3, x = 5, y = 2, y = 3 + x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 3) dydz+(4z − 4) dxdz+(4x− 3y − 3z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

5
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x + 4y

x + 2
+

4x− 3y

y − 3
â òî÷êå M1(1; 9)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(9; 3).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
4x + 2y

x + 4
+

5x− 4y

y + 4
â òî÷êå

Mo(7; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x~i + 3y~j + 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−3;−1; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 cos x + 4y + 2z)~i+(3x + 2ey + 3z)~j+(4x + 2y − 2 tg z)~k â òî÷êå Mo(−1;−2;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;−5;−2)∫
(−3;−6;1)

(5y + 2z − 5) dx + (5x− 2z + 5) dy + (2x− 2y + 4) dz.

11. Ïîëå {(mx− 5y − 3z)~i + (−5x + 5y + 7z)~j + (−3x + 8y + 2z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 2y + 2) dx + (3x− 4y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(−5; 7), B(0; 7), C(0; 2), D(5; 7).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 − 4y + 1) dx + (3x2 + 2y − 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −3, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x + 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 4y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = 13, y = −3, y = 2, y = −6 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+4y− 3z) dydz+(4x+4y−4z) dxdz+(3x+4y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, y = 1, y = 4, y = 5− x, z = 3, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 2) dydz+(3x + 3y − 2z) dxdz+(3x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

3
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x− 3y

7x− 2y
â òî÷êå M1(9; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(12; 3).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x− 4y

5x + 3y
â òî÷êå Mo(−4; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2y − 4z

x2
~i +

4x + 3z

y2
~j +

4x− 2y

z2
~k â òî÷êå Mo(−3;−2; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x + 3y + 3z)~i+(3x− 3

√
y − 2z)~j+(2x− 3y − 4 ctg z)~k â òî÷êå Mo(2;−3; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;−1;−1)∫
(0;−4;−2)

(4y + 3z + 6 cos(πx)) dx + (4x + 4z − 4 cos(πy)) dy + (3x + 4y + 5 cos(πz)) dz.

11. Ïîëå {(6x + my + nz)~i + (−5x− 4y + 5z)~j + (6x + 6y + 7z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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Âàðèàíò 31

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−2)
−→
i +(4x−4y−3)

−→
j íà ïóòè ABCD, åñëè

A(2; 3), B(7; 8), C(7; 3), D(11; 3).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 3y2 − 3) dx + (3x + 4y2 + 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 4− | y |, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x+4y− z +1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+4y−3,

âûðåçàííîé ïëîñêîñòÿìè y = 3, y = 1 + x, y = 11− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y +2z) dydz+(4x+4y−2z) dxdz+(2x+2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 6, y = 12, y = 2 + x, z = 1, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 3y − 4z) dydz+(4x + 4) dxdz+(2y − 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

4
+

z

3
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5xy

5x− 4y
â òî÷êå M1(5; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(11; 15).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6xy

5x− 2y
â òî÷êå Mo(9; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x− 2y + 5z

x
~i +

−3x + 5y + 5z

y
~j +

4x− 4y − 3z

z
~k â òî÷êå Mo(2; 4; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x + 3y − 2z; 3x− 2y + 3z; 4x + 2y + 4z} â òî÷êå Mo(−2; 3; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;6;5)∫

(−6;−6;−5)

(12x + 4y + 5z) dx + (4x− 10y + 5z) dy + (5x + 5y − 8z) dz.

11. Ïîëå {(−3x + 3y + 2z)~i + (3x− 2y − 3z)~j + (2x− 3y + 5z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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Âàðèàíò 32

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−2y−3)
−→
i +(2x+2y +4)

−→
j íà ïóòè ABCD, åñëè

A(2; 12), B(2; 7), C(8; 7), D(2; 1).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 4y2 − 2) dx + (4x + 3y2 + 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −5, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−2x− 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 3y + 2,

âûðåçàííîé ïëîñêîñòÿìè y = 1, y = −11 + x, y = 3− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y +2z) dydz+(2x−4y +3z) dxdz+(4x−4y−4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 11, y = 2, y = 7, y = 10− x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 3)) dydz+(3x + 4y + 4z) dxdz+(3x− 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

2
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x + 2y

3x + 2y
â òî÷êå M1(9; 3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(3;−5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 2y

4x− 2y
â òî÷êå Mo(8; 10).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x + 5y

−4x− 2z
~i +

−3x− 2y

4y + 2z
~j +

−2x− 2z

−3y − 2z
~k â òî÷êå Mo(−4; 3; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 + 3y + 4z)~i+(2x− 2y2 − 3z)~j+(4x + 4y + 3z2)~k â òî÷êå Mo(2;−2; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;2;−1)∫

(0;−7;−7)

(6x− 4π sin(πx)) dx + (8y + 2π sin(πy)) dy + (4z − 4π sin(πz)) dz.

11. Ïîëå {(−4x− 2y − 3z)~i + (−2x + 3y − 3z)~j + (−3x− 2y + 1z)~k}
1) âåêòîðíîå 2) ñîëåíîèäàëüíîå

3) ïîòåíöèàëüíîå 4) ñêàëÿðíîå
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Âàðèàíò 33

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+3y−4)
−→
i +(3x−4y−2)

−→
j íà ïóòè ABCD, åñëè

A(0; 5), B(0; 2), C(3; 5), D(7; 5).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 2y + 4) dx + (3x2 + 3y + 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

36− x2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−3x+2y− z +1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+2y−2,

âûðåçàííîé ïëîñêîñòÿìè x = −4, y = −4, y = −6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y +3z) dydz+(4x+2y− 4z) dxdz+(3x+3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, x = 1, y = 4, y = 11 + x, z = −4, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y + 4z) dydz+(2x− 3) dxdz+(3y − 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

3
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4xy

2x + 2y
â òî÷êå M1(−2;−3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−6; 0).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

2x + 3y
â òî÷êå Mo(−2; 8).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x~i + 3y~j − 4z~k√
x2 + y2 + z2

â òî÷êå Mo(1; 1; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2

x
− 4y − 4z; 4x− 4

y
− 3z; 2x− 4y +

2

z
} â òî÷êå Mo(−3;−2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;5;2)∫

(−6;−5;−5)

(4y + 6z − 3) dx + (4x− 2z + 4) dy + (6x− 2y − 5) dz.

11. Ïîëå {(3x + 6y + 4z)~i + (6x + 2y − 5z)~j + (4x− 5y − 2z)~k}
1) ïîòåíöèàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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Âàðèàíò 34

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x−2y +3)
−→
i +(4x−2y−3)

−→
j íà ïóòè ABCD, åñëè

A(2; 6), B(7; 6), C(2; 1), D(2;−4).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 − 4y − 4) dx + (2x2 − 3y − 1) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

36− x2, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x+4y− z +4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+4y +2,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = −1, y = 1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x− 3y − 2z) dydz+(3x− 2y − 3z) dxdz+(4x + 3y − 4z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = 2, y = −1, y = 2, y = 8− x, z = 0, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 3) dydz+(3z − 4) dxdz+(2x− 2y + 4z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

4
+

y

3
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x− 2y

x + 4
+

7x− 4y

y + 1
â òî÷êå M1(−1; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(8; 19).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x + 3y

x + 4
+

2x− 4y

y + 1
â òî÷êå

Mo(4; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3y + 4z

x2
~i +

−2x− 4z

y2
~j +

−4x− 4y

z2
~k â òî÷êå Mo(1; 1; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x + 4y − 3z)~i+(2x− 4ey + 2z)~j+(2x + 4y − 4 tg z)~k â òî÷êå Mo(−3;−2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;−4;6)∫
(1;1;−5)

(6y − 4z + 4 cos(πx)) dx + (6x− 4z + 6 cos(πy)) dy + (−4x− 4y − 2 cos(πz)) dz.

11. Ïîëå −2x2 + 2y2 + 4z2 + 4xy + 3yz − 2xz

1) ïîòåíöèàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ñîëåíîèäàëüíîå
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Âàðèàíò 35

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−4y−2)
−→
i +(3x−4y +4)

−→
j íà ïóòè ABCD, åñëè

A(−5; 9), B(0; 9), C(0; 4), D(5; 9).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 4y2 − 4) dx + (2x− 3y2 − 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

4− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x+4y− z +6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+4y +4,

âûðåçàííîé ïëîñêîñòÿìè x = 2, y = 3, y = 1− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−4y +3z) dydz+(3x+3y−4z) dxdz+(2x+3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, x = 3, y = 8, y = 1 + x, z = 0, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 3) dydz+(3x− 4y + 4z) dxdz+(2x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

5
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 2y

x + 1
+

2x− 4y

y + 1
â òî÷êå M1(3; 10)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(11;−5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
2x− 3y

x + 1
+

7x− 4y

y − 4
â òî÷êå

Mo(4;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x + 5y − 3z

x
~i +

−3x + 3y + 5z

y
~j +

4x− 4y − 3z

z
~k â òî÷êå Mo(3; 4; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x− 2y + 2z)~i+(2x + 3

√
y + 2z)~j+(4x− 2y − 4 ctg z)~k â òî÷êå Mo(2; 2; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;4;0)∫

(−1;3;1)

(8x− 5y + 6z) dx + (−5x− 10y + 5z) dy + (6x + 5y + 10z) dz.

11. Ïîëå {(mx + 4y − 3z)~i + (4x + 7y − 3z)~j + (−3x− 2y + 2z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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Âàðèàíò 36

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x− 3y + 2) dx + (4x− 2y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(2; 2), B(7; 7), C(7; 2), D(11; 2).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 4y2 + 4) dx + (3x− 2y2 + 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

1− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−2x+3y− z +1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+3y−2,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 8, y = −1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−2y−2z) dydz+(3x−2y +4z) dxdz+(4x+2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = −4, y = −1, y = −5− x, z = −4, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 2y − 3z) dydz+(3x− 4) dxdz+(3y + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

5
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 2y

3x + 2y
â òî÷êå M1(5; 5)

ïî íàïðàâëåíèþ ê òî÷êå M2(−1; 13).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
4x− 3y

4x + 3y
â òî÷êå Mo(1; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 4y

−2x + 5z
~i +

5x + 4y

−4y + 3z
~j +

5x− 3z

2y + 5z
~k â òî÷êå Mo(1; 1; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x + 4y + 4z; 3x− 3y − 4z; 3x + 2y + 3z} â òî÷êå Mo(2;−2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;3;0)∫

(−1;−2;−2)

(6x− 3π sin(πx)) dx + (4y + 2π sin(πy)) dy + (4z + 6π sin(πz)) dz.

11. Ïîëå {(−3x + my + nz)~i + (4x + 2y − 4z)~j + (5x− 3y + 4z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x + 3y + 2) dx + (3x− 4y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(3; 10), B(3; 7), C(6; 7), D(3; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 4y− 1) dx + (4x2 + 2y− 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 5− | x |, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 2y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = −1, y = 2, y = 9− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y−3z) dydz+(3x−3y +3z) dxdz+(2x+4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, x = 9, y = 3, y = 4 + x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 4)) dydz+(2x + 3y − 4z) dxdz+(2x + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

2
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4xy

2x− 3y
â òî÷êå M1(3; 8)

ïî íàïðàâëåíèþ ê òî÷êå M2(−9; 17).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3xy

4x + 3y
â òî÷êå Mo(10; 4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i− 2y~j + 4z~k√
x2 + y2 + z2

â òî÷êå Mo(−3; 3; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 + 2y + 4z)~i+(4x− 3y2 − 4z)~j+(3x− 3y + 2z2)~k â òî÷êå Mo(−2; 3; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;−2;5)∫
(−3;0;−7)

(4y + 4z − 3) dx + (4x + 6z + 6) dy + (4x + 6y − 3) dz.

11. Ïîëå {(3x + 4y + 3z)~i + (4x + 4y + 4z)~j + (3x + 4y − 7z)~k}
1) ñîëåíîèäàëüíîå 2) âåêòîðíîå

3) ïîòåíöèàëüíîå 4) ñêàëÿðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 4y + 2) dx + (3x + 3y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(3; 9), B(3; 4), C(8; 9), D(12; 9).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 − 4y − 1) dx + (3x2 + 4y − 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −4, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 4y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 3, y = 5, y = 4 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+4y +4z) dydz+(4x−4y +2z) dxdz+(4x+3y− 4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = 1, y = 4, y = 9− x, z = −2, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 3y + 3z) dydz+(2x + 2) dxdz+(3y − 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

5
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x− 3y

3x + 3y
â òî÷êå M1(2;−4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−7;−16).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x− 4y

6x + 3y
â òî÷êå Mo(7; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4y + 2z

x2
~i +

−3x + 4z

y2
~j +

−2x + 2y

z2
~k â òî÷êå Mo(1; 3; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
+ 4y + 4z; 2x− 4

y
− 3z; 2x + 3y − 4

z
} â òî÷êå Mo(−2; 1;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−5;−1)∫
(−5;−5;3)

(3y − 4z − 3 cos(πx)) dx + (3x− 4z + 4 cos(πy)) dy + (−4x− 4y + 4 cos(πz)) dz.

11. Ïîëå {(−3x + 2y + 4z)~i + (2x− 2y − 3z)~j + (4x− 2y + 5z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) âåêòîðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 4y + 3) dx + (3x + 2y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(2; 6), B(7; 6), C(2; 1), D(2;−5).

2. Âû÷èñëèòü 1

π

∮
L

(3x + 4y2 + 1) dx + (3x + 4y2 − 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 3− | y |, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(2x + 3y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x + 3y − 3,

âûðåçàííîé ïëîñêîñòÿìè y = 4, y = 3 + x, y = 15− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y +4z) dydz+(2x+3y− 2z) dxdz+(3x−3y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 7, y = 12, y = 1 + x, z = −2, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 2) dydz+(4x− 4y + 4z) dxdz+(4x + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

4
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3xy

6x− 2y
â òî÷êå M1(4;−3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(13; 9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6xy

3x− 3y
â òî÷êå Mo(7;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x + 5y + 2z

x
~i +

3x + 5y − 3z

y
~j +

5x + 3y − 2z

z
~k â òî÷êå Mo(1; 3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x− 3y + 4z)~i+(4x + 2ey + 3z)~j+(3x + 4y + 2 tg z)~k â òî÷êå Mo(3;−1;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−5;−4)∫
(−7;−1;2)

(6x + 2y + 4z) dx + (2x + 4y − 2z) dy + (4x− 2y + 4z) dz.

11. Ïîëå {(−3x + 3y + 5z)~i + (3x + 3y + 3z)~j + (5x + 3y + 3z)~k}
1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 2y − 4) dx + (2x− 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(−3; 7), B(2; 7), C(2; 3), D(6; 7).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 2y2 + 2) dx + (4x− 4y2 + 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −1, x = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(−3x+3y− z +2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+3y−3,

âûðåçàííîé ïëîñêîñòÿìè y = 3, y = −9 + x, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+4y− 4z) dydz+(3x+3y +4z) dxdz+(4x+2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 11, y = −3, y = 1, y = 4− x, z = 1, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 4y − 2z) dydz+(3x + 2) dxdz+(2y − 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x− 2y

x− 4
+

3x + 4y

y − 1
â òî÷êå M1(2;−4)

ïî íàïðàâëåíèþ ê òî÷êå M2(−4; 4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 4y

x− 1
+

3x + 2y

y + 1
â òî÷êå

Mo(9;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 5y

2x + 5z
~i +

5x + 3y

2y − 3z
~j +

5x + 3z

2y + 5z
~k â òî÷êå Mo(−1;−2; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 2y + 2z)~i+(4x + 4

√
y + 3z)~j+(3x + 2y + 3 ctg z)~k â òî÷êå Mo(−1;−1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;5;−4)∫
(3;−5;2)

(6x + 6π sin(πx)) dx + (−4y + 4π sin(πy)) dy + (8z + 3π sin(πz)) dz.

11. Ïîëå −4x2 − 2y2 − 2z2 + 3xy + 3yz + 2xz

1) ïîòåíöèàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x+2y +4)
−→
i +(4x− 2y +4)

−→
j íà ïóòè ABCD, åñëè

A(3; 4), B(8; 9), C(8; 4), D(14; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2− 3y + 4) dx + (3x2− 2y− 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

9− x2, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x + 4y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 4, y = 9− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+3y +3z) dydz+(2x−4y +4z) dxdz+(2x+3y− 3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, x = 8, y = 2, y = 3 + x, z = 3, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 2) dydz+(4z − 4) dxdz+(4x− 4y − 4z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

4
= 1, 0 ≤ z ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 3y

x− 3
+

5x + 3y

y − 4
â òî÷êå M1(−2;−4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−17;−12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
3x + 3y

x− 1
+

6x + 4y

y + 1
â òî÷êå

Mo(−1; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x~i− 2y~j + 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−1; 4; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3x− 4y + 3z; 2x− 4y − 4z; 4x + 2y − 2z} â òî÷êå Mo(−3;−1;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;−3;2)∫

(−6;1;−3)

(3y − 2z − 5) dx + (3x− 5z − 3) dy + (−2x− 5y − 2) dz.

11. Ïîëå {(mx− 3y + 2z)~i + (−3x + 3y + 4z)~j + (2x + 5y − 4z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+4y +3)
−→
i +(4x− 3y +4)

−→
j íà ïóòè ABCD, åñëè

A(0; 11), B(0; 8), C(6; 8), D(0; 2).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 + 4y + 3) dx + (2x2 + 4y + 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

1− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(4x + 2y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 2y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = 3 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−4y−2z) dydz+(2x+4y−2z) dxdz+(4x+2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = 1, y = 6, y = 11− x, z = −1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 2)) dydz+(3x− 3y + 4z) dxdz+(2x− 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

3
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x− 2y

7x− 4y
â òî÷êå M1(9; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(14;−8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 2y

6x + 3y
â òî÷êå Mo(7; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3y − 4z

x2
~i +

3x + 5z

y2
~j +

−2x + 4y

z2
~k â òî÷êå Mo(−1;−2;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 + 2y + 4z)~i+(3x + 3y2 + 4z)~j+(4x + 4y − 2z2)~k â òî÷êå Mo(3; 1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;2;3)∫

(−5;3;−6)

(6y − 4z − 5 cos(πx)) dx + (6x− 2z + 5 cos(πy)) dy + (−4x− 2y − 3 cos(πz)) dz.

11. Ïîëå {(−3x + my + nz)~i + (6x− 3y + 2z)~j + (−2x + 3y + 6z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+2y−3)
−→
i +(2x+3y−3)

−→
j íà ïóòè ABCD, åñëè

A(0; 4), B(0; 1), C(3; 4), D(6; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 3y2 + 3) dx + (2x + 3y2 + 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x+4y− z +7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+4y +3,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 4, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+2y−2z) dydz+(2x+4y−3z) dxdz+(3x−3y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, x = −2, y = 11, y = 8 + x, z = −4, z = −1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 4y + 4z) dydz+(4x + 3) dxdz+(3y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

4
+

z

3
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4xy

4x + 3y
â òî÷êå M1(−3; 10)

ïî íàïðàâëåíèþ ê òî÷êå M2(5; 4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

2x + 2y
â òî÷êå Mo(8; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 2y + 4z

x
~i +

3x− 2y − 2z

y
~j +

3x + 2y + 2z

z
~k â òî÷êå Mo(−2;−4; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2

x
− 4y + 4z; 4x +

3

y
+ 2z; 3x + 2y − 2

z
} â òî÷êå Mo(−2;−2;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;−1;−1)∫
(1;1;0)

(6x + 2y − 3z) dx + (2x + 8y − 2z) dy + (−3x− 2y − 4z) dz.

11. Ïîëå {(−4x + 3y + 2z)~i + (3x + 4y − 4z)~j + (2x− 4y − 0z)~k}
1) ñêàëÿðíîå 2) âåêòîðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 44

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−2y−3)
−→
i +(2x−4y +3)

−→
j íà ïóòè ABCD, åñëè

A(3; 5), B(7; 5), C(3; 1), D(3;−2).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 2y2 + 3) dx + (3x + 2y2 + 2) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

4− y2, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 4y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = −3, y = 1, y = −1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+3y +4z) dydz+(4x+2y− 3z) dxdz+(3x−3y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 9, y = −2, y = 2, y = 3− x, z = −2, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 4) dydz+(3x− 2y − 4z) dxdz+(2x + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

3
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 3y

3x− 4y
â òî÷êå M1(1; 8)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(5; 5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x− 3y

7x + 3y
â òî÷êå Mo(−3; 4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x− 2y

4x + 3z
~i +

2x + 2y

−2y + 2z
~j +

4x + 3z

4y + 5z
~k â òî÷êå Mo(−2;−4; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 cos x− 4y + 4z)~i+(2x + 3ey + 3z)~j+(3x− 3y − 2 tg z)~k â òî÷êå Mo(3;−1; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;1;0)∫

(−6;−2;−5)

(4x + 2π sin(πx)) dx + (−4y + 4π sin(πy)) dy + (8z + 5π sin(πz)) dz.

11. Ïîëå {(−3x + 7y − 4z)~i + (7x + 2y − 4z)~j + (−4x− 3y + 1z)~k}
1) ñîëåíîèäàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−2y−2)
−→
i +(3x+4y−4)

−→
j íà ïóòè ABCD, åñëè

A(−4; 7), B(2; 7), C(2; 1), D(8; 7).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 2y− 4) dx + (2x2 + 2y− 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 6− | x |, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 4y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = −4, y = −2, y = 1− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+2y +3z) dydz+(4x− 3y +3z) dxdz+(3x+3y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, x = 7, y = 4, y = 5 + x, z = 2, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y + 4z) dydz+(2x + 3) dxdz+(4y + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

2
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

2x + 3y
â òî÷êå M1(−4;−3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−16;−8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7xy

6x + 2y
â òî÷êå Mo(3; 10).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x~i + 3y~j + 2z~k√
x2 + y2 + z2

â òî÷êå Mo(1; 3; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 3y − 3z)~i+(2x− 3

√
y − 2z)~j+(2x + 4y − 2 ctg z)~k â òî÷êå Mo(−3; 2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;−2;6)∫

(−6;−4;−6)

(5y + 3z − 4) dx + (5x + 5z − 4) dy + (3x + 5y + 5) dz.

11. Ïîëå {(6x + 5y + 6z)~i + (5x− 3y − 4z)~j + (6x− 4y − 0z)~k}
1) ïîòåíöèàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 3y + 2) dx + (2x + 4y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(0; 1), B(5; 6), C(5; 1), D(11; 1).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 − 4y + 2) dx + (4x2 + 4y − 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −3, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 3y − 3,

âûðåçàííîé ïëîñêîñòÿìè x = 11, y = −1, y = 3, y = −4 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x− 2y − 3z) dydz+(2x− 3y + 3z) dxdz+(2x− 2y − 3z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = 4, y = 1, y = 3, y = 11− x, z = −3, z = −1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 2) dydz+(2z + 4) dxdz+(2x + 2y + 2z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

4
+

y

2
= 1, 0 ≤ z ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x− 4y

x + 1
+

2x + 2y

y − 2
â òî÷êå M1(−3;−1)

ïî íàïðàâëåíèþ ê òî÷êå M2(9;−6).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x + 4y

x− 3
+

4x− 2y

y − 2
â òî÷êå

Mo(8;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4y − 3z

x2
~i +

−2x + 4z

y2
~j +

4x− 2y

z2
~k â òî÷êå Mo(2;−4;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x + 4y − 4z; 3x− 3y − 2z; 2x− 3y − 2z} â òî÷êå Mo(2; 1;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;−1;6)∫

(−5;−3;−7)

(3y + 5z + 3 cos(πx)) dx + (3x + 4z − 2 cos(πy)) dy + (5x + 4y − 4 cos(πz)) dz.

11. Ïîëå 2x2 − 2y2 − 2z2 + 4xy + 3yz − 2xz

1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå



Òåîðèÿ ïîëÿ 469

Âàðèàíò 47

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 3y + 4) dx + (4x + 3y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(0; 15), B(0; 9), C(5; 9), D(0; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 2y2 − 4) dx + (4x + 2y2 − 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 2− | y |, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 4y − 3,

âûðåçàííîé ïëîñêîñòÿìè y = −3, y = −5 + x, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−3y +3z) dydz+(3x+2y−2z) dxdz+(2x+3y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 5, y = 8, y = 1 + x, z = −3, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 2)) dydz+(3x + 3y + 3z) dxdz+(4x− 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

2
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 2y

x− 4
+

5x− 2y

y + 2
â òî÷êå M1(−1; 3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−4; 7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
7x + 4y

x− 1
+

4x + 3y

y + 1
â òî÷êå

Mo(6;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x− 3y − 2z

x
~i +

−4x + 3y − 4z

y
~j +

5x + 4y + 4z

z
~k â òî÷êå Mo(3; 3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4x2 + 3y − 2z)~i+(3x + 4y2 − 2z)~j+(2x + 3y − 3z2)~k â òî÷êå Mo(−2;−3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;3;3)∫

(0;−1;−7)

(6x + 2y − 3z) dx + (2x + 10y + 5z) dy + (−3x + 5y + 6z) dz.

11. Ïîëå {(mx− 5y − 5z)~i + (−5x + 4y − 3z)~j + (−5x− 2y + 5z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x− 4y + 3) dx + (2x + 4y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(1; 6), B(1; 1), C(6; 6), D(9; 6).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 3y2 + 3) dx + (2x + 3y2 − 2) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −5, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−2x+3y− z +8) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+3y +3,

âûðåçàííîé ïëîñêîñòÿìè y = 2, y = −8 + x, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +3z) dydz+(2x+4y−4z) dxdz+(4x−4y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 10, y = −1, y = 2, y = 6− x, z = 2, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x− 2y + 3z) dydz+(4x− 2) dxdz+(2y − 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

4
+

z

5
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2xy

5x + 4y
â òî÷êå M1(7; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(1;−4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 3y

4x + 3y
â òî÷êå Mo(2;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 5y

3x + 5z
~i +

4x + 2y

−3y + 3z
~j +

−3x + 4z

3y + 4z
~k â òî÷êå Mo(3; 1;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2

x
+ 3y − 4z; 2x− 2

y
+ 4z; 2x + 2y +

3

z
} â òî÷êå Mo(3;−1; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;−1;5)∫

(−6;−7;−1)

(6x− 5π sin(πx)) dx + (−10y + 4π sin(πy)) dy + (8z + 5π sin(πz)) dz.

11. Ïîëå {(6x + my + nz)~i + (−3x + 4y − 3z)~j + (−2x− 2y + 7z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 4y + 2) dx + (3x + 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(1; 8), B(7; 8), C(1; 2), D(1;−2).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 3y− 4) dx + (4x2 + 2y− 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

16− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−4x + 2y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x + 2y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = −3, y = 3, y = 2− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−3y +3z) dydz+(2x−2y−4z) dxdz+(2x+2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −3, x = 2, y = 3, y = 11 + x, z = 0, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2) dydz+(2x− 2y + 3z) dxdz+(3x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

2
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

3x + 2y
â òî÷êå M1(3; 5)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−9; 14).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3xy

5x− 4y
â òî÷êå Mo(6;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i− 3y~j + 2z~k√
x2 + y2 + z2

â òî÷êå Mo(4; 3; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x− 4y − 3z)~i+(2x + 3ey − 4z)~j+(3x + 3y + 3 tg z)~k â òî÷êå Mo(−2;−1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;5;0)∫

(3;−5;−6)

(5y + 6z − 3) dx + (5x + 2z − 3) dy + (6x + 2y − 3) dz.

11. Ïîëå {(3x− 2y − 3z)~i + (−2x + 3y + 3z)~j + (−3x + 3y − 6z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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Âàðèàíò 50

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x + 4y + 4) dx + (4x− 2y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(−5; 5), B(0; 5), C(0; 2), D(3; 5).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 3y + 2) dx + (4x2 − 2y + 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

36− x2, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(4x− 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 2, y = −1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+2y−3z) dydz+(2x−2y−3z) dxdz+(3x+2y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = −1, y = 4, y = 10− x, z = 2, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x + 2y + 3z) dydz+(4x− 3) dxdz+(3y − 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

4
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 2y

x + 1
+

7x + 2y

y + 3
â òî÷êå M1(8; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(16; 19).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6x + 2y

4x− 4y
â òî÷êå Mo(7; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2y − 2z

x2
~i +

2x + 5z

y2
~j +

2x− 4y

z2
~k â òî÷êå Mo(4; 3; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x + 4y − 3z)~i+(4x + 3

√
y − 2z)~j+(3x− 2y − 3 ctg z)~k â òî÷êå Mo(−1; 1;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;−4;5)∫
(−6;1;0)

(6y + 5z + 2 cos(πx)) dx + (6x− 5z − 4 cos(πy)) dy + (5x− 5y + 3 cos(πz)) dz.

11. Ïîëå {(4x + 6y + 7z)~i + (6x + 2y + 3z)~j + (7x + 4y − 6z)~k}
1) ñêàëÿðíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå



Òåîðèÿ ïîëÿ 473

Âàðèàíò 51

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−3)
−→
i +(3x+2y +3)

−→
j íà ïóòè ABCD, åñëè

A(3; 3), B(7; 7), C(7; 3), D(11; 3).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 2y2 + 4) dx + (2x + 4y2 + 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

16− y2, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(4x− 2y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 2y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = 9, y = 2, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x− 4y − 4z) dydz+(3x− 3y − 3z) dxdz+(4x + 2y − 2z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = −1, x = 1, y = 9, y = 5 + x, z = −1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 2) dydz+(2z + 3) dxdz+(4x− 2y − 2z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

3
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 4y

x− 3
+

4x + 4y

y − 2
â òî÷êå M1(−2; 5)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(2; 8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2xy

7x + 3y
â òî÷êå Mo(8; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x− 3y + 4z

x
~i +

−4x− 3y + 4z

y
~j +

5x− 3y + 5z

z
~k â òî÷êå Mo(−3;−4; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x− 2y − 4z; 2x− 2y + 2z; 4x + 2y − 2z} â òî÷êå Mo(−2;−2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;0;6)∫

(−6;2;−6)

(10x + 4y − 4z) dx + (4x + 10y + 5z) dy + (−4x + 5y − 4z) dz.

11. Ïîëå {(2x + 6y − 2z)~i + (6x− 5y + 4z)~j + (−2x + 4y + 6z)~k}
1) ñîëåíîèäàëüíîå 2) ïîòåíöèàëüíîå

3) âåêòîðíîå 4) ñêàëÿðíîå
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Âàðèàíò 52

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x−2y +4)
−→
i +(3x−4y +4)

−→
j íà ïóòè ABCD, åñëè

A(0; 12), B(0; 9), C(6; 9), D(0; 3).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 2y2 − 2) dx + (3x + 4y2 + 1) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

25− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(2x− 3y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 3y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 1, y = −5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y−2z) dydz+(3x+4y−4z) dxdz+(4x−2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 10, y = 1, y = 4, y = 8− x, z = 3, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 2)) dydz+(4x + 3y + 2z) dxdz+(4x + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

2
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x− 2y

6x + 3y
â òî÷êå M1(4; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(−4; 22).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
4x− 3y

x− 2
+

2x− 2y

y + 2
â òî÷êå

Mo(4; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 4y

−4x− 3z
~i +

5x− 2y

5y + 5z
~j +

5x + 4z

3y − 3z
~k â òî÷êå Mo(−1; 2;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 − 4y + 4z)~i+(4x− 3y2 − 3z)~j+(3x− 3y + 2z2)~k â òî÷êå Mo(1;−2; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;6;1)∫
(1;1;2)

(10x + 4π sin(πx)) dx + (12y + 4π sin(πy)) dy + (8z + 2π sin(πz)) dz.

11. Ïîëå 4x2 + 2y2 − 2z2 + 3xy − 4yz + 3xz

1) ïîòåíöèàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå



Òåîðèÿ ïîëÿ 475

Âàðèàíò 53

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+2y−3)
−→
i +(2x+4y−3)

−→
j íà ïóòè ABCD, åñëè

A(1; 7), B(1; 2), C(6; 7), D(12; 7).

2. Âû÷èñëèòü 1

π

∮
L

(3x2− 3y− 1) dx + (2x2 + 3y− 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 3− | x |, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x + 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 4y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = 7, y = 16− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x− 4y − 4z) dydz+(4x + 2y − 2z) dxdz+(2x− 2y − 2z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = 3, x = 7, y = −2, y = −1 + x, z = 0, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 2y − 2z) dydz+(4x + 4) dxdz+(4y − 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

4x− 4y
â òî÷êå M1(1;−1)

ïî íàïðàâëåíèþ ê òî÷êå M2(−11; 8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
3x− 4y

x− 4
+

7x− 3y

y − 3
â òî÷êå

Mo(2;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x~i− 4y~j + 4z~k√
x2 + y2 + z2

â òî÷êå Mo(4;−3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3

x
+ 4y + 3z; 2x− 3

y
− 2z; 3x + 2y +

4

z
} â òî÷êå Mo(2; 3;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;−3;−4)∫
(1;−2;−7)

(2y + 2z + 5) dx + (2x + 3z + 2) dy + (2x + 3y − 2) dz.

11. Ïîëå {(mx + 4y + 2z)~i + (4x + 7y + 2z)~j + (2x + 3y − 0z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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Âàðèàíò 54

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−4)
−→
i +(2x−2y +3)

−→
j íà ïóòè ABCD, åñëè

A(0; 6), B(5; 6), C(0; 1), D(0;−3).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 4y − 4) dx + (4x2 + 4y − 1) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −4, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 13, y = 4, y = 9, y = 1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−4y−2z) dydz+(3x+4y−3z) dxdz+(3x+3y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, y = 3, y = 5, y = 11− x, z = 2, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2) dydz+(3z + 2) dxdz+(2x− 3y − 3z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

4
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x− 4y

4x− 2y
â òî÷êå M1(−1; 7)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−6; 19).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x + 4y

2x− 2y
â òî÷êå Mo(−4; 2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2y + 2z

x2
~i +

5x− 3z

y2
~j +

−2x + 3y

z2
~k â òî÷êå Mo(4; 1;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x + 3y + 2z)~i+(4x + 2ey + 3z)~j+(3x + 2y + 2 tg z)~k â òî÷êå Mo(3;−2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;6;−3)∫

(−4;−7;−1)

(6y + 2z + 5 cos(πx)) dx + (6x + 3z − 5 cos(πy)) dy + (2x + 3y − 4 cos(πz)) dz.

11. Ïîëå {(6x + my + nz)~i + (7x− 2y + 7z)~j + (−5x + 8y − 0z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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Âàðèàíò 55

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x+3y−3)
−→
i +(3x+4y−3)

−→
j íà ïóòè ABCD, åñëè

A(−2; 8), B(3; 8), C(3; 4), D(7; 8).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 3y2 + 2) dx + (2x + 3y2 − 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 3− | y |, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−2x+3y− z +3) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+3y−3,

âûðåçàííîé ïëîñêîñòÿìè y = 2, y = 4 + x, y = 10− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−2y−3z) dydz+(4x+2y +3z) dxdz+(2x+2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, x = 8, y = 6, y = −4 + x, z = 1, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 4) dydz+(3x− 3y − 3z) dxdz+(4x− 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

2
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5xy

4x + 2y
â òî÷êå M1(9;−1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(24; 7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2xy

5x− 4y
â òî÷êå Mo(8; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 5y + 3z

x
~i +

2x + 4y + 5z

y
~j +

4x + 4y + 4z

z
~k â òî÷êå Mo(−2; 2;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 ln x + 2y + 2z)~i+(4x− 3

√
y + 2z)~j+(4x + 2y + 3 ctg z)~k â òî÷êå Mo(1;−3; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(5;6;2)∫
(1;2;1)

(8x− 2y + 6z) dx + (−2x− 10y + 6z) dy + (6x + 6y + 8z) dz.

11. Ïîëå {(4x + 2y − 4z)~i + (2x + 4y + 3z)~j + (−4x + 3y − 8z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 2y + 4) dx + (2x + 4y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(2; 3), B(8; 9), C(8; 3), D(11; 3).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 2y2 − 3) dx + (4x− 3y2 + 2) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −4, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−3x+2y− z +6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+2y +4,

âûðåçàííîé ïëîñêîñòÿìè y = 6, y = 3 + x, y = 5− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x− 4y +2z) dydz+(2x+4y +4z) dxdz+(4x+3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 10, y = −2, y = 1, y = 4− x, z = −1, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x + 3y + 4z) dydz+(4x + 3) dxdz+(3y − 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

4
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x + 2y

x− 2
+

5x− 2y

y + 4
â òî÷êå M1(−4; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(1; 19).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x + 3y

5x + 3y
â òî÷êå Mo(−3; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x− 3y

−2x + 2z
~i +

2x + 2y

−4y − 3z
~j +

3x + 4z

−3y − 2z
~k â òî÷êå Mo(−3; 3; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4x− 3y + 4z; 3x + 2y − 4z; 3x + 3y − 3z} â òî÷êå Mo(1; 2;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;4;−1)∫

(−3;0;−4)

(12x− 4π sin(πx)) dx + (−10y − 4π sin(πy)) dy + (−8z − 3π sin(πz)) dz.

11. Ïîëå {(−3x + 4y + 2z)~i + (4x + 3y + 2z)~j + (2x + 3y − 0z)~k}
1) ïîòåíöèàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 2y − 2) dx + (4x + 4y − 4) dy ïî ëîìàíîé ABCD,

åñëè A(2; 12), B(2; 9), C(7; 9), D(2; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 2y− 3) dx + (3x2 + 4y− 2) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

4− x2, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−4x− 3y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 3y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = 8− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−4y +3z) dydz+(3x+4y +3z) dxdz+(3x−4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 6, y = 3, y = 6 + x, z = −3, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 4) dydz+(3z − 3) dxdz+(2x + 3y + 3z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

3
= 1, 0 ≤ z ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x + 4y

x + 4
+

7x− 4y

y + 3
â òî÷êå M1(8; 1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−4; 6).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

6x + 4y
â òî÷êå Mo(8;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x~i− 4y~j + 2z~k√
x2 + y2 + z2

â òî÷êå Mo(4;−3; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 − 2y − 4z)~i+(3x + 2y2 + 4z)~j+(2x− 4y + 3z2)~k â òî÷êå Mo(2; 2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;−5;−3)∫
(0;−4;−6)

(2y − 4z + 3) dx + (2x + 3z + 2) dy + (−4x + 3y + 6) dz.

11. Ïîëå {(−5x + 2y + 2z)~i + (2x− 3y + 4z)~j + (2x + 4y + 11z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 4y − 4) dx + (4x + 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(3; 4), B(3; 1), C(6; 4), D(11; 4).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 − 3y + 2) dx + (3x2 − 2y + 1) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

36− x2, y = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(−3x+3y− z +2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+3y−3,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 4, y = 2 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+2y−2z) dydz+(2x−4y−3z) dxdz+(2x−2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −3, y = 4, y = 7, y = 6− x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y − 3)) dydz+(3x− 4y − 2z) dxdz+(2x− 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

4
= 1, 0 ≤ y ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 4y

2x + 3y
â òî÷êå M1(4; 7)

ïî íàïðàâëåíèþ ê òî÷êå M2(16; 2).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 2y

x + 1
+

6x + 2y

y + 1
â òî÷êå

Mo(1; 5).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5y − 3z

x2
~i +

−2x + 5z

y2
~j +

−2x + 4y

z2
~k â òî÷êå Mo(−2;−1;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
− 4y + 2z; 3x− 3

y
+ 4z; 4x− 3y − 2

z
} â òî÷êå Mo(2; 2; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;1;1)∫

(−2;0;−2)

(4y + 6z − 4 cos(πx)) dx + (4x + 3z + 3 cos(πy)) dy + (6x + 3y − 3 cos(πz)) dz.

11. Ïîëå 4x2 − 4y2 − 2z2 − 2xy + 3yz − 2xz

1) ïîòåíöèàëüíîå 2) ñîëåíîèäàëüíîå

3) ñêàëÿðíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 4y − 4) dx + (2x + 3y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(3; 9), B(8; 9), C(3; 4), D(3;−2).

2. Âû÷èñëèòü 1

π

∮
L

(3x + 4y2 + 1) dx + (2x + 2y2 − 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

9− y2, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(4x + 2y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 2y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = 9, y = 3, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−3y−2z) dydz+(3x+4y +4z) dxdz+(3x−2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 4, y = 5, y = −3 + x, z = −2, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x + 3y + 4z) dydz+(2x− 2) dxdz+(3y + 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5xy

5x + 2y
â òî÷êå M1(8;−1)

ïî íàïðàâëåíèþ ê òî÷êå M2(16;−16).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
5x + 2y

x− 1
+

3x− 3y

y + 1
â òî÷êå

Mo(−3; 2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x− 4y − 3z

x
~i +

−4x + 2y − 4z

y
~j +

4x− 4y + 4z

z
~k â òî÷êå Mo(−4;−1;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x + 2y − 4z)~i+(4x + 4ey − 4z)~j+(2x− 2y + 3 tg z)~k â òî÷êå Mo(−1; 3; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;0;−4)∫
(−2;0;3)

(8x + 3y + 3z) dx + (3x + 6y − 3z) dy + (3x− 3y + 4z) dz.

11. Ïîëå {(mx + 7y + 6z)~i + (7x− 5y − 2z)~j + (6x− 1y − 2z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 2y − 2) dx + (3x + 2y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(−2; 9), B(1; 9), C(1; 4), D(6; 9).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 4y2 + 3) dx + (2x− 3y2 − 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

4− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(3x + 2y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 2y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 1, y = 6, y = 4 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−2y−2z) dydz+(2x+3y−4z) dxdz+(3x+2y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 6, y = −1, y = 4, y = 1− x, z = 0, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2) dydz+(4x− 4y − 4z) dxdz+(2x + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

2
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 4y

2x− 4y
â òî÷êå M1(4; 9)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(16; 4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 4y

5x + 4y
â òî÷êå Mo(3; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x− 3y

3x− 3z
~i +

−3x + 3y

2y − 3z
~j +

−3x + 4z

−4y + 4z
~k â òî÷êå Mo(2; 4; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x + 3y + 2z)~i+(2x + 2

√
y − 3z)~j+(2x− 2y − 2 ctg z)~k â òî÷êå Mo(2; 3; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;2;−2)∫

(−5;−5;−5)

(12x + 6π sin(πx)) dx + (−8y + 2π sin(πy)) dy + (4z + 3π sin(πz)) dz.

11. Ïîëå {(−3x + my + nz)~i + (6x + 2y − 2z)~j + (6x− 1y − 4z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y +4)
−→
i +(4x− 4y +2)

−→
j íà ïóòè ABCD, åñëè

A(3; 2), B(6; 5), C(6; 2), D(12; 2).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 3y− 1) dx + (3x2 + 3y− 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 6− | x |, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x+4y− z +9) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+4y +3,

âûðåçàííîé ïëîñêîñòÿìè y = −2, y = −4 + x, y = 8− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y−3z) dydz+(2x−4y−3z) dxdz+(2x+3y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, x = 2, y = −2, y = 2 + x, z = 3, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x + 3y + 4z) dydz+(4x + 4) dxdz+(3y + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

4
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

6x + 4y
â òî÷êå M1(3; 4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−9; 9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6xy

6x− 2y
â òî÷êå Mo(7; 6).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x~i− 3y~j − 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−3;−4; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3x + 4y + 2z; 3x− 4y + 3z; 3x + 2y + 4z} â òî÷êå Mo(−3;−1;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;5;−5)∫

(−5;−7;−2)

(2y + 3z + 5) dx + (2x− 3z + 4) dy + (3x− 3y + 2) dz.

11. Ïîëå {(−4x + 2y − 3z)~i + (2x + 2y − 4z)~j + (−3x− 4y + 2z)~k}
1) âåêòîðíîå 2) ñêàëÿðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå
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Âàðèàíò 62

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x−3y−2)
−→
i +(4x−2y +3)

−→
j íà ïóòè ABCD, åñëè

A(3; 15), B(3; 10), C(9; 10), D(3; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 4y + 3) dx + (4x2 + 3y + 4) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −6, y = 0}.
3. Âû÷èñëèòü 1√

9

∫∫
P

(2x− 2y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 2y − 2,

âûðåçàííîé ïëîñêîñòÿìè y = 6, y = −3 + x, y = 9− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+2y +2z) dydz+(2x−3y +3z) dxdz+(3x−4y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = −1, y = 1, y = 7− x, z = 3, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 2)) dydz+(3x + 2y − 2z) dxdz+(4x− 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

3
= 1, 0 ≤ y ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 3y

x + 2
+

2x− 4y

y + 2
â òî÷êå M1(4;−3)

ïî íàïðàâëåíèþ ê òî÷êå M2(10; 5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7xy

2x− 3y
â òî÷êå Mo(3; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4y + 2z

x2
~i +

5x + 4z

y2
~j +

5x + 4y

z2
~k â òî÷êå Mo(2;−2;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 + 3y − 3z)~i+(2x− 3y2 + 4z)~j+(3x− 2y − 3z2)~k â òî÷êå Mo(2;−1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;1;5)∫

(0;−3;−5)

(5y + 6z − 4 cos(πx)) dx + (5x− 4z + 4 cos(πy)) dy + (6x− 4y + 5 cos(πz)) dz.

11. Ïîëå {(−3x + 6y − 4z)~i + (6x + 3y + 7z)~j + (−4x + 8y − 0z)~k}
1) ïîòåíöèàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x−4y−2)
−→
i +(3x−3y +4)

−→
j íà ïóòè ABCD, åñëè

A(2; 8), B(2; 3), C(7; 8), D(12; 8).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 4y2 + 4) dx + (3x− 4y2 − 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 1− | y |, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−4x− 2y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 2y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = −2, y = −2, y = 1− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+3y +4z) dydz+(2x−3y−4z) dxdz+(4x+3y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, x = 1, y = 10, y = 6 + x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y + 3z) dydz+(3x− 2) dxdz+(3y + 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

4
+

z

3
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x− 2y

x + 4
+

4x− 3y

y + 1
â òî÷êå M1(1; 2)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−11;−7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x + 3y

x− 2
+

4x + 3y

y − 2
â òî÷êå

Mo(1; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 2y + 5z

x
~i +

−4x + 2y − 4z

y
~j +

−3x + 3y + 2z

z
~k â òî÷êå Mo(4;−3; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
− 2y + 3z; 2x− 3

y
+ 2z; 3x + 2y +

4

z
} â òî÷êå Mo(1; 3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−5;−5;−5)∫
(3;−2;0)

(12x− 5y + 4z) dx + (−5x− 8y + 5z) dy + (4x + 5y − 4z) dz.

11. Ïîëå {(2x− 3y − 3z)~i + (−3x + 4y − 3z)~j + (−3x− 3y − 3z)~k}
1) ñîëåíîèäàëüíîå 2) âåêòîðíîå

3) ïîòåíöèàëüíîå 4) ñêàëÿðíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y +4)
−→
i +(2x−2y−3)

−→
j íà ïóòè ABCD, åñëè

A(3; 7), B(7; 7), C(3; 3), D(3;−1).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 3y2 − 3) dx + (2x + 2y2 + 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −4, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x+4y− z +9) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+4y +4,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 4, y = 8 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y−4z) dydz+(3x−3y +4z) dxdz+(2x−4y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 5, y = −3, y = 2, y = −2− x, z = 2, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 4) dydz+(2z + 3) dxdz+(2x + 3y + 4z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

5
= 1, 0 ≤ z ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4xy

2x− 2y
â òî÷êå M1(1;−3)

ïî íàïðàâëåíèþ ê òî÷êå M2(−11;−8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
6x− 2y

x + 2
+

7x− 4y

y + 3
â òî÷êå

Mo(−1; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x− 2y

4x + 3z
~i +

−3x− 2y

3y − 2z
~j +

5x + 2z

3y + 5z
~k â òî÷êå Mo(−1; 1; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x + 2y + 2z)~i+(4x− 3ey + 2z)~j+(2x + 3y + 3 tg z)~k â òî÷êå Mo(−1; 2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;3;1)∫

(−5;0;−2)

(8x− 2π sin(πx)) dx + (10y + 5π sin(πy)) dy + (10z + 4π sin(πz)) dz.

11. Ïîëå −2x2 − 2y2 + 3z2 − 2xy + 3yz − 3xz

1) ñêàëÿðíîå 2) âåêòîðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x−2y−4)
−→
i +(3x+2y +2)

−→
j íà ïóòè ABCD, åñëè

A(−2; 4), B(3; 4), C(3; 1), D(6; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2− 4y− 3) dx + (2x2− 4y + 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

16− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x+4y− z +5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+4y +2,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 6, y = 8− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+3y +3z) dydz+(2x−2y−4z) dxdz+(2x+3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 6, y = 3, y = 4 + x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y − 2) dydz+(3x + 4y − 4z) dxdz+(4x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

5
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 4y

4x− 4y
â òî÷êå M1(3; 4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−1; 1).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

2x− 3y
â òî÷êå Mo(−4;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x~i + 3y~j − 3z~k√
x2 + y2 + z2

â òî÷êå Mo(−2;−2; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x + 2y − 2z)~i+(3x− 3

√
y − 2z)~j+(2x + 2y − 2 ctg z)~k â òî÷êå Mo(−2;−1; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;0;6)∫
(−3;1;0)

(4y − 3z + 6) dx + (4x + 2z − 2) dy + (−3x + 2y + 5) dz.

11. Ïîëå {(mx− 5y + 4z)~i + (−5x + 2y + 4z)~j + (4x + 5y − 4z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 2y + 3) dx + (3x + 2y − 2) dy ïî ëîìàíîé ABCD,

åñëè A(0; 4), B(3; 7), C(3; 4), D(8; 4).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 + 4y + 2) dx + (4x2 − 4y − 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

4− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−4x+2y− z +8) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+2y +4,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 1, y = −6 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−3y−4z) dydz+(3x+4y +4z) dxdz+(3x−2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = 2, y = 5, y = 13− x, z = 1, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x− 3y − 2z) dydz+(3x− 4) dxdz+(3y − 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

4
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3xy

5x− 2y
â òî÷êå M1(10;−1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(22; 4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6x + 2y

3x + 3y
â òî÷êå Mo(−3;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4y − 2z

x2
~i +

4x− 2z

y2
~j +

−4x + 4y

z2
~k â òî÷êå Mo(−3; 2; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4x− 2y − 4z; 4x− 4y + 2z; 3x + 2y − 3z} â òî÷êå Mo(−1;−2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(2;5;4)∫

(0;−3;2)

(4y + 5z − 2 cos(πx)) dx + (4x + 6z − 5 cos(πy)) dy + (5x + 6y − 5 cos(πz)) dz.

11. Ïîëå {(5x + my + nz)~i + (3x + 4y − 4z)~j + (−4x− 3y − 0z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 3y − 2) dx + (3x + 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(1; 9), B(1; 5), C(5; 5), D(1; 1).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 3y2 − 1) dx + (4x + 4y2 + 4) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

9− y2, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−3x− 2y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −3x− 2y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = −1, y = 2, y = 8− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−4y +2z) dydz+(3x−4y +3z) dxdz+(3x−4y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 1, x = 3, y = 2, y = −5 + x, z = −3, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 3)) dydz+(2x− 2y − 4z) dxdz+(2x + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

4
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x− 4y

x + 4
+

4x + 2y

y − 2
â òî÷êå M1(3;−4)

ïî íàïðàâëåíèþ ê òî÷êå M2(−9;−9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
4xy

4x− 4y
â òî÷êå Mo(10;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 4y + 5z

x
~i +

−4x + 2y + 3z

y
~j +

−3x + 3y − 2z

z
~k â òî÷êå Mo(2;−1;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3

x
+ 3y − 2z; 3x− 3

y
+ 3z; 2x− 4y +

4

z
} â òî÷êå Mo(−3;−3; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;2;−1)∫
(0;0;−5)

(6x− 5y + 2z) dx + (−5x + 4y − 5z) dy + (2x− 5y − 6z) dz.

11. Ïîëå {(−3x + 3y − 2z)~i + (3x− 3y − 2z)~j + (−2x− 2y + 6z)~k}
1) ñêàëÿðíîå 2) âåêòîðíîå

3) ïîòåíöèàëüíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 2y + 3) dx + (2x− 3y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(1; 8), B(1; 4), C(5; 8), D(8; 8).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 2y2 − 4) dx + (4x− 2y2 − 2) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 10, y = 3, y = 6, y = −1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+2y−4z) dydz+(2x−3y−2z) dxdz+(4x−3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 7, y = 1, y = 4, y = 5− x, z = 0, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x− 2y + 2z) dydz+(4x + 3) dxdz+(2y + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

3
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x + 3y

x + 4
+

7x + 2y

y + 1
â òî÷êå M1(−3; 2)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−15;−7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x + 2y

x− 2
+

3x + 2y

y − 3
â òî÷êå

Mo(−1;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x− 2y

−3x + 5z
~i +

−3x + 3y

5y − 3z
~j +

4x− 2z

5y + 2z
~k â òî÷êå Mo(−1;−2;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 cos x + 3y + 3z)~i+(3x + 3ey − 2z)~j+(3x + 2y − 3 tg z)~k â òî÷êå Mo(1;−1;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;2;6)∫

(−1;−2;−3)

(4x− 5π sin(πx)) dx + (−8y + 4π sin(πy)) dy + (8z + 4π sin(πz)) dz.

11. Ïîëå {(4x− 5y + 6z)~i + (−5x + 3y − 3z)~j + (6x− 2y − 7z)~k}
1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 3y + 2) dx + (3x + 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(3; 6), B(7; 6), C(3; 2), D(3;−3).

2. Âû÷èñëèòü 1

π

∮
L

(2x2− 4y− 2) dx + (2x2 + 4y + 1) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 1− | x |, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x+4y− z +2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −2x+4y−4,

âûðåçàííîé ïëîñêîñòÿìè y = −1, y = 2 + x, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+4y +2z) dydz+(4x− 3y +4z) dxdz+(3x+2y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, x = −2, y = 4, y = 13 + x, z = 0, z = 4}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 4) dydz+(2z − 3) dxdz+(3x− 3y + 3z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

5
= 1, 0 ≤ z ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 3y

3x + 3y
â òî÷êå M1(9; 1)

ïî íàïðàâëåíèþ ê òî÷êå M2(21;−4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
4x + 4y

x + 3
+

2x− 3y

y − 4
â òî÷êå

Mo(10; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i− 3y~j + 3z~k√
x2 + y2 + z2

â òî÷êå Mo(3;−1;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x− 4y + 4z)~i+(4x + 2

√
y + 3z)~j+(2x− 3y + 3 ctg z)~k â òî÷êå Mo(−1; 1;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;0;−4)∫

(−1;−7;−1)

(4y + 4z − 2) dx + (4x + 3z − 5) dy + (4x + 3y + 4) dz.

11. Ïîëå {(6x + 2y + 6z)~i + (2x + 2y − 2z)~j + (6x− 2y − 5z)~k}
1) ïîòåíöèàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 2y − 4) dx + (2x + 3y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(0; 6), B(3; 6), C(3; 2), D(7; 6).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 − 2y − 2) dx + (4x2 − 3y − 1) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−3x− 2y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −3x− 2y + 2,

âûðåçàííîé ïëîñêîñòÿìè y = 4, y = −3 + x, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+4y−4z) dydz+(2x−4y +4z) dxdz+(4x−3y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = −2, y = 3, y = 12− x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 4) dydz+(2x + 2y + 4z) dxdz+(4x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

2
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

3x− 3y
â òî÷êå M1(8; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(0;−11).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6x− 3y

7x + 4y
â òî÷êå Mo(3;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4y − 2z

x2
~i +

−2x + 2z

y2
~j +

4x + 4y

z2
~k â òî÷êå Mo(−4;−3;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x− 2y + 4z; 2x + 2y − 2z; 4x + 4y + 4z} â òî÷êå Mo(−2; 2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;1;5)∫

(−6;1;3)

(5y − 4z − 4 cos(πx)) dx + (5x− 5z + 3 cos(πy)) dy + (−4x− 5y + 6 cos(πz)) dz.

11. Ïîëå −3x2 − 3y2 + 2z2 − 4xy − 4yz − 2xz

1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x−2y +3)
−→
i +(4x−3y−3)

−→
j íà ïóòè ABCD, åñëè

A(2; 3), B(5; 6), C(5; 3), D(10; 3).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 2y2 + 2) dx + (2x + 2y2 + 4) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 4− | y |, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(4x + 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 3y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 1, y = 9− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−3y−2z) dydz+(2x+2y +2z) dxdz+(4x+3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, x = 5, y = 3, y = −7 + x, z = 2, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x + 4y − 4z) dydz+(4x + 2) dxdz+(4y + 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

2
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x + 2y

7x− 2y
â òî÷êå M1(−2; 3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(10;−6).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7xy

7x + 4y
â òî÷êå Mo(10; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x + 4y + 5z

x
~i +

5x− 3y + 4z

y
~j +

−3x + 2y + 4z

z
~k â òî÷êå Mo(−1;−3; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 − 4y + 2z)~i+(3x + 2y2 + 2z)~j+(2x− 4y − 2z2)~k â òî÷êå Mo(−3;−3;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;−5;−1)∫
(1;0;−5)

(10x + 2y + 6z) dx + (2x + 6y + 5z) dy + (6x + 5y − 10z) dz.

11. Ïîëå {(mx− 2y − 4z)~i + (−2x− 4y + 2z)~j + (−4x + 3y + 1z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x+3y−4)
−→
i +(2x−2y +4)

−→
j íà ïóòè ABCD, åñëè

A(0; 13), B(0; 7), C(5; 7), D(0; 2).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 2y2 + 4) dx + (4x + 4y2 + 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −3, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 3) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = 2, y = −1 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+3y +3z) dydz+(4x+3y +4z) dxdz+(4x+2y− 2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 10, y = 3, y = 8, y = 11− x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 2)) dydz+(4x− 2y + 2z) dxdz+(4x + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

5
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3xy

4x− 2y
â òî÷êå M1(−1; 5)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(4;−7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 4y

6x + 3y
â òî÷êå Mo(10;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x− 3y

−2x + 4z
~i +

5x− 4y

2y + 5z
~j +

2x− 2z

−3y + 4z
~k â òî÷êå Mo(2; 2;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
+ 4y + 2z; 2x− 2

y
− 3z; 3x + 3y − 4

z
} â òî÷êå Mo(−2; 2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;−5;−4)∫
(−1;1;−5)

(6x + 3π sin(πx)) dx + (−6y − 3π sin(πy)) dy + (−6z + 6π sin(πz)) dz.

11. Ïîëå {(−5x + my + nz)~i + (2x− 5y + 6z)~j + (−3x + 7y + 5z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x−2y−4)
−→
i +(3x−3y +2)

−→
j íà ïóòè ABCD, åñëè

A(1; 6), B(1; 2), C(5; 6), D(11; 6).

2. Âû÷èñëèòü 1

π

∮
L

(4x2− 3y− 2) dx + (4x2− 2y + 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

9− x2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(−2x− 3y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 3y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 6, y = 7, y = 10− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x− 4y − 3z) dydz+(3x + 4y − 3z) dxdz+(2x− 4y − 4z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = 2, x = 4, y = 3, y = 5 + x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4x− 4y − 4z) dydz+(4x− 3) dxdz+(4y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

4
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 3y

x− 4
+

7x− 2y

y + 2
â òî÷êå M1(6; 3)

ïî íàïðàâëåíèþ ê òî÷êå M2(−6; 8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3xy

7x + 3y
â òî÷êå Mo(−1; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x~i− 4y~j + 4z~k√
x2 + y2 + z2

â òî÷êå Mo(1;−2; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x− 4y − 3z)~i+(4x− 4ey + 3z)~j+(3x + 2y + 3 tg z)~k â òî÷êå Mo(−2;−3; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;0;−4)∫

(−6;−6;−1)

(3y − 2z − 5) dx + (3x− 2z + 5) dy + (−2x− 2y − 4) dz.

11. Ïîëå {(−4x + 2y + 3z)~i + (2x− 3y + 4z)~j + (3x + 4y + 7z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x−2y +3)
−→
i +(3x−2y−4)

−→
j íà ïóòè ABCD, åñëè

A(3; 4), B(6; 4), C(3; 1), D(3;−5).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 − 2y + 1) dx + (3x2 + 3y + 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

16− x2, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 2, y = −5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y−2z) dydz+(2x−4y−3z) dxdz+(3x−3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, y = −3, y = 1, y = 4− x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 3) dydz+(4z − 2) dxdz+(3x + 4y − 2z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

4
+

y

3
= 1, 0 ≤ z ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x− 4y

x + 1
+

7x + 2y

y − 2
â òî÷êå M1(10; 1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−2;−4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 2y

x + 4
+

6x− 2y

y − 4
â òî÷êå

Mo(5;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4y − 4z

x2
~i +

2x + 5z

y2
~j +

−4x− 4y

z2
~k â òî÷êå Mo(3; 4; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 ln x− 2y + 4z)~i+(4x− 2

√
y − 3z)~j+(4x− 3y + 2 ctg z)~k â òî÷êå Mo(2;−3;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;5;−2)∫
(3;−2;−1)

(2y + 6z − 3 cos(πx)) dx + (2x + 4z + 5 cos(πy)) dy + (6x + 4y + 6 cos(πz)) dz.

11. Ïîëå {(−2x + 5y − 5z)~i + (5x + 5y − 5z)~j + (−5x− 4y − 3z)~k}
1) ïîòåíöèàëüíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ñêàëÿðíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+3y−2)
−→
i +(3x+2y−3)

−→
j íà ïóòè ABCD, åñëè

A(−6; 7), B(0; 7), C(0; 2), D(5; 7).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 4y2 + 3) dx + (4x− 3y2 − 2) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

4− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x− 4y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −4x− 4y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = −1, y = 1, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +3z) dydz+(4x+2y−3z) dxdz+(4x−4y−4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −3, x = −1, y = 7, y = 4 + x, z = 2, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 2) dydz+(2x + 4y − 4z) dxdz+(2x− 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

5
= 1, 0 ≤ y ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 3y

2x− 3y
â òî÷êå M1(9; 9)

ïî íàïðàâëåíèþ ê òî÷êå M2(14; 21).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
6x− 3y

x− 4
+

6x + 3y

y + 2
â òî÷êå

Mo(10; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 2y + 3z

x
~i +

−2x− 4y + 2z

y
~j +

−3x− 3y − 2z

z
~k â òî÷êå Mo(2; 1;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x− 2y − 3z; 4x + 2y − 4z; 4x− 2y + 3z} â òî÷êå Mo(2; 3;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;2;−1)∫

(−4;−6;−4)

(8x− 4y − 4z) dx + (−4x− 10y + 2z) dy + (−4x + 2y + 8z) dz.

11. Ïîëå {(2x− 3y − 2z)~i + (−3x + 2y + 2z)~j + (−2x + 2y − 1z)~k}
1) ñêàëÿðíîå 2) ñîëåíîèäàëüíîå

3) âåêòîðíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 2y + 3) dx + (3x + 3y − 4) dy ïî ëîìàíîé ABCD,

åñëè A(2; 1), B(7; 6), C(7; 1), D(13; 1).

2. Âû÷èñëèòü 1

π

∮
L

(3x + 4y2 + 3) dx + (2x + 2y2 + 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

1− y2, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(4x + 2y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 2y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 9, y = 1, y = 4, y = −2 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−2y +2z) dydz+(2x−4y−2z) dxdz+(4x+2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 12, y = 3, y = 7, y = 10− x, z = −3, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 4y − 2z) dydz+(3x− 4) dxdz+(3y + 4) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

3
+

z

4
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

2x + 3y
â òî÷êå M1(5; 10)

ïî íàïðàâëåíèþ ê òî÷êå M2(17; 19).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x + 4y

5x− 4y
â òî÷êå Mo(10; 4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 5y

−4x + 4z
~i +

4x + 5y

2y + 4z
~j +

2x + 3z

3y + 3z
~k â òî÷êå Mo(−4; 3; 2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3x2 − 4y + 2z)~i+(4x + 2y2 + 3z)~j+(2x + 4y − 4z2)~k â òî÷êå Mo(2;−3; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;−2;3)∫
(3;−5;0)

(8x + 4π sin(πx)) dx + (4y + 4π sin(πy)) dy + (8z + 3π sin(πz)) dz.

11. Ïîëå 2x2 + 3y2 − 3z2 − 2xy + 4yz − 4xz

1) ïîòåíöèàëüíîå 2) ñêàëÿðíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 3y + 3) dx + (4x + 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(1; 11), B(1; 8), C(7; 8), D(1; 2).

2. Âû÷èñëèòü 1

π

∮
L

(3x2− 2y + 4) dx + (2x2 + 2y + 1) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 1− | x |, y = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(3x + 3y − z + 8) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 3y + 4,

âûðåçàííîé ïëîñêîñòÿìè y = 1, y = 4 + x, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x + 2y − 4z) dydz+(4x− 3y − 3z) dxdz+(4x− 3y − 2z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = −2, y = −4, y = −1, y = 1− x, z = 4, z = 7}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y − 4) dydz+(3z − 3) dxdz+(4x− 4y − 4z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

4
+

y

3
= 1, 0 ≤ z ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x− 2y

7x + 2y
â òî÷êå M1(−3; 3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(2;−9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6xy

5x− 3y
â òî÷êå Mo(8; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i + 2y~j − 3z~k√
x2 + y2 + z2

â òî÷êå Mo(−4; 1; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3

x
− 2y + 4z; 2x +

3

y
− 3z; 3x + 3y +

3

z
} â òî÷êå Mo(−3; 2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;5;4)∫

(3;0;−4)

(3y + 3z − 5) dx + (3x + 3z − 4) dy + (3x + 3y + 2) dz.

11. Ïîëå {(mx + 7y + 3z)~i + (7x + 4y + 2z)~j + (3x + 3y − 0z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...



500 Òåîðèÿ ïîëÿ

Âàðèàíò 78

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 4y + 4) dx + (3x− 2y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(0; 7), B(0; 4), C(3; 7), D(8; 7).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 2y + 4) dx + (2x2 − 3y − 1) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −1, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(−4x+4y− z +5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+4y +3,

âûðåçàííîé ïëîñêîñòÿìè y = 7, y = 1 + x, y = 5− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+3y +2z) dydz+(3x−4y +3z) dxdz+(2x−4y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, x = 3, y = 3, y = −2 + x, z = −1, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 2)) dydz+(3x− 2y + 3z) dxdz+(4x + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

4
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

3x + 4y
â òî÷êå M1(−2; 8)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(3; 20).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5xy

4x + 4y
â òî÷êå Mo(−4;−4).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4y − 2z

x2
~i +

2x + 5z

y2
~j +

5x + 5y

z2
~k â òî÷êå Mo(−1; 3;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x + 2y + 4z)~i+(3x− 3ey + 4z)~j+(2x + 3y + 2 tg z)~k â òî÷êå Mo(−3; 2; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−2;2)∫

(−5;−6;−3)

(4y − 4z + 3 cos(πx)) dx + (4x− 5z − 3 cos(πy)) dy + (−4x− 5y − 4 cos(πz)) dz.

11. Ïîëå {(7x + my + nz)~i + (5x + 7y + 6z)~j + (3x + 7y + 6z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x− 2y − 4) dx + (2x + 2y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(2; 7), B(6; 7), C(2; 3), D(2; 0).

2. Âû÷èñëèòü 1

π

∮
L

(3x + 4y2 − 1) dx + (3x− 2y2 + 4) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 3− | y |, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y − 2,

âûðåçàííîé ïëîñêîñòÿìè x = 2, y = −1, y = 5− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−3y +2z) dydz+(3x−2y +2z) dxdz+(2x+3y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 9, y = −4, y = −2, y = 1− x, z = −2, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 2y + 2z) dydz+(3x− 2) dxdz+(3y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

5
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x + 3y

x + 3
+

5x− 4y

y + 4
â òî÷êå M1(5; 10)

ïî íàïðàâëåíèþ ê òî÷êå M2(20; 2).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x + 2y

x− 3
+

7x + 4y

y + 1
â òî÷êå

Mo(8;−2).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 5y − 4z

x
~i +

−4x− 4y + 4z

y
~j +

−4x− 4y − 2z

z
~k â òî÷êå Mo(−4; 3;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 2y + 3z)~i+(4x + 2

√
y − 4z)~j+(3x− 4y − 2 ctg z)~k â òî÷êå Mo(−3; 2; 1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(5;−3;−1)∫
(−7;−1;2)

(4x + 5y − 4z) dx + (5x + 6y + 6z) dy + (−4x + 6y − 6z) dz.

11. Ïîëå {(−3x− 2y + 3z)~i + (−2x− 4y − 4z)~j + (3x− 4y + 7z)~k}
1) ñîëåíîèäàëüíîå 2) âåêòîðíîå

3) ñêàëÿðíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 4y + 3) dx + (3x− 4y − 4) dy ïî ëîìàíîé ABCD,

åñëè A(−2; 7), B(3; 7), C(3; 3), D(7; 7).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 4y2 − 2) dx + (3x− 2y2 − 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −3, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−4x+2y− z +1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+2y−3,

âûðåçàííîé ïëîñêîñòÿìè x = −2, y = 4, y = 8 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+3y +2z) dydz+(4x−2y +2z) dxdz+(2x−2y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −1, x = 4, y = 2, y = 8 + x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 2) dydz+(2z − 2) dxdz+(3x− 2y − 3z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

3
= 1, 0 ≤ z ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7x− 4y

x− 2
+

3x− 3y

y − 4
â òî÷êå M1(1; 9)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(9; 3).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
4x− 2y

x + 2
+

6x + 3y

y − 2
â òî÷êå

Mo(6; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x + 4y

−4x− 3z
~i +

2x− 2y

3y + 5z
~j +

−3x− 2z

4y + 4z
~k â òî÷êå Mo(−4;−3;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x− 4y − 3z; 4x + 4y + 2z; 2x + 4y − 2z} â òî÷êå Mo(1;−2;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;−2;1)∫
(−5;1;2)

(10x− 2π sin(πx)) dx + (−10y + 6π sin(πy)) dy + (12z − 5π sin(πz)) dz.

11. Ïîëå {(−4x + 3y − 3z)~i + (3x + 4y + 7z)~j + (−3x + 8y − 0z)~k}
1) ñîëåíîèäàëüíîå 2) ïîòåíöèàëüíîå

3) âåêòîðíîå 4) ñêàëÿðíîå
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Âàðèàíò 81

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+2y−2)
−→
i +(4x−3y +2)

−→
j íà ïóòè ABCD, åñëè

A(3; 3), B(9; 9), C(9; 3), D(12; 3).

2. Âû÷èñëèòü 1

π

∮
L

(2x2− 2y− 4) dx + (4x2− 4y− 4) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

1− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(2x− 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 6, y = 6, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y +3z) dydz+(2x−4y−4z) dxdz+(4x+4y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, y = 4, y = 6, y = 12− x, z = 1, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y + 3) dydz+(3x− 4y − 3z) dxdz+(2x− 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

3
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 3y

7x + 4y
â òî÷êå M1(5;−4)

ïî íàïðàâëåíèþ ê òî÷êå M2(−3; 11).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x− 3y

7x + 4y
â òî÷êå Mo(7; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x~i + 4y~j − 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−1; 1;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 + 3y − 2z)~i+(4x + 3y2 − 4z)~j+(3x + 3y − 2z2)~k â òî÷êå Mo(−2;−1;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(3;2;3)∫

(−2;−7;−7)

(6y − 3z − 3) dx + (6x + 2z + 5) dy + (−3x + 2y − 2) dz.

11. Ïîëå {(−2x− 5y + 4z)~i + (−5x + 4y + 3z)~j + (4x + 3y + 1z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) ñêàëÿðíîå
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Âàðèàíò 82

1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x+4y−4)
−→
i +(3x−2y−3)

−→
j íà ïóòè ABCD, åñëè

A(1; 12), B(1; 8), C(5; 8), D(1; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 − 2y + 4) dx + (3x2 − 4y − 2) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

1− x2, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x + 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −3x + 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 4, y = 4, y = −3 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−2y +2z) dydz+(3x+3y +3z) dxdz+(2x−2y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, x = −2, y = 9, y = 7 + x, z = −3, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 2y + 2z) dydz+(4x + 2) dxdz+(3y − 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

4
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x− 2y

7x + 3y
â òî÷êå M1(7;−2)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(1; 6).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7xy

3x− 3y
â òî÷êå Mo(4;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4y − 4z

x2
~i +

2x + 3z

y2
~j +

4x− 2y

z2
~k â òî÷êå Mo(−3; 2;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
+ 3y − 3z; 2x− 2

y
+ 4z; 4x + 2y − 4

z
} â òî÷êå Mo(3; 1;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(5;4;5)∫
(1;0;2)

(3y − 3z + 2 cos(πx)) dx + (3x + 3z − 4 cos(πy)) dy + (−3x + 3y + 6 cos(πz)) dz.

11. Ïîëå −3x2 + 2y2 + 2z2 + 4xy − 3yz − 3xz

1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) âåêòîðíîå
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Âàðèàíò 83

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−3)
−→
i +(2x+4y +2)

−→
j íà ïóòè ABCD, åñëè

A(2; 5), B(2; 1), C(6; 5), D(11; 5).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 4y2 + 4) dx + (2x− 2y2 + 1) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

9− y2, x = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(4x + 4y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x + 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 3, y = 5, y = 8− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y−4z) dydz+(2x−3y−4z) dxdz+(2x−3y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 8, y = 3, y = 5, y = 7− x, z = −3, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 2)) dydz+(3x + 2y − 4z) dxdz+(4x− 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

2
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3xy

2x + 2y
â òî÷êå M1(−4;−1)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−12; 14).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x + 4y

5x + 4y
â òî÷êå Mo(4; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x + 4y + 3z

x
~i +

−3x + 2y + 4z

y
~j +

−3x− 2y + 3z

z
~k â òî÷êå Mo(2; 3;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x− 4y − 2z)~i+(2x− 4ey − 3z)~j+(3x− 3y + 2 tg z)~k â òî÷êå Mo(1; 3; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;−2;−1)∫
(−2;1;0)

(12x + 3y − 3z) dx + (3x + 8y + 6z) dy + (−3x + 6y − 4z) dz.

11. Ïîëå {(mx + 3y + 6z)~i + (3x + 5y + 6z)~j + (6x + 7y − 5z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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Âàðèàíò 84

1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−3)
−→
i +(3x+2y +4)

−→
j íà ïóòè ABCD, åñëè

A(0; 9), B(5; 9), C(0; 4), D(0; 1).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 2y2 − 3) dx + (4x− 3y2 − 1) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(3x + 3y − z + 10) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 3y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 9, y = −4, y = 1, y = −3 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+2y− 2z) dydz+(4x+4y +4z) dxdz+(2x+3y− 3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, x = 1, y = 2, y = 11 + x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 2y − 4z) dydz+(3x− 2) dxdz+(2y − 2) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

4
+

z

2
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x− 4y

x− 4
+

5x− 4y

y + 4
â òî÷êå M1(−3; 1)

ïî íàïðàâëåíèþ ê òî÷êå M2(−11;−14).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3xy

6x− 3y
â òî÷êå Mo(−3; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x + 3y

5x− 4z
~i +

4x− 4y

5y + 5z
~j +

−2x− 3z

5y + 5z
~k â òî÷êå Mo(−1;−3; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x− 4y − 4z)~i+(4x− 2

√
y − 3z)~j+(2x + 2y − 3 ctg z)~k â òî÷êå Mo(1; 1;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−5;−4;1)∫
(−2;3;−3)

(10x + 2π sin(πx)) dx + (−4y + 6π sin(πy)) dy + (12z + 4π sin(πz)) dz.

11. Ïîëå {(5x + my + nz)~i + (6x + 7y + 5z)~j + (3x + 6y + 2z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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Âàðèàíò 85

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−4y +3)
−→
i +(3x−2y +3)

−→
j íà ïóòè ABCD, åñëè

A(0; 7), B(3; 7), C(3; 3), D(7; 7).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 2y + 4) dx + (3x2− 4y− 1) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 3− | x |, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(2x− 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 4y − 4,

âûðåçàííîé ïëîñêîñòÿìè y = −1, y = −2 + x, y = 4− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y−4z) dydz+(2x+4y +2z) dxdz+(3x−4y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = −3, y = −1, y = 4− x, z = 3, z = 5}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 3) dydz+(2z − 4) dxdz+(4x− 4y + 3z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

2
= 1, 0 ≤ z ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6x + 4y

x + 3
+

4x− 3y

y − 2
â òî÷êå M1(4; 3)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(13;−9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 4y

x + 4
+

7x− 3y

y + 2
â òî÷êå

Mo(−2;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x~i + 3y~j − 2z~k√
x2 + y2 + z2

â òî÷êå Mo(1;−4;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4x + 2y − 3z; 3x + 3y − 3z; 4x− 3y − 3z} â òî÷êå Mo(−1;−3; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;2;2)∫

(−5;−7;−5)

(4y − 2z + 3) dx + (4x− 5z + 5) dy + (−2x− 5y − 3) dz.

11. Ïîëå {(−2x− 3y + 3z)~i + (−3x− 3y − 2z)~j + (3x− 2y + 5z)~k}
1) âåêòîðíîå 2) ñêàëÿðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå



508 Òåîðèÿ ïîëÿ

Âàðèàíò 86

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 3y − 3) dx + (4x− 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(0; 4), B(6; 10), C(6; 4), D(10; 4).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 4y + 3) dx + (2x2 + 2y + 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −4, y = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(3x + 3y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x + 3y + 2,

âûðåçàííîé ïëîñêîñòÿìè y = 8, y = 2 + x, y = 6− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y +2z) dydz+(4x−3y +4z) dxdz+(3x+4y− 3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = 4, y = 6, y = 3− x, z = −3, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 4) dydz+(3x− 4y + 4z) dxdz+(3x + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

3
+

z

2
= 1, 0 ≤ y ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
6xy

7x + 2y
â òî÷êå M1(5; 8)

ïî íàïðàâëåíèþ ê òî÷êå M2(8; 4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
2x + 2y

x + 4
+

2x + 2y

y − 4
â òî÷êå

Mo(4; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3y + 3z

x2
~i +

4x + 5z

y2
~j +

2x− 4y

z2
~k â òî÷êå Mo(3; 2;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 + 4y + 4z)~i+(2x + 2y2 − 2z)~j+(2x + 3y + 4z2)~k â òî÷êå Mo(1;−3;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−1;5;2)∫
(1;−1;1)

(5y + 3z + 2 cos(πx)) dx + (5x− 5z + 3 cos(πy)) dy + (3x− 5y + 3 cos(πz)) dz.

11. Ïîëå {(3x + 3y + 6z)~i + (3x + 4y − 2z)~j + (6x− 1y − 7z)~k}
1) âåêòîðíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) ñîëåíîèäàëüíîå



Òåîðèÿ ïîëÿ 509

Âàðèàíò 87

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x− 3y − 2) dx + (4x− 3y − 3) dy ïî ëîìàíîé ABCD,

åñëè A(0; 11), B(0; 8), C(4; 8), D(0; 4).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 4y2 + 2) dx + (3x + 4y2 − 3) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 4− | y |, x = 0}.
3. Âû÷èñëèòü 1√

9

∫∫
P

(2x− 2y − z + 7) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 2y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 3, y = 9− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x− 3y − 2z) dydz+(2x− 3y + 3z) dxdz+(3x− 2y − 2z) dxdy ïî çàìêíóòîé

ïîâåðõíîñòè P : {x = −4, x = −2, y = −2, y = 5 + x, z = 4, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x− 2y − 3z) dydz+(2x + 2) dxdz+(4y + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

5
= 1, 0 ≤ x ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2x− 4y

6x− 2y
â òî÷êå M1(−2;−2)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−6; 1).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x + 4y

2x− 3y
â òî÷êå Mo(10;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x + 3y + 4z

x
~i +

−2x + 5y + 5z

y
~j +

4x− 4y + 4z

z
~k â òî÷êå Mo(−2;−3; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
− 2y + 2z; 4x− 4

y
− 2z; 2x + 3y − 4

z
} â òî÷êå Mo(−2;−1; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(0;−1;−3)∫

(−2;−7;−4)

(6x + 6y + 4z) dx + (6x + 6y − 3z) dy + (4x− 3y + 4z) dz.

11. Ïîëå {(3x + 2y − 4z)~i + (2x− 3y + 3z)~j + (−4x + 3y + 3z)~k}
1) âåêòîðíîå 2) ñîëåíîèäàëüíîå

3) ñêàëÿðíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 2y − 2) dx + (4x− 3y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(0; 6), B(0; 1), C(5; 6), D(8; 6).

2. Âû÷èñëèòü 1

π

∮
L

(2x− 2y2 − 1) dx + (4x + 4y2 − 2) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −4, x = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(2x− 3y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 3y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 7, y = −2, y = −5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +3z) dydz+(2x+3y +4z) dxdz+(4x−3y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = 3, y = 8, y = 12− x, z = −1, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 3)) dydz+(4x− 2y − 4z) dxdz+(2x− 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

5
+

z

3
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
7xy

2x− 3y
â òî÷êå M1(−2; 7)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(6;−8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2xy

3x− 4y
â òî÷êå Mo(6; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 4y

4x− 3z
~i +

5x + 3y

4y − 2z
~j +

4x− 4z

2y + 5z
~k â òî÷êå Mo(−2; 2;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4 cos x− 2y + 3z)~i+(3x− 4ey − 4z)~j+(2x− 2y + 3 tg z)~k â òî÷êå Mo(−1;−2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(1;−2;−3)∫

(−6;−6;−5)

(10x− 3π sin(πx)) dx + (4y − 4π sin(πy)) dy + (−8z + 3π sin(πz)) dz.

11. Ïîëå 3x2 − 3y2 + 2z2 + 4xy − 2yz − 4xz

1) ïîòåíöèàëüíîå 2) ñêàëÿðíîå

3) âåêòîðíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 4y + 4) dx + (2x− 3y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(2; 7), B(6; 7), C(2; 3), D(2;−3).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 + 2y− 2) dx + (3x2− 3y + 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

1− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(−2x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −2x− 4y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 8, y = 2, y = 5− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−2y +4z) dydz+(4x+2y +2z) dxdz+(3x−2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −3, x = −1, y = 3, y = −1 + x, z = −1, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 4y + 2z) dydz+(4x + 3) dxdz+(4y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

2
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x + 4y

x + 1
+

7x− 3y

y − 4
â òî÷êå M1(4;−4)

ïî íàïðàâëåíèþ ê òî÷êå M2(10;−12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x + 2y

3x− 3y
â òî÷êå Mo(4;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i + 4y~j + 3z~k√
x2 + y2 + z2

â òî÷êå Mo(4;−3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 2y + 2z)~i+(2x + 3

√
y − 3z)~j+(4x− 2y − 4 ctg z)~k â òî÷êå Mo(1;−3;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−5;6;6)∫

(−6;−6;−7)

(4y + 6z − 2) dx + (4x + 4z − 4) dy + (6x + 4y − 2) dz.

11. Ïîëå {(mx + 6y + 5z)~i + (6x− 3y + 4z)~j + (5x + 5y − 2z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 3y + 3) dx + (2x− 3y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(−4; 6), B(1; 6), C(1; 2), D(5; 6).

2. Âû÷èñëèòü 1

π

∮
L

(2x2 − 3y − 3) dx + (4x2 + 2y + 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

9− x2, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−3x+4y− z +6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −3x+4y +2,

âûðåçàííîé ïëîñêîñòÿìè x = −4, y = 2, y = 3 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y +2z) dydz+(2x+3y− 2z) dxdz+(3x+4y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, y = −4, y = −2, y = −5− x, z = −3, z = 0}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 3) dydz+(3x + 4y + 3z) dxdz+(2x− 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

4
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x + 3y

x + 1
+

4x + 2y

y + 3
â òî÷êå M1(−2;−4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−14;−9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3xy

5x− 4y
â òî÷êå Mo(5; 6).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5y + 3z

x2
~i +

5x− 4z

y2
~j +

5x + 4y

z2
~k â òî÷êå Mo(−2; 3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {3x + 2y + 3z; 2x− 3y − 2z; 3x− 2y − 3z} â òî÷êå Mo(−2; 1;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;6;−4)∫

(−5;−6;−1)

(4y + 5z − 5 cos(πx)) dx + (4x + 3z + 5 cos(πy)) dy + (5x + 3y + 6 cos(πz)) dz.

11. Ïîëå {(6x + my + nz)~i + (−2x− 4y + 2z)~j + (4x + 3y + 5z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...



Òåîðèÿ ïîëÿ 513

Âàðèàíò 91

1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−3y +4)
−→
i +(4x−2y +4)

−→
j íà ïóòè ABCD, åñëè

A(0; 2), B(3; 5), C(3; 2), D(7; 2).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 2y2 + 1) dx + (3x + 2y2 − 4) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(2x + 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x + 4y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = −1, y = −2, y = 3, y = 7− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x−3y +2z) dydz+(3x+4y +4z) dxdz+(3x−2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 3, x = 7, y = 4, y = 5 + x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 2y − 4z) dydz+(4x− 4) dxdz+(3y + 2) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

2
+

z

5
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3xy

2x + 3y
â òî÷êå M1(−3;−3)

ïî íàïðàâëåíèþ ê òî÷êå M2(5;−9).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2x− 3y

x− 4
+

6x− 3y

y + 3
â òî÷êå

Mo(−1; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

5x + 2y + 3z

x
~i +

3x− 3y + 4z

y
~j +

−2x + 3y + 2z

z
~k â òî÷êå Mo(1;−3;−2).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4x2 − 4y + 3z)~i+(3x + 4y2 + 4z)~j+(3x + 2y + 4z2)~k â òî÷êå Mo(−3; 3;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;3;0)∫

(−6;−6;−5)

(12x + 4y − 4z) dx + (4x + 10y + 6z) dy + (−4x + 6y + 4z) dz.

11. Ïîëå {(−3x + 3y + 2z)~i + (3x + 3y + 4z)~j + (2x + 4y − 0z)~k}
1) ñêàëÿðíîå 2) ïîòåíöèàëüíîå

3) ñîëåíîèäàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (3x+3y−4)
−→
i +(2x−2y−2)

−→
j íà ïóòè ABCD, åñëè

A(1; 12), B(1; 7), C(6; 7), D(1; 2).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 4y2 − 4) dx + (4x + 2y2 + 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

1− y2, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 9) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 10, y = −1, y = 2, y = −5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+4y +2z) dydz+(4x+3y +3z) dxdz+(3x− 4y− 4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = 3, y = 5, y = 9− x, z = 3, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2y − 3)) dydz+(2x + 4y − 4z) dxdz+(3x− 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

4
+

z

5
= 1, 0 ≤ y ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
3x− 3y

3x + 4y
â òî÷êå M1(−3;−4)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−18;−12).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
3x− 2y

x− 2
+

5x + 3y

y − 4
â òî÷êå

Mo(6;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

3x + 2y

2x + 2z
~i +

2x− 3y

4y + 3z
~j +

−3x + 3z

3y − 4z
~k â òî÷êå Mo(1; 3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {4

x
− 3y + 3z; 3x +

3

y
+ 2z; 3x + 4y − 3

z
} â òî÷êå Mo(3; 2;−3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(5;−3;−1)∫

(−5;−2;−2)

(12x− 2π sin(πx)) dx + (6y + 2π sin(πy)) dy + (4z + 4π sin(πz)) dz.

11. Ïîëå {(6x + 4y − 2z)~i + (4x + 5y + 4z)~j + (−2x + 5y − 11z)~k}
1) ñêàëÿðíîå 2) ñîëåíîèäàëüíîå

3) ïîòåíöèàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x−3y−3)
−→
i +(2x+3y−4)

−→
j íà ïóòè ABCD, åñëè

A(1; 9), B(1; 3), C(7; 9), D(10; 9).

2. Âû÷èñëèòü 1

π

∮
L

(4x2− 4y− 2) dx + (4x2− 2y + 2) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y = 3− | x |, y = 0}.
3. Âû÷èñëèòü 1√

33

∫∫
P

(4x− 4y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 4y − 2,

âûðåçàííîé ïëîñêîñòÿìè y = −4, y = −1 + x, y = −3− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y−4z) dydz+(4x+4y +4z) dxdz+(2x−3y−2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, x = 9, y = 5, y = −8 + x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x + 3y + 2z) dydz+(3x + 4) dxdz+(3y + 4) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

4
= 1, 0 ≤ x ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2xy

5x− 4y
â òî÷êå M1(−3; 10)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−11; 4).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x + 4y

5x− 4y
â òî÷êå Mo(5; 7).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

2x~i + 2y~j + 3z~k√
x2 + y2 + z2

â òî÷êå Mo(−3; 4;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 cos x− 4y + 2z)~i+(4x + 3ey + 2z)~j+(4x− 2y − 4 tg z)~k â òî÷êå Mo(2; 1;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;5;2)∫

(−6;−5;−1)

(5y − 3z − 5) dx + (5x− 3z + 5) dy + (−3x− 3y + 3) dz.

11. Ïîëå {(−5x + 2y − 3z)~i + (2x + 3y + 6z)~j + (−3x + 6y + 5z)~k}
1) ïîòåíöèàëüíîå 2) ñîëåíîèäàëüíîå

3) ñêàëÿðíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (2x−4y +3)
−→
i +(2x−3y +2)

−→
j íà ïóòè ABCD, åñëè

A(2; 8), B(6; 8), C(2; 4), D(2; 1).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 − 2y − 3) dx + (3x2 + 4y − 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =| x | −5, y = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(−4x+3y− z +8) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = −4x+3y +2,

âûðåçàííîé ïëîñêîñòÿìè y = 8, y = 1 + x, y = 5− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−3y +3z) dydz+(3x−3y−2z) dxdz+(2x+2y +4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 5, y = 1, y = 4, y = 3− x, z = −4, z = −2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y − 3) dydz+(3z + 4) dxdz+(3x− 4y − 2z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

3
= 1, 0 ≤ z ≤ 2}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 4y

x− 3
+

3x− 2y

y + 1
â òî÷êå M1(−3; 4)

ïî íàïðàâëåíèþ ê òî÷êå M2(−15;−1).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
7x− 4y

7x + 2y
â òî÷êå Mo(10; 9).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2y − 2z

x2
~i +

5x + 2z

y2
~j +

−4x− 3y

z2
~k â òî÷êå Mo(4;−2; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x + 2y + 3z)~i+(3x− 4

√
y + 4z)~j+(4x− 2y + 4 ctg z)~k â òî÷êå Mo(−2;−2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−2;−2;2)∫
(1;−6;−7)

(5y + 3z − 4 cos(πx)) dx + (5x− 4z − 2 cos(πy)) dy + (3x− 4y − 4 cos(πz)) dz.

11. Ïîëå −4x2 + 4y2 + 2z2 − 4xy − 3yz − 2xz

1) âåêòîðíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) ñîëåíîèäàëüíîå
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1. Âû÷èñëèòü ðàáîòó ñèëû F = (4x−2y−3)
−→
i +(2x+3y−2)

−→
j íà ïóòè ABCD, åñëè

A(−4; 7), B(2; 7), C(2; 4), D(5; 7).

2. Âû÷èñëèòü 1

π

∮
L

(2x + 3y2 + 1) dx + (2x− 2y2 + 3) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x = 4− | y |, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(3x− 4y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 4y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = −3, y = −1, y = 1− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x−2y +3z) dydz+(4x−3y−2z) dxdz+(3x+3y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, x = 5, y = 2, y = 2 + x, z = −1, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y + 4) dydz+(2x + 3y + 4z) dxdz+(3x + 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

3
= 1, 0 ≤ y ≤ 3}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x + 4y

x− 2
+

3x + 3y

y − 1
â òî÷êå M1(6; 7)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−2;−8).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
2xy

4x + 3y
â òî÷êå Mo(5;−3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x + 3y − 2z

x
~i +

−3x + 2y + 3z

y
~j +

3x− 2y − 4z

z
~k â òî÷êå Mo(−1;−2; 4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2x− 2y + 2z; 2x + 2y + 4z; 2x + 4y − 2z} â òî÷êå Mo(3; 2;−2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(4;−4;2)∫

(−5;1;−7)

(10x− 3y − 4z) dx + (−3x− 4y + 3z) dy + (−4x + 3y + 12z) dz.

11. Ïîëå {(mx− 3y − 5z)~i + (−3x + 7y − 2z)~j + (−5x− 1y − 3z)~k}
ÿâëÿåòñÿ ñîëåíîèäàëüíûì, åñëè m ðàâíî...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x + 3y + 4) dx + (2x− 4y + 4) dy ïî ëîìàíîé ABCD,

åñëè A(2; 1), B(8; 7), C(8; 1), D(12; 1).

2. Âû÷èñëèòü 1

π

∮
L

(4x− 4y2 + 4) dx + (4x− 4y2 − 3) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =| y | −1, x = 0}.
3. Âû÷èñëèòü 1√

19

∫∫
P

(−3x− 3y − z + 2) dσ, ãäå P− ÷àñòü ïëîñêîñòè

z = −3x− 3y − 3,

âûðåçàííîé ïëîñêîñòÿìè x = 1, y = 1, y = 5 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+3y− 4z) dydz+(4x+4y +4z) dxdz+(4x+3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 2, y = −1, y = 3, y = 8− x, z = −1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3x− 3y + 2z) dydz+(3x + 3) dxdz+(3y − 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

3
= 1, 0 ≤ x ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 4y

6x + 4y
â òî÷êå M1(7;−3)

ïî íàïðàâëåíèþ ê òî÷êå M2(−2;−15).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
5x + 2y

x + 1
+

5x− 4y

y − 4
â òî÷êå

Mo(5; 6).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−2x + 2y

−2x− 2z
~i +

−3x + 5y

−4y + 3z
~j +

2x + 5z

−4y + 3z
~k â òî÷êå Mo(2; 2; 3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2x2 + 4y − 3z)~i+(4x− 3y2 + 4z)~j+(4x + 2y − 4z2)~k â òî÷êå Mo(−1; 1; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;−1;5)∫
(−1;−1;2)

(4x− 4π sin(πx)) dx + (6y + 3π sin(πy)) dy + (6z − 4π sin(πz)) dz.

11. Ïîëå {(6x + my + nz)~i + (7x + 7y − 4z)~j + (3x− 3y − 5z)~k}
ÿâëÿåòñÿ ïîòåíöèàëüíûì, åñëè ñóììà m + n ðàâíà...
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(3x + 4y + 3) dx + (3x + 2y + 3) dy ïî ëîìàíîé ABCD,

åñëè A(3; 13), B(3; 8), C(7; 8), D(3; 4).

2. Âû÷èñëèòü 1

π

∮
L

(4x2 + 3y− 3) dx + (2x2 + 2y + 3) dy â ïîëîæèòåëüíîì íàïðàâëåíèè,

åñëè L : {y =
√

9− x2, y = 0}.
3. Âû÷èñëèòü 1√

14

∫∫
P

(3x− 2y − z + 5) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 3x− 2y + 3,

âûðåçàííîé ïëîñêîñòÿìè x = 2, y = 6, y = 4− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x−3y−2z) dydz+(4x−3y +4z) dxdz+(2x+2y−3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −2, x = 1, y = 10, y = 6 + x, z = 1, z = 3}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 4) dydz+(3z − 3) dxdz+(4x + 3y + 4z) dxdy ïî

îòðèöàòåëüíîé ÷àñòè ïëîñêîñòè P : {x

3
+

y

4
= 1, 0 ≤ z ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
2xy

3x + 2y
â òî÷êå M1(1;−1)

ïî íàïðàâëåíèþ ê òî÷êå M2(−8; 11).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |)ôóíêöèè z =
7x + 4y

x− 2
+

6x− 4y

y + 1
â òî÷êå

Mo(10; 3).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3x~i + 2y~j + 2z~k√
x2 + y2 + z2

â òî÷êå Mo(−2; 3; 1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = {2

x
− 4y + 2z; 2x +

4

y
+ 3z; 4x + 4y +

4

z
} â òî÷êå Mo(2; 2; 3).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(6;−4;−5)∫

(−3;−7;−2)

(3y − 5z + 5) dx + (3x + 4z − 4) dy + (−5x + 4y + 3) dz.

11. Ïîëå {(3x + 3y + 4z)~i + (3x− 2y − 3z)~j + (4x− 3y − 1z)~k}
1) âåêòîðíîå 2) ñêàëÿðíîå

3) ñîëåíîèäàëüíîå 4) ïîòåíöèàëüíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 2y + 2) dx + (3x + 4y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(0; 8), B(0; 2), C(6; 8), D(10; 8).

2. Âû÷èñëèòü 1

π

∮
L

(3x2 − 3y − 3) dx + (4x2 − 3y − 3) dy ïî ÷àñîâîé ñòðåëêå,

åñëè L : {y =
√

25− x2, y = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(2x− 4y − z + 1) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 2x− 4y − 4,

âûðåçàííîé ïëîñêîñòÿìè x = −2, y = −1, y = −2 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(2x+2y−2z) dydz+(2x−3y−4z) dxdz+(3x−3y +2z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 5, y = 3, y = 8, y = 5− x, z = −2, z = 2}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(4y + 2)) dydz+(3x− 4y + 2z) dxdz+(4x− 3) dxdy ïî

íèæíåé ÷àñòè ïëîñêîñòè P : {x

2
+

z

5
= 1, 0 ≤ y ≤ 4}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4xy

7x− 2y
â òî÷êå M1(4; 10)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−8; 5).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
3x− 4y

3x + 3y
â òî÷êå Mo(10; 8).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−3y + 4z

x2
~i +

−2x− 4z

y2
~j +

−4x + 4y

z2
~k â òî÷êå Mo(4;−3;−3).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (3 cos x + 3y − 2z)~i+(3x + 3ey − 4z)~j+(4x + 4y + 2 tg z)~k â òî÷êå Mo(2;−2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(5;−3;−2)∫

(−5;−5;−5)

(3y + 4z − 4 cos(πx)) dx + (3x− 5z − 5 cos(πy)) dy + (4x− 5y − 5 cos(πz)) dz.

11. Ïîëå {(2x− 3y + 2z)~i + (−3x + 3y + 5z)~j + (2x + 6y − 5z)~k}
1) ñîëåíîèäàëüíîå 2) ñêàëÿðíîå

3) ïîòåíöèàëüíîå 4) âåêòîðíîå
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1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(2x− 3y − 3) dx + (2x− 4y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(0; 4), B(3; 4), C(0; 1), D(0;−3).

2. Âû÷èñëèòü 1

π

∮
L

(4x + 4y2 − 4) dx + (2x + 2y2 − 3) dy â îòðèöàòåëüíîì íàïðàâëåíèè,

åñëè L : {x =
√

9− y2, x = 0}.
3. Âû÷èñëèòü 1√

26

∫∫
P

(4x− 3y − z + 6) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 3y + 4,

âûðåçàííîé ïëîñêîñòÿìè x = 3, y = 3, y = 7, y = 14− x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(3x+4y +2z) dydz+(2x+2y− 2z) dxdz+(4x+2y +3z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = 4, x = 7, y = −4, y = −5 + x, z = −2, z = 1}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(2x− 3y + 3z) dydz+(3x− 4) dxdz+(3y − 3) dxdy ïî

âåðõíåé ÷àñòè ïëîñêîñòè P : {y

5
+

z

3
= 1, 0 ≤ x ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
4x + 4y

x− 4
+

4x + 2y

y − 1
â òî÷êå M1(8;−2)

ïî íàïðàâëåíèþ ê òî÷êå M2(−4; 7).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
6xy

2x− 2y
â òî÷êå Mo(2;−1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

−4x + 5y + 3z

x
~i +

3x− 2y + 2z

y
~j +

−4x + 3y + 3z

z
~k â òî÷êå Mo(−4; 4;−4).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (2 ln x− 3y − 3z)~i+(3x + 2

√
y − 2z)~j+(4x + 3y − 3 ctg z)~k â òî÷êå Mo(1;−2;−1).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−4;0;−4)∫
(−2;1;0)

(12x− 5y − 5z) dx + (−5x + 12y − 5z) dy + (−5x− 5y − 10z) dz.

11. Ïîëå {(5x− 4y + 4z)~i + (−4x + 3y − 4z)~j + (4x− 4y − 5z)~k}
1) âåêòîðíîå 2) ïîòåíöèàëüíîå

3) ñêàëÿðíîå 4) ñîëåíîèäàëüíîå



522 Òåîðèÿ ïîëÿ

Âàðèàíò 100

1. Âû÷èñëèòü èíòåãðàë
∫

ABCD

(4x− 3y − 4) dx + (3x− 3y + 2) dy ïî ëîìàíîé ABCD,

åñëè A(−3; 4), B(2; 4), C(2; 1), D(5; 4).

2. Âû÷èñëèòü 1

π

∮
L

(3x− 4y2 + 1) dx + (4x− 2y2 − 4) dy ïðîòèâ ÷àñîâîé ñòðåëêè,

åñëè L : {x =
√

36− y2, x = 0}.
3. Âû÷èñëèòü 1√

21

∫∫
P

(4x− 2y − z + 4) dσ, ãäå P− ÷àñòü ïëîñêîñòè z = 4x− 2y + 2,

âûðåçàííîé ïëîñêîñòÿìè x = 0, y = 3, y = 5, y = 7 + x.

4. Âû÷èñëèòü èíòåãðàë
∫∫
P

(4x+2y +2z) dydz+(3x+2y− 2z) dxdz+(2x+2y− 4z) dxdy

ïî çàìêíóòîé ïîâåðõíîñòè P : {x = −4, y = 4, y = 7, y = 6− x, z = 2, z = 6}.
5. Âû÷èñëèòü èíòåãðàë

∫∫
P

(3y − 3) dydz+(4z − 3) dxdz+(4x− 4y − 2z) dxdy ïî

ïîëîæèòåëüíîé ÷àñòè ïëîñêîñòè P : {x

2
+

y

5
= 1, 0 ≤ z ≤ 5}, íàõîäÿùåéñÿ â ïåðâîì

îêòàíòå.

6. Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè z =
5x− 4y

x + 1
+

4x + 2y

y − 2
â òî÷êå M1(7; 6)

ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà ê òî÷êå M2(−5; 15).

7. Âû÷èñëèòü ìîäóëü ãðàäèåíòà (| −→∇z |) ôóíêöèè z =
4x− 4y

2x− 4y
â òî÷êå Mo(5; 1).

8. Âû÷èñëèòü äèâåðãåíöèþ âåêòîðíîãî ïîëÿ
−→a =

4x + 3y

3x− 2z
~i +

−3x + 2y

5y + 4z
~j +

2x + 3z

4y − 4z
~k â òî÷êå Mo(1; 4;−1).

9. Âû÷èñëèòü ìîäóëü ðîòîðà âåêòîðíîãî ïîëÿ
−→a = (4x2 + 3y + 3z)~i+(2x− 3y2 + 4z)~j+(4x + 2y + 3z2)~k â òî÷êå Mo(3; 2; 2).

10. Ïðîâåðèòü, ÿâëÿåòñÿ ëè ïîäûíòåãðàëüíîå âûðàæåíèå ïîëíûì äèôôåðåíöèàëîì

è âû÷èñëèòü èíòåãðàë
(−3;2;1)∫
(−5;2;2)

(12x + 3π sin(πx)) dx + (8y + 3π sin(πy)) dy + (6z + 2π sin(πz)) dz.

11. Ïîëå 4x2 − 4y2 + 4z2 − 2xy + 3yz + 4xz

1) ñîëåíîèäàëüíîå 2) âåêòîðíîå

3) ïîòåíöèàëüíîå 4) ñêàëÿðíîå
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Ðÿäû
ÑÎÄÅÐÆÀÍÈÅ ÒÈÏÎÂÎÃÎ ÐÀÑ×ÅÒÀ

1. Ôîðìóëà îáùåãî ÷ëåíà ÷èñëîâîãî ðÿäà

2. Âèä ðÿäà Ôóðüå íà äàííîì ñèììåòðè÷íîì îòðåçêå

3. Ôîðìóëû äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ ðÿäà Ôóðüå

4. Êîëè÷åñòâî ÷ëåíîâ ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå äàííîé îêðåñòíîñòè

5. Ñóììà çíàêîïåðåìåííîãî ÷èñëîâîãî ðÿäà

6. Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

7. Îáëàñòü ñõîäèìîñòè ðÿäà Ìàêëîðåíà äëÿ äàííîé ôóíêöèè

8. Âû÷èñëåíèå êîýôèöèåíòîâ ðÿäà Ôóðüå ïðè ðàçëîæåíèè ôóíêöèè íà

ñèììåòðè÷íîì îòðåçêå

9. Âû÷èñëåíèå êîýôèöèåíòîâ ðÿäà Ôóðüå ïðè ðàçëîæåíèè ôóíêöèè ïî ñèíóñàì è ïî

êîñèíóñàì íà íåñèììåòðè÷íîì îòðåçêå

10. Ðàçëîæåíèå ôóíêöèè â ðÿä Ìàêëîðåíà áåç âû÷èñëåíèÿ ïðîèçâîäíûõ
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Ðÿäû 525

Âàðèàíò 1

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
14

+
10
35

+
15
66

+
20
107

+
25
158

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −5x− 2 èìååò âèä
1)

∞∑
1

ak cos(
kπx

5
) 2)

∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 2x + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
3

3∫
0

(2x + 5) cos(
11πx

3
) dx 2) 2

3

3∫
0

(2x + 5) sin(
11πx

3
) dx

3) a11 = 0 4) 1
3

3∫
−3

(2x + 5) cos(
11πx

3
) dx

5) 1
3

3∫
−3

(2x + 5) sin(
11πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
12
16
− 15

28
+

18
44
− 21

64
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
7

+
1
3
− 1

20
− 1

9
+

1
43

+
1
21
− 1

76
− 1

39
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 4)n

2n(n2 + 3n + 10)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
5x− 1
−2x− 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4x , x ∈ [−2; 0]

2x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





−5 , x ∈ [0; 1]

−3− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
−4x + 4
x + 2

â ðÿä Ìàêëîðåíà.
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Âàðèàíò 2

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
9
− 4

18
− 7

31
− 10

48
− 13

69
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −2x2 − 6x + 5 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3)
∞∑
1

ak cos(
kπx

3
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

5)
∞∑
1

bk sin(
kπx

3
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 2x + 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(2x + 6) cos(
9πx

2
) dx 2) 2

2

2∫
0

(2x + 6) sin(
9πx

2
) dx

3) b9 = 0 4) 2
2

2∫
0

(2x + 6) cos(
9πx

2
) dx

5) 1
2

2∫
−2

(2x + 6) sin(
9πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
17
− 14

32
+

18
53
− 22

80
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
3
− 1

30
− 1

11
+

1
54

+
1
27
− 1

86
− 1

51
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n

42n · √n3 + 2n + 4
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−2x + 3
−2x + 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 , x ∈ [−3; 0]

−2− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 , x ∈ [0; 1]

3− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
3x− 4
x + 2

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = 3.
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Âàðèàíò 3

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
4
− 15

8
− 20

16
− 25

28
− 30

44
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x2 + 3 | x | −6 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3)
∞∑
1

bk sin(
kπx

5
) 4)

∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò a15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −5x2 + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(−5x2 + 5) sin(
15πx

4
) dx 2) a15 = 0

3) 1
4

4∫
−4

(−5x2 + 5) cos(
15πx

4
) dx 4) 2

4

4∫
0

(−5x2 + 5) cos(
15πx

4
) dx

5) 2
4

4∫
0

(−5x2 + 5) sin(
15πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
13
15
− 18

30
+

23
51
− 28

78
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
12
− 1

23
− 1

20
+

1
36

+
1
32
− 1

53
− 1

48
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(−3− 2x)n(−1)n+1

4n2 + 8
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(4x + 2

2x− 1

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 + x , x ∈ [−3; 0]

7 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 3]

3 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 5
√−2x + 3 â ðÿä Ìàêëîðåíà.
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Âàðèàíò 4

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 3
9
− 7

21
− 11

39
− 15

63
− 19

93
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 2 | x | +4 èìååò âèä
1)

∞∑
1

bk sin(
kπx

4
) 2)

∞∑
1

ak cos(
kπx

4
)

3) ao

2
+

∞∑
1

ak cos(
kπx

4
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

5) ao

2
+

∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −4x2 + 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(−4x2 + 6) cos(
9πx

6
) dx 2) 1

6

6∫
−6

(−4x2 + 6) sin(
9πx

6
) dx

3) b9 = 0 4) 2
6

6∫
0

(−4x2 + 6) sin(
9πx

6
) dx

5) 2
6

6∫
0

(−4x2 + 6) cos(
9πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
13
− 12

25
+

16
43
− 20

67
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
2

+
1
8
− 1

10
− 1

17
+

1
26

+
1
34
− 1

50
− 1

59
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n(−2)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−2x + 9).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−2; 0]

3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 3]

4 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(4x− 3

3
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 529

Âàðèàíò 5

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
18

+
8
42

+
10
78

+
12
126

+
14
186

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −3x | x | èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3)
∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

ak cos(
kπx

3
)

5) ao

2
+

∞∑
1

bk sin(
kπx

3
)

3. Êîýôôèöèåíò b12 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 4x3 + 2x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(4x3 + 2x) cos(
12πx

5
) dx 2) 2

5

5∫
0

(4x3 + 2x) cos(
12πx

5
) dx

3) b12 = 0 4) 2
5

5∫
0

(4x3 + 2x) sin(
12πx

5
) dx

5) 1
5

5∫
−5

(4x3 + 2x) sin(
12πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
7
9
− 11

18
+

15
35
− 19

60
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
7

+
1
13
− 1

15
− 1

22
+

1
31

+
1
35
− 1

55
− 1

52
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−3 | x | +14).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 , x ∈ [−2; 0]

4− x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 2]

−4− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(5x− 3

4
)
â ðÿä Ìàêëîðåíà.



530 Ðÿäû

Âàðèàíò 6

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
16

+
7
34

+
9
60

+
11
94

+
13
136

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 4x3 + 1x èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

bk sin(
kπx

4
)

3)
∞∑
1

ak cos(
kπx

4
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

5)
∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò a13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −4x3− 5x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(−4x3 − 5x) cos(
13πx

5
) dx 2) a13 = 0

3) 2
5

5∫
0

(−4x3 − 5x) sin(
13πx

5
) dx 4) 1

5

5∫
−5

(−4x3 − 5x) sin(
13πx

5
) dx

5) 2
5

5∫
0

(−4x3 − 5x) cos(
13πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
5
10
− 8

21
+

11
42
− 14

73
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
5

+
1
11
− 1

17
− 1

27
+

1
39

+
1
51
− 1

71
− 1

83
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−3x2 + 15).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 + x , x ∈ [−2; 0]

−5 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 2]

6− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 3x · e3−3x â ðÿä Ìàêëîðåíà.



Ðÿäû 531

Âàðèàíò 7

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
15

+
12
38

+
16
73

+
20
120

+
24
179

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(4x2 − 2) èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4)
∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 4 | x | +3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(4 | x | +3) cos(
11πx

5
) dx 2) 1

5

5∫
−5

(4 | x | +3) cos(
11πx

5
) dx

3) 1
5

5∫
−5

(4 | x | +3) sin(
11πx

5
) dx 4) 2

5

5∫
0

(4 | x | +3) sin(
11πx

5
) dx

5) a11 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
15
− 12

29
+

16
49
− 20

75
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
10
− 1

26
− 1

18
+

1
49

+
1
30
− 1

82
− 1

46
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 6)n

(−4)n(n4 + 3n2 + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
2x2 + 2
2x2 + 3

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3x , x ∈ [−3; 0]

2x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 1]

4 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
−4x + 3
x− 2

â ðÿä Ìàêëîðåíà.



532 Ðÿäû

Âàðèàíò 8

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
12

+
14
30

+
19
58

+
24
96

+
29
144

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) =| −2x3 − 4x | −2 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

2)
∞∑
1

ak cos(
kπx

6
)

3)
∞∑
1

bk sin(
kπx

6
) 4) ao

2
+

∞∑
1

ak cos(
kπx

6
)

5) ao

2
+

∞∑
1

bk sin(
kπx

6
)

3. Êîýôôèöèåíò b16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2 | x | −6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(2 | x | −6) sin(
16πx

5
) dx 2) b16 = 0

3) 1
5

5∫
−5

(2 | x | −6) sin(
16πx

5
) dx 4) 2

5

5∫
0

(2 | x | −6) cos(
16πx

5
) dx

5) 1
5

5∫
−5

(2 | x | −6) cos(
16πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
9
10
− 14

22
+

19
40
− 24

64
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
13
− 1

22
− 1

28
+

1
45

+
1
51
− 1

78
− 1

82
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 5)2n

16n(4n
√

n + 6
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−3
√

x + 6
4
√

x + 3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−5 , x ∈ [−4; 0]

2− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 1]

−2 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 3
√

4x + 5 â ðÿä Ìàêëîðåíà.



Ðÿäû 533

Âàðèàíò 9

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
9

+
10
21

+
14
39

+
18
63

+
22
93

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 4x + 5 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

bk sin(
kπx

3
)

3)
∞∑
1

bk sin(
kπx

3
) 4)

∞∑
1

ak cos(
kπx

3
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = x(4x2 + 3)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(x(4x2 + 3)) cos(
9πx

4
) dx 2) 2

4

4∫
0

(x(4x2 + 3)) cos(
9πx

4
) dx

3) 1
4

4∫
−4

(x(4x2 + 3)) sin(
9πx

4
) dx 4) 2

4

4∫
0

(x(4x2 + 3)) sin(
9πx

4
) dx

5) a9 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
5
5
− 7

9
+

9
17
− 11

29
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
6
− 1

27
− 1

17
+

1
42

+
1
38
− 1

61
− 1

69
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 4)n

3n(n2 + 4n + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

3 | x | +6.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 + x , x ∈ [−3; 0]

−3 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 , x ∈ [0; 2]

−3− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(4x + 2

2
)
â ðÿä Ìàêëîðåíà.



534 Ðÿäû

Âàðèàíò 10

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 3
3

+
6
8

+
9
19

+
12
36

+
15
59

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −5x2 − 6x + 4 èìååò âèä
1)

∞∑
1

bk sin(
kπx

3
) 2)

∞∑
1

ak cos(
kπx

3
)

3) ao

2
+

∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

ak cos(
kπx

3
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3. Êîýôôèöèåíò b10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè

f(x) = x(−3x2 − 6) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
3

3∫
−3

(x(−3x2 − 6)) sin(
10πx

3
) dx 2) 2

3

3∫
0

(x(−3x2 − 6)) sin(
10πx

3
) dx

3) 1
3

3∫
−3

(x(−3x2 − 6)) cos(
10πx

3
) dx 4) 2

3

3∫
0

(x(−3x2 − 6)) cos(
10πx

3
) dx

5) b10 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
11
− 11

19
+

14
31
− 17

47
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
10
− 1

27
− 1

19
+

1
51

+
1
32
− 1

83
− 1

49
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 3)n

32n · √n3 + 2n + 5
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√−3x + 11.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−2; 0]

−4x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 , x ∈ [0; 3]

5− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−2x + 3

3
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 535

Âàðèàíò 11

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
7

+
15
20

+
20
43

+
25
76

+
30
119

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −4x2 + 2 | x | −6 èìååò âèä
1)

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

ak cos(
kπx

4
)

3) ao

2
+

∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

5)
∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò a14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 3x− 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(3x− 6) sin(
14πx

6
) dx 2) 2

6

6∫
0

(3x− 6) sin(
14πx

6
) dx

3) 2
6

6∫
0

(3x− 6) cos(
14πx

6
) dx 4) a14 = 0

5) 1
6

6∫
−6

(3x− 6) cos(
14πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
15
− 13

28
+

16
47
− 19

72
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
2

+
1
13
− 1

7
− 1

31
+

1
18

+
1
57
− 1

35
− 1

91
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(6− 2x)n(−1)n+1

3n2 + 4
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
5x + 7
−4x− 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−4 , x ∈ [−3; 0]

3− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =




−4 + x , x ∈ [0; 2]

−2 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 3x · e3−3x â ðÿä Ìàêëîðåíà.
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Âàðèàíò 12

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
11

+
6
28

+
8
55

+
10
92

+
12
139

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 5 | x | −4 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3)
∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

5)
∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 5x + 3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(5x + 3) cos(
13πx

4
) dx 2) 1

4

4∫
−4

(5x + 3) cos(
13πx

4
) dx

3) b13 = 0 4) 1
4

4∫
−4

(5x + 3) sin(
13πx

4
) dx

5) 2
4

4∫
0

(5x + 3) sin(
13πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
11
12
− 16

31
+

21
60
− 26

99
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
2

+
1
9
− 1

7
− 1

20
+

1
18

+
1
41
− 1

35
− 1

72
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 6)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−3x− 4
4x + 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2 + x , x ∈ [−4; 0]

4 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 1]

−4 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
−4x + 6
x + 4

â ðÿä Ìàêëîðåíà.
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Âàðèàíò 13

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
8

+
11
23

+
16
46

+
21
77

+
26
116

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −4x | x | èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

5
) 2)

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −4x2 − 2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(−4x2 − 2) sin(
11πx

4
) dx 2) 1

4

4∫
−4

(−4x2 − 2) cos(
11πx

4
) dx

3) a11 = 0 4) 2
4

4∫
0

(−4x2 − 2) cos(
11πx

4
) dx

5) 1
4

4∫
−4

(−4x2 − 2) sin(
11πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
14
− 10

32
+

12
58
− 14

92
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
9
− 1

25
− 1

17
+

1
42

+
1
29
− 1

65
− 1

45
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√( 4x− 2

−3x + 4

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−4 , x ∈ [−3; 0]

−2− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 2]

−3− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
2x + 7
x + 2

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = −1.
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Âàðèàíò 14

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
9
− 7

18
− 9

31
− 11

48
− 13

69
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2x3 − 6x èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

5
) 2)

∞∑
1

ak cos(
kπx

5
)

3)
∞∑
1

bk sin(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3. Êîýôôèöèåíò b8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −3x2 + 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
3

3∫
−3

(−3x2 + 6) cos(
8πx

3
) dx 2) 1

3

3∫
−3

(−3x2 + 6) sin(
8πx

3
) dx

3) b8 = 0 4) 2
3

3∫
0

(−3x2 + 6) sin(
8πx

3
) dx

5) 2
3

3∫
0

(−3x2 + 6) cos(
8πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
12
17
− 16

34
+

20
59
− 24

92
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
10

+
1
14
− 1

18
− 1

26
+

1
34

+
1
44
− 1

58
− 1

68
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 3)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−4x + 14).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4 + x , x ∈ [−2; 0]

4 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 , x ∈ [0; 3]

2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√

2x + 5 â ðÿä Ìàêëîðåíà.
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Âàðèàíò 15

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
14

+
4
35

+
6
66

+
8

107
+

10
158

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = x(−5x2 − 1) èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

6
) 2)

∞∑
1

bk sin(
kπx

6
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

6
)

5)
∞∑
1

ak cos(
kπx

6
)

3. Êîýôôèöèåíò b14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −4x3 − 2x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
3

3∫
−3

(−4x3 − 2x) cos(
14πx

3
) dx 2) 1

3

3∫
−3

(−4x3 − 2x) sin(
14πx

3
) dx

3) 2
3

3∫
0

(−4x3 − 2x) cos(
14πx

3
) dx 4) b14 = 0

5) 2
3

3∫
0

(−4x3 − 2x) sin(
14πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
12
18
− 17

34
+

22
58
− 27

90
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
3

+
1
18
− 1

8
− 1

34
+

1
19

+
1
58
− 1

36
− 1

90
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 5)n

(−4)n(n4 + 3n2 + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−4 | x | +5).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2x , x ∈ [−3; 0]

−4x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 3]

−5 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−3x− 3

4
)
â ðÿä Ìàêëîðåíà.



540 Ðÿäû

Âàðèàíò 16

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
14

+
7
35

+
12
68

+
17
113

+
22
170

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) =| 3x3 + 4x | +9 èìååò âèä
1)

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

bk sin(
kπx

2
)

3) ao

2
+

∞∑
1

ak cos(
kπx

2
) 4)

∞∑
1

bk sin(
kπx

2
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3. Êîýôôèöèåíò a8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 2x3 − 5x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
3

3∫
−3

(2x3 − 5x) sin(
8πx

3
) dx 2) a8 = 0

3) 2
3

3∫
0

(2x3 − 5x) cos(
8πx

3
) dx 4) 2

3

3∫
0

(2x3 − 5x) sin(
8πx

3
) dx

5) 1
3

3∫
−3

(2x3 − 5x) cos(
8πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
7
9
− 9

21
+

11
43
− 13

75
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
6

+
1
10
− 1

10
− 1

18
+

1
18

+
1
34
− 1

30
− 1

58
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 3)2n

9n(3n
√

n + 5
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−2x2 + 6).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 , x ∈ [−3; 0]

−3− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 1]

7 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−3x− 2

4
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 541

Âàðèàíò 17

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
10
− 10

22
− 15

40
− 20

64
− 25

94
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −2x− 1 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò a8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −4 | x | +6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
3

3∫
0

(−4 | x | +6) sin(
8πx

3
) dx 2) 2

3

3∫
0

(−4 | x | +6) cos(
8πx

3
) dx

3) 1
3

3∫
−3

(−4 | x | +6) sin(
8πx

3
) dx 4) a8 = 0

5) 1
3

3∫
−3

(−4 | x | +6) cos(
8πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
9
9
− 13

17
+

17
33
− 21

57
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
18

+
1
13
− 1

32
− 1

30
+

1
52

+
1
57
− 1

78
− 1

94
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 3)n

4n(n2 + 4n + 4)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−4x2 − 3
−3x2 − 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 + x , x ∈ [−4; 0]

6 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 1]

−4− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 5x · e2+2x â ðÿä Ìàêëîðåíà.



542 Ðÿäû

Âàðèàíò 18

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
10

+
7
27

+
9
54

+
11
91

+
13
138

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −2x2 − 4x− 3 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

bk sin(
kπx

2
)

5)
∞∑
1

ak cos(
kπx

2
)

3. Êîýôôèöèåíò b14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 3 | x | +5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(3 | x | +5) cos(
14πx

4
) dx 2) 1

4

4∫
−4

(3 | x | +5) cos(
14πx

4
) dx

3) 1
4

4∫
−4

(3 | x | +5) sin(
14πx

4
) dx 4) 2

4

4∫
0

(3 | x | +5) sin(
14πx

4
) dx

5) b14 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
5
6
− 8

14
+

11
26
− 14

42
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
6
− 1

20
− 1

10
+

1
33

+
1
18
− 1

50
− 1

30
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)n

32n · √n3 + 4n + 5
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−3
√

x + 4
3
√

x + 4
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−2; 0]

−3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 3]

5− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
−4x + 3
x + 2

â ðÿä Ìàêëîðåíà.



Ðÿäû 543

Âàðèàíò 19

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
13

+
12
25

+
16
41

+
20
61

+
24
85

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −3x2 − 6 | x | −2 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

2) ao

2
+

∞∑
1

bk sin(
kπx

6
)

3) ao

2
+

∞∑
1

ak cos(
kπx

6
) 4)

∞∑
1

ak cos(
kπx

6
)

5)
∞∑
1

bk sin(
kπx

6
)

3. Êîýôôèöèåíò a14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = x(−5x2 + 2) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(x(−5x2 + 2)) sin(
14πx

5
) dx 2) 1

5

5∫
−5

(x(−5x2 + 2)) cos(
14πx

5
) dx

3) 2
5

5∫
0

(x(−5x2 + 2)) cos(
14πx

5
) dx 4) 2

5

5∫
0

(x(−5x2 + 2)) sin(
14πx

5
) dx

5) a14 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
10
13
− 15

32
+

20
61
− 25

100
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
7

+
1
11
− 1

18
− 1

25
+

1
35

+
1
47
− 1

58
− 1

77
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3− 2x)n(−1)n+1

3n2 + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√
−4 | x | +12.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 , x ∈ [−3; 0]

6− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =




−2 + x , x ∈ [0; 2]

−4 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√

5x + 2 â ðÿä Ìàêëîðåíà.



544 Ðÿäû

Âàðèàíò 20

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
13

+
11
36

+
14
71

+
17
118

+
20
177

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −5 | x | −6 èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2)

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(3x2 − 2)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(x(3x2 − 2)) cos(
9πx

5
) dx 2) b9 = 0

3) 1
5

5∫
−5

(x(3x2 − 2)) cos(
9πx

5
) dx 4) 2

5

5∫
0

(x(3x2 − 2)) sin(
9πx

5
) dx

5) 1
5

5∫
−5

(x(3x2 − 2)) sin(
9πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
4
11
− 6

21
+

8
35
− 10

53
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
15
− 1

30
− 1

35
+

1
50

+
1
65
− 1

76
− 1

105
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 4)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

5x + 9.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4 + x , x ∈ [−2; 0]

4 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 2]

−4 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−4x− 4

4
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 545
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà −1
3

+
2
14

+
5
35

+
8
66

+
11
107

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 4x | x | èìååò âèä
1)

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3) ao

2
+

∞∑
1

ak cos(
kπx

4
) 4)

∞∑
1

bk sin(
kπx

4
)

5) ao

2
+

∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −5x− 4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(−5x− 4) cos(
9πx

5
) dx 2) a9 = 0

3) 1
5

5∫
−5

(−5x− 4) sin(
9πx

5
) dx 4) 2

5

5∫
0

(−5x− 4) sin(
9πx

5
) dx

5) 2
5

5∫
0

(−5x− 4) cos(
9πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
5
5
− 7

13
+

9
29
− 11

53
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
6

+
1
14
− 1

18
− 1

25
+

1
40

+
1
42
− 1

72
− 1

65
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
4x− 3
−3x− 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−5; 0]

−4x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





−5 , x ∈ [0; 3]

−2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−2x + 4

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
10
− 5

25
− 8

48
− 11

79
− 14

118
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 4x3 − 2x èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2)

∞∑
1

ak cos(
kπx

3
)

3)
∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 4x− 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b11 = 0 2) 1
2

2∫
−2

(4x− 6) sin(
11πx

2
) dx

3) 2
2

2∫
0

(4x− 6) cos(
11πx

2
) dx 4) 2

2

2∫
0

(4x− 6) sin(
11πx

2
) dx

5) 1
2

2∫
−2

(4x− 6) cos(
11πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
10
10
− 15

20
+

20
34
− 25

52
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
3

+
1
6
− 1

5
− 1

13
+

1
11

+
1
26
− 1

21
− 1

45
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 4)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−4x− 4
−3x− 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 , x ∈ [−3; 0]

5− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





7 , x ∈ [0; 3]

−2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 4x · e2−3x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 11
3

+
16
11

+
21
27

+
26
51

+
31
83

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = x(2x2 − 1) èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3) ao

2
+

∞∑
1

bk sin(
kπx

2
) 4)

∞∑
1

bk sin(
kπx

2
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −5x2 + 1

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(−5x2 + 1) sin(
16πx

5
) dx 2) a16 = 0

3) 1
5

5∫
−5

(−5x2 + 1) cos(
16πx

5
) dx 4) 2

5

5∫
0

(−5x2 + 1) sin(
16πx

5
) dx

5) 2
5

5∫
0

(−5x2 + 1) cos(
16πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
11
13
− 13

28
+

15
51
− 17

82
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
12

+
1
13
− 1

31
− 1

21
+

1
60

+
1
33
− 1

99
− 1

49
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 4)n

(−2)n(n4 + 3n2 + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(2x− 4

2x + 3

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





6 + x , x ∈ [−3; 0]

2 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 + x , x ∈ [0; 3]

3 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
4x− 3
x− 3

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
14

+
5
30

+
9
54

+
13
86

+
17
126

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) =| 4x3 − 4x | −6 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

ak cos(
kπx

2
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3. Êîýôôèöèåíò b16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −3x2 − 1

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(−3x2 − 1) cos(
16πx

6
) dx 2) 1

6

6∫
−6

(−3x2 − 1) sin(
16πx

6
) dx

3) 2
6

6∫
0

(−3x2 − 1) cos(
16πx

6
) dx 4) 2

6

6∫
0

(−3x2 − 1) sin(
16πx

6
) dx

5) b16 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
9
5
− 13

12
+

17
25
− 21

44
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
4
− 1

34
− 1

13
+

1
65

+
1
30
− 1

106
− 1

55
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 6)2n

9n(2n
√

n + 8
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−4x + 11).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−5; 0]

2x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 1]

2 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√−4x + 3 â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
10
− 10

24
− 13

46
− 16

76
− 19

114
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x− 4 èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò b10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −2x3 − 4x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(−2x3 − 4x) cos(
10πx

4
) dx 2) b10 = 0

3) 2
4

4∫
0

(−2x3 − 4x) cos(
10πx

4
) dx 4) 1

4

4∫
−4

(−2x3 − 4x) sin(
10πx

4
) dx

5) 2
4

4∫
0

(−2x3 − 4x) sin(
10πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
12
1
− 17

6
+

22
17
− 27

34
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
4
− 1

28
− 1

7
+

1
51

+
1
14
− 1

82
− 1

25
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 2)n

4n(n2 + 2n + 10)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−2 | x | +10).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 , x ∈ [−5; 0]

6− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 , x ∈ [0; 1]

−3− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−3x− 4

4
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
15

+
14
39

+
18
75

+
22
123

+
26
183

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −4x2 + 5x + 7 èìååò âèä
1)

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

2
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 2x3 + 3x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a11 = 0 2) 2
2

2∫
0

(2x3 + 3x) cos(
11πx

2
) dx

3) 1
2

2∫
−2

(2x3 + 3x) sin(
11πx

2
) dx 4) 1

2

2∫
−2

(2x3 + 3x) cos(
11πx

2
) dx

5) 2
2

2∫
0

(2x3 + 3x) sin(
11πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
6
6
− 10

12
+

14
24
− 18

42
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
2

+
1
7
− 1

4
− 1

14
+

1
10

+
1
27
− 1

20
− 1

46
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n

22n · √n3 + 4n + 8
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−2x2 + 11).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





6 + x , x ∈ [−5; 0]

−2 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 , x ∈ [0; 2]

−2− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−2x + 3

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
4

+
5
7

+
9
14

+
13
25

+
17
40

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 4x2 − 6 | x | −4 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = −5 | x | −1 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(−5 | x | −1) sin(
16πx

5
) dx 2) 2

5

5∫
0

(−5 | x | −1) cos(
16πx

5
) dx

3) 1
5

5∫
−5

(−5 | x | −1) sin(
16πx

5
) dx 4) a16 = 0

5) 1
5

5∫
−5

(−5 | x | −1) cos(
16πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
12
13
− 15

29
+

18
53
− 21

85
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
4

+
1
13
− 1

15
− 1

28
+

1
36

+
1
51
− 1

67
− 1

82
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(−3− 3x)n(−1)n+1

2n2 + 4
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
4x2 − 3
−4x2 − 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−3; 0]

−2x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 + x , x ∈ [0; 2]

−4 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 4x · e2+3x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
15

+
4
34

+
6
63

+
8

102
+

10
151

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3 | x | −1 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2)
∞∑
1

bk sin(
kπx

5
)

3)
∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè

f(x) = −2 | x | +6 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(−2 | x | +6) sin(
11πx

4
) dx 2) 1

4

4∫
−4

(−2 | x | +6) cos(
11πx

4
) dx

3) b11 = 0 4) 1
4

4∫
−4

(−2 | x | +6) sin(
11πx

4
) dx

5) 2
4

4∫
0

(−2 | x | +6) cos(
11πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
15
− 10

30
+

12
51
− 14

78
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
10
− 1

27
− 1

14
+

1
46

+
1
22
− 1

71
− 1

34
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n(−2)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

2 | x | +6.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





7 , x ∈ [−4; 0]

6− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 1]

4 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)4 â ðàçëîæåíèè ôóíêöèè f(x) =
−4x + 4
x + 2

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = −1.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
5

+
12
17

+
16
39

+
20
71

+
24
113

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2x | x | èìååò âèä
1)

∞∑
1

ak cos(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò a8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(2x2 + 4)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(x(2x2 + 4)) cos(
8πx

5
) dx 2) 2

5

5∫
0

(x(2x2 + 4)) sin(
8πx

5
) dx

3) 1
5

5∫
−5

(x(2x2 + 4)) cos(
8πx

5
) dx 4) a8 = 0

5) 1
5

5∫
−5

(x(2x2 + 4)) sin(
8πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
4
10
− 6

17
+

8
30
− 10

49
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
15

+
1
10
− 1

31
− 1

19
+

1
55

+
1
32
− 1

87
− 1

49
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

4x + 8.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 + x , x ∈ [−2; 0]

7 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





−4 , x ∈ [0; 2]

6− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√−4x + 4 â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
11

+
7
29

+
10
57

+
13
95

+
16
143

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −2x3 + 6x èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3)
∞∑
1

ak cos(
kπx

5
) 4)

∞∑
1

bk sin(
kπx

5
)

5) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò b15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = x(2x2 − 6)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b15 = 0 2) 1
4

4∫
−4

(x(2x2 − 6)) cos(
15πx

4
) dx

3) 2
4

4∫
0

(x(2x2 − 6)) cos(
15πx

4
) dx 4) 2

4

4∫
0

(x(2x2 − 6)) sin(
15πx

4
) dx

5) 1
4

4∫
−4

(x(2x2 − 6)) sin(
15πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
12
12
− 17

23
+

22
38
− 27

57
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
5

+
1
19
− 1

7
− 1

40
+

1
13

+
1
71
− 1

23
− 1

112
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 2)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè f(x) =
3x + 7
2x + 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−3; 0]

−4x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 2]

2− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−4x− 3

4
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
5

+
5
18

+
9
41

+
13
74

+
17
117

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(−3x2 − 4) èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4)

∞∑
1

ak cos(
kπx

5
)

5)
∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 4x− 3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(4x− 3) sin(
9πx

6
) dx 2) 1

6

6∫
−6

(4x− 3) sin(
9πx

6
) dx

3) a9 = 0 4) 2
6

6∫
0

(4x− 3) cos(
9πx

6
) dx

5) 1
6

6∫
−6

(4x− 3) cos(
9πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
4
4
− 6

15
+

8
36
− 10

67
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
10

+
1
19
− 1

17
− 1

38
+

1
30

+
1
67
− 1

49
− 1

106
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 4)n

(−3)n(n4 + 4n2 + 10)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−2x + 5
3x + 3

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 , x ∈ [−3; 0]

−3− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 1]

3 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(5x + 2

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
8

+
6
20

+
11
38

+
16
62

+
21
92

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) =| 4x3 + 8x | +3 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2)

∞∑
1

bk sin(
kπx

4
)

3) ao

2
+

∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

5)
∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 5x− 4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
2

2∫
0

(5x− 4) cos(
13πx

2
) dx 2) 1

2

2∫
−2

(5x− 4) cos(
13πx

2
) dx

3) 1
2

2∫
−2

(5x− 4) sin(
13πx

2
) dx 4) b13 = 0

5) 2
2

2∫
0

(5x− 4) sin(
13πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
6
7
− 10

13
+

14
25
− 18

43
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
21
− 1

21
− 1

42
+

1
44

+
1
73
− 1

77
− 1

114
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 2)2n

9n(2n
√

n + 7
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√( 2x + 3

−3x− 1

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4 + x , x ∈ [−5; 0]

−2 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−4 + x , x ∈ [0; 1]

−5 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 2x · e3−2x â ðÿä Ìàêëîðåíà.



Ðÿäû 557

Âàðèàíò 33

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
15

+
9
34

+
11
63

+
13
102

+
15
151

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 4x− 4 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2)
∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

bk sin(
kπx

5
) 4)

∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −2x2 − 3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a8 = 0 2) 1
3

3∫
−3

(−2x2 − 3) sin(
8πx

3
) dx

3) 2
3

3∫
0

(−2x2 − 3) cos(
8πx

3
) dx 4) 1

3

3∫
−3

(−2x2 − 3) cos(
8πx

3
) dx

5) 2
3

3∫
0

(−2x2 − 3) sin(
8πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
8
17
− 11

32
+

14
55
− 17

86
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
17
− 1

19
− 1

34
+

1
31

+
1
59
− 1

47
− 1

92
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)n

3n(n2 + 4n + 4)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−3x + 13).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4x , x ∈ [−5; 0]

−2x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





−5 , x ∈ [0; 1]

−2− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
3x− 3
x− 3

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
15

+
8
33

+
10
59

+
12
93

+
14
135

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 4x2 − 3x + 7 èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

ak cos(
kπx

3
)

5)
∞∑
1

bk sin(
kπx

3
)

3. Êîýôôèöèåíò b10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 2x2 + 4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b10 = 0 2) 1
3

3∫
−3

(2x2 + 4) sin(
10πx

3
) dx

3) 1
3

3∫
−3

(2x2 + 4) cos(
10πx

3
) dx 4) 2

3

3∫
0

(2x2 + 4) cos(
10πx

3
) dx

5) 2
3

3∫
0

(2x2 + 4) sin(
10πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
9
9
− 11

13
+

13
21
− 15

33
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
10

+
1
5
− 1

21
− 1

11
+

1
38

+
1
23
− 1

61
− 1

41
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 3)n

22n · √n3 + 4n + 8
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (5x2 + 4).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 , x ∈ [−4; 0]

2− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 3]

3− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 5
√

5x + 4 â ðÿä Ìàêëîðåíà.



Ðÿäû 559

Âàðèàíò 35

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
7

+
8
15

+
10
27

+
12
43

+
14
63

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −2x2 + 6 | x | +7 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

2)
∞∑
1

ak cos(
kπx

6
)

3) ao

2
+

∞∑
1

bk sin(
kπx

6
) 4)

∞∑
1

bk sin(
kπx

6
)

5) ao

2
+

∞∑
1

ak cos(
kπx

6
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 4x3 + 3x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(4x3 + 3x) sin(
11πx

4
) dx 2) 1

4

4∫
−4

(4x3 + 3x) cos(
11πx

4
) dx

3) 1
4

4∫
−4

(4x3 + 3x) sin(
11πx

4
) dx 4) 2

4

4∫
0

(4x3 + 3x) cos(
11πx

4
) dx

5) b11 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
11
16
− 15

35
+

19
64
− 23

103
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
17

+
1
7
− 1

33
− 1

14
+

1
57

+
1
27
− 1

89
− 1

46
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(5− 3x)n(−1)n+1

2n2 + 8
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
4x2 + 7
4x2 + 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−2; 0]

3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 2]

4 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−3x− 4

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
11

+
4
30

+
6
59

+
8
98

+
10
147

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 4 | x | −5 èìååò âèä
1)

∞∑
1

bk sin(
kπx

4
) 2)

∞∑
1

ak cos(
kπx

4
)

3) ao

2
+

∞∑
1

ak cos(
kπx

4
) 4) ao

2
+

∞∑
1

bk sin(
kπx

4
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3. Êîýôôèöèåíò a13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x3− 5x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(−3x3 − 5x) sin(
13πx

5
) dx 2) 2

5

5∫
0

(−3x3 − 5x) cos(
13πx

5
) dx

3) a13 = 0 4) 1
5

5∫
−5

(−3x3 − 5x) cos(
13πx

5
) dx

5) 1
5

5∫
−5

(−3x3 − 5x) sin(
13πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
11
15
− 15

29
+

19
51
− 23

81
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
8
− 1

12
− 1

19
+

1
19

+
1
36
− 1

30
− 1

59
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 2)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−4
√

x− 1
4
√

x + 3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−4 , x ∈ [−3; 0]

2− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =




−2 + x , x ∈ [0; 2]

−3 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(3x− 4

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
4
− 4

11
− 7

24
− 10

43
− 13

68
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 5x | x | èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2)

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

5) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò a15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 2 | x | +6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(2 | x | +6) sin(
15πx

2
) dx 2) 2

2

2∫
0

(2 | x | +6) sin(
15πx

2
) dx

3) 1
2

2∫
−2

(2 | x | +6) cos(
15πx

2
) dx 4) 2

2

2∫
0

(2 | x | +6) cos(
15πx

2
) dx

5) a15 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
7
6
− 10

10
+

13
18
− 16

30
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
18

+
1
12
− 1

36
− 1

29
+

1
62

+
1
54
− 1

96
− 1

87
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 4)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√
−2 | x | +14.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





6 + x , x ∈ [−3; 0]

−2 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 1]

3− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 4x · e2+3x â ðÿä Ìàêëîðåíà.



562 Ðÿäû

Âàðèàíò 38

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 3
13

+
8
32

+
13
61

+
18
100

+
23
149

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 4x3 + 5x èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

2) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

bk sin(
kπx

2
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 5 | x | −2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(5 | x | −2) cos(
15πx

4
) dx 2) 1

4

4∫
−4

(5 | x | −2) cos(
15πx

4
) dx

3) 1
4

4∫
−4

(5 | x | −2) sin(
15πx

4
) dx 4) b15 = 0

5) 2
4

4∫
0

(5 | x | −2) sin(
15πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
14
7
− 18

18
+

22
39
− 26

70
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
12

+
1
16
− 1

24
− 1

36
+

1
46

+
1
66
− 1

78
− 1

106
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 2)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√−3x + 10.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−4; 0]

3x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 , x ∈ [0; 2]

5− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
3x− 2
x + 4

â ðÿä Ìàêëîðåíà.



Ðÿäû 563

Âàðèàíò 39

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
1

+
10
3

+
13
9

+
16
19

+
19
33

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(2x2 − 5) èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = x(4x2− 2)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(x(4x2 − 2)) sin(
10πx

4
) dx 2) a10 = 0

3) 2
4

4∫
0

(x(4x2 − 2)) cos(
10πx

4
) dx 4) 2

4

4∫
0

(x(4x2 − 2)) sin(
10πx

4
) dx

5) 1
4

4∫
−4

(x(4x2 − 2)) cos(
10πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
12
3
− 14

14
+

16
35
− 18

66
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
19

+
1
8
− 1

39
− 1

20
+

1
69

+
1
38
− 1

109
− 1

62
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 4)n

(−4)n(n4 + 4n2 + 9)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
4x + 6
−4x + 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−2 , x ∈ [−3; 0]

−3− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 3]

7 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
−4x + 6
x + 4

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = 2.
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Âàðèàíò 40

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
13

+
5
35

+
8
69

+
11
115

+
14
173

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) =| 5x3 + 6x | +7 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5) ao

2
+

∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(4x2 − 5)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(x(4x2 − 5)) cos(
11πx

5
) dx 2) 1

5

5∫
−5

(x(4x2 − 5)) sin(
11πx

5
) dx

3) b11 = 0 4) 2
5

5∫
0

(x(4x2 − 5)) sin(
11πx

5
) dx

5) 1
5

5∫
−5

(x(4x2 − 5)) cos(
11πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
6
13
− 10

25
+

14
41
− 18

61
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
17

+
1
6
− 1

32
− 1

14
+

1
53

+
1
30
− 1

80
− 1

54
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)2n

9n(3n
√

n + 5
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√
5x + 2
−3x + 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2 + x , x ∈ [−5; 0]

6 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 3]

2 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 5
√−2x + 3 â ðÿä Ìàêëîðåíà.



Ðÿäû 565

Âàðèàíò 41

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
8
− 4

16
− 6

28
− 8

44
− 10

64
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −5x− 6 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

4
) 2)

∞∑
1

bk sin(
kπx

4
)

3)
∞∑
1

ak cos(
kπx

4
) 4) ao

2
+

∞∑
1

ak cos(
kπx

4
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3. Êîýôôèöèåíò a12 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −4x + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(−4x + 5) cos(
12πx

5
) dx 2) 2

5

5∫
0

(−4x + 5) cos(
12πx

5
) dx

3) 1
5

5∫
−5

(−4x + 5) sin(
12πx

5
) dx 4) 2

5

5∫
0

(−4x + 5) sin(
12πx

5
) dx

5) a12 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
8
3
− 12

9
+

16
21
− 20

39
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
7

+
1
11
− 1

11
− 1

21
+

1
19

+
1
39
− 1

31
− 1

65
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)n

4n(n2 + 4n + 4)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(2x + 4

3x + 1

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−4; 0]

−3x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 , x ∈ [0; 3]

−2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−3x− 4

2
)
â ðÿä Ìàêëîðåíà.
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Âàðèàíò 42

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
2
− 13

8
− 17

20
− 21

38
− 25

62
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −4x2 + 6x + 2 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3)
∞∑
1

ak cos(
kπx

4
) 4) ao

2
+

∞∑
1

bk sin(
kπx

4
)

5)
∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −2x + 2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(−2x + 2) sin(
13πx

6
) dx 2) 2

6

6∫
0

(−2x + 2) cos(
13πx

6
) dx

3) 1
6

6∫
−6

(−2x + 2) cos(
13πx

6
) dx 4) 1

6

6∫
−6

(−2x + 2) sin(
13πx

6
) dx

5) b13 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
11
14
− 16

27
+

21
46
− 26

71
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
5

+
1
13
− 1

13
− 1

26
+

1
29

+
1
49
− 1

53
− 1

82
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 2)n

32n · √n3 + 3n + 9
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (2x + 10).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





5 , x ∈ [−3; 0]

2− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 , x ∈ [0; 1]

4− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−4x + 2

3
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 567

Âàðèàíò 43

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
10
− 11

25
− 15

48
− 19

79
− 23

118
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −2x2 − 5 | x | −3 èìååò âèä
1)

∞∑
1

bk sin(
kπx

3
) 2) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3)
∞∑
1

ak cos(
kπx

3
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

5) ao

2
+

∞∑
1

bk sin(
kπx

3
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x2 − 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(−3x2 − 5) sin(
16πx

5
) dx 2) 1

5

5∫
−5

(−3x2 − 5) sin(
16πx

5
) dx

3) 2
5

5∫
0

(−3x2 − 5) cos(
16πx

5
) dx 4) 1

5

5∫
−5

(−3x2 − 5) cos(
16πx

5
) dx

5) a16 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
10
19
− 14

36
+

18
61
− 22

94
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
7
− 1

19
− 1

11
+

1
33

+
1
19
− 1

51
− 1

31
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3− 2x)n(−1)n+1

4n2 + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (2 | x | +15).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





6 + x , x ∈ [−5; 0]

−5 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−4 + x , x ∈ [0; 2]

3 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 5x · e3+2x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
8

+
10
20

+
13
38

+
16
62

+
19
92

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 3 | x | −4 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

2) ao

2
+

∞∑
1

bk sin(
kπx

3
)

3)
∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

ak cos(
kπx

3
)

5)
∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò b14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 5x2 + 1

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(5x2 + 1) sin(
14πx

5
) dx 2) 2

5

5∫
0

(5x2 + 1) cos(
14πx

5
) dx

3) 1
5

5∫
−5

(5x2 + 1) cos(
14πx

5
) dx 4) 1

5

5∫
−5

(5x2 + 1) sin(
14πx

5
) dx

5) b14 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
7
10
− 10

21
+

13
42
− 16

73
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
7
− 1

34
− 1

9
+

1
64

+
1
15
− 1

104
− 1

25
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 2)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (5x2 + 7).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−2; 0]

−3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 + x , x ∈ [0; 1]

−5 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
2x + 3
x + 4

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
12

+
14
22

+
18
36

+
22
54

+
26
76

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −5x | x | èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

2) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

bk sin(
kπx

2
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 3x3 + 2x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b13 = 0 2) 2
6

6∫
0

(3x3 + 2x) sin(
13πx

6
) dx

3) 1
6

6∫
−6

(3x3 + 2x) cos(
13πx

6
) dx 4) 2

6

6∫
0

(3x3 + 2x) cos(
13πx

6
) dx

5) 1
6

6∫
−6

(3x3 + 2x) sin(
13πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
4
3
− 6

12
+

8
29
− 10

54
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
18
− 1

17
− 1

36
+

1
34

+
1
62
− 1

59
− 1

96
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−2x2 − 4
4x2 − 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−3 , x ∈ [−2; 0]

5− x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 , x ∈ [0; 2]

−4− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
−2x− 4
x + 4

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = 0.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
11

+
4
28

+
6
53

+
8
86

+
10
127

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 4x3 − 6x èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2)

∞∑
1

ak cos(
kπx

4
)

3)
∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

bk sin(
kπx

4
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3. Êîýôôèöèåíò a13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −5x3 + 4x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(−5x3 + 4x) sin(
13πx

4
) dx 2) a13 = 0

3) 1
4

4∫
−4

(−5x3 + 4x) cos(
13πx

4
) dx 4) 1

4

4∫
−4

(−5x3 + 4x) sin(
13πx

4
) dx

5) 2
4

4∫
0

(−5x3 + 4x) cos(
13πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
9
17
− 14

29
+

19
45
− 24

65
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
17

+
1
2
− 1

35
− 1

6
+

1
61

+
1
14
− 1

95
− 1

26
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 4)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
4
√

x− 4
−4
√

x + 2
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 + x , x ∈ [−3; 0]

7 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 , x ∈ [0; 3]

−3− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√

2x + 2 â ðÿä Ìàêëîðåíà.
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Âàðèàíò 47

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
4

+
11
16

+
15
38

+
19
70

+
23
112

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(5x2 − 6) èìååò âèä
1)

∞∑
1

ak cos(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 4 | x | +6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a16 = 0 2) 2
3

3∫
0

(4 | x | +6) sin(
16πx

3
) dx

3) 1
3

3∫
−3

(4 | x | +6) cos(
16πx

3
) dx 4) 2

3

3∫
0

(4 | x | +6) cos(
16πx

3
) dx

5) 1
3

3∫
−3

(4 | x | +6) sin(
16πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
17
− 15

37
+

20
67
− 25

107
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
14
− 1

15
− 1

27
+

1
28

+
1
46
− 1

47
− 1

71
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 3)n

(−2)n(n4 + 2n2 + 4)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

2 | x | +11.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3x , x ∈ [−5; 0]

4x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 1]

−3 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−2x− 4

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 3
3
− 8

11
− 13

27
− 18

51
− 23

83
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) =| 3x3 + 5x | +10 èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2)

∞∑
1

bk sin(
kπx

3
)

3) ao

2
+

∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

ak cos(
kπx

3
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè

f(x) = −2 | x | −4 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(−2 | x | −4) cos(
13πx

6
) dx 2) 2

6

6∫
0

(−2 | x | −4) sin(
13πx

6
) dx

3) b13 = 0 4) 2
6

6∫
0

(−2 | x | −4) cos(
13πx

6
) dx

5) 1
6

6∫
−6

(−2 | x | −4) sin(
13πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
10
9
− 14

17
+

18
29
− 22

45
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
5

+
1
13
− 1

18
− 1

30
+

1
41

+
1
55
− 1

74
− 1

88
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 3)2n

16n(3n
√

n + 10
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√−2x + 12.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−2 , x ∈ [−4; 0]

4− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 1]

2 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(5x + 4

3
)
â ðÿä Ìàêëîðåíà.
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Âàðèàíò 49

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
9

+
4
24

+
6
51

+
8
90

+
10
141

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −3x + 1 èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

4)
∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

bk sin(
kπx

3
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = x(5x2 + 1)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a9 = 0 2) 2
4

4∫
0

(x(5x2 + 1)) cos(
9πx

4
) dx

3) 2
4

4∫
0

(x(5x2 + 1)) sin(
9πx

4
) dx 4) 1

4

4∫
−4

(x(5x2 + 1)) sin(
9πx

4
) dx

5) 1
4

4∫
−4

(x(5x2 + 1)) cos(
9πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
11
9
− 13

17
+

15
29
− 17

45
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
10
− 1

34
− 1

22
+

1
62

+
1
44
− 1

100
− 1

76
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n

2n(n2 + 3n + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
3x− 1
−3x + 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2 + x , x ∈ [−5; 0]

4 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 , x ∈ [0; 3]

6− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 5x · e3−2x â ðÿä Ìàêëîðåíà.



574 Ðÿäû

Âàðèàíò 50

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
14

+
8
35

+
12
68

+
16
113

+
20
170

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x2 + 6x + 4 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4)

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò b16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = x(−2x2 + 5) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(x(−2x2 + 5)) cos(
16πx

5
) dx 2) 1

5

5∫
−5

(x(−2x2 + 5)) sin(
16πx

5
) dx

3) b16 = 0 4) 2
5

5∫
0

(x(−2x2 + 5)) cos(
16πx

5
) dx

5) 2
5

5∫
0

(x(−2x2 + 5)) sin(
16πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
7
16
− 9

26
+

11
40
− 13

58
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
17

+
1
12
− 1

32
− 1

26
+

1
55

+
1
46
− 1

86
− 1

72
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 6)n

42n · √n3 + 3n + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−4x + 5
−3x− 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−5; 0]

−4x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 , x ∈ [0; 1]

4− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
−3x + 6
x− 3

â ðÿä Ìàêëîðåíà.



Ðÿäû 575

Âàðèàíò 51

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
11

+
11
21

+
14
35

+
17
53

+
20
75

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 2x2 − 4 | x | +4 èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

3
) 4)

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −3x− 1

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
2

2∫
0

(−3x− 1) sin(
9πx

2
) dx 2) 1

2

2∫
−2

(−3x− 1) cos(
9πx

2
) dx

3) a9 = 0 4) 2
2

2∫
0

(−3x− 1) cos(
9πx

2
) dx

5) 1
2

2∫
−2

(−3x− 1) sin(
9πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
10
5
− 14

9
+

18
17
− 22

29
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
12

+
1
3
− 1

26
− 1

6
+

1
48

+
1
13
− 1

78
− 1

24
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2− 4x)n(−1)n+1

4n2 + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(3x + 1

4x + 1

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





7 , x ∈ [−2; 0]

−2− x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 3]

−5 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 5
√−3x + 3 â ðÿä Ìàêëîðåíà.



576 Ðÿäû

Âàðèàíò 52

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
12

+
13
31

+
17
60

+
21
99

+
25
148

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2 | x | −2 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2)
∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

bk sin(
kπx

5
) 4) ao

2
+

∞∑
1

ak cos(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò b8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 3x− 3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b8 = 0 2) 1
5

5∫
−5

(3x− 3) sin(
8πx

5
) dx

3) 2
5

5∫
0

(3x− 3) cos(
8πx

5
) dx 4) 2

5

5∫
0

(3x− 3) sin(
8πx

5
) dx

5) 1
5

5∫
−5

(3x− 3) cos(
8πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
9
9
− 14

19
+

19
37
− 24

63
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
10
− 1

25
− 1

18
+

1
47

+
1
34
− 1

77
− 1

58
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 6)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (5x + 13).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 + x , x ∈ [−2; 0]

2 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 , x ∈ [0; 3]

−3− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(4x− 3

3
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 577

Âàðèàíò 53

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
12

+
6
24

+
8
42

+
10
66

+
12
96

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −3x | x | èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3)
∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

bk sin(
kπx

2
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 5x2 − 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(5x2 − 6) sin(
11πx

2
) dx 2) a11 = 0

3) 1
2

2∫
−2

(5x2 − 6) cos(
11πx

2
) dx 4) 2

2

2∫
0

(5x2 − 6) cos(
11πx

2
) dx

5) 2
2

2∫
0

(5x2 − 6) sin(
11πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
13
16
− 17

26
+

21
40
− 25

58
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
14
− 1

13
− 1

33
+

1
21

+
1
62
− 1

33
− 1

101
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 4)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (3 | x | +5).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4x , x ∈ [−3; 0]

−3x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 3]

4− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−2x− 3

2
)
â ðÿä Ìàêëîðåíà.



578 Ðÿäû

Âàðèàíò 54

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
5

+
5
17

+
9
39

+
13
71

+
17
113

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −4x3 + 4x èìååò âèä
1)

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

bk sin(
kπx

2
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

ak cos(
kπx

2
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3. Êîýôôèöèåíò b12 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x2 + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(−3x2 + 5) cos(
12πx

5
) dx 2) 2

5

5∫
0

(−3x2 + 5) cos(
12πx

5
) dx

3) 2
5

5∫
0

(−3x2 + 5) sin(
12πx

5
) dx 4) 1

5

5∫
−5

(−3x2 + 5) sin(
12πx

5
) dx

5) b12 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
9
9
− 12

20
+

15
37
− 18

60
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
4

+
1
5
− 1

11
− 1

14
+

1
24

+
1
31
− 1

43
− 1

56
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−3x2 + 8).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 , x ∈ [−4; 0]

3− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 2]

−2 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 4x · e−2+3x â ðÿä Ìàêëîðåíà.



Ðÿäû 579

Âàðèàíò 55

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 3
3

+
6
12

+
9
29

+
12
54

+
15
87

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = x(−4x2 − 6) èìååò âèä
1)

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5) ao

2
+

∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −2x3 + 4x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(−2x3 + 4x) sin(
14πx

5
) dx 2) 2

5

5∫
0

(−2x3 + 4x) cos(
14πx

5
) dx

3) 1
5

5∫
−5

(−2x3 + 4x) cos(
14πx

5
) dx 4) b14 = 0

5) 2
5

5∫
0

(−2x3 + 4x) sin(
14πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
7
9
− 10

26
+

13
53
− 16

90
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
10
− 1

26
− 1

18
+

1
45

+
1
34
− 1

70
− 1

58
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 2)n

(−2)n(n4 + 3n2 + 5)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−2x2 + 2
−4x2 − 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 + x , x ∈ [−2; 0]

−5 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 + x , x ∈ [0; 3]

2 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
4x + 4
x− 3

â ðÿä Ìàêëîðåíà.



580 Ðÿäû

Âàðèàíò 56

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 11
14

+
16
28

+
21
48

+
26
74

+
31
106

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) =| −2x3 + 3x | −5 èìååò âèä
1)

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

bk sin(
kπx

4
)

3)
∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 5x3 − 2x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(5x3 − 2x) sin(
11πx

6
) dx 2) a11 = 0

3) 2
6

6∫
0

(5x3 − 2x) sin(
11πx

6
) dx 4) 2

6

6∫
0

(5x3 − 2x) cos(
11πx

6
) dx

5) 1
6

6∫
−6

(5x3 − 2x) cos(
11πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
9
9
− 14

17
+

19
29
− 24

45
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
13
− 1

20
− 1

25
+

1
42

+
1
41
− 1

74
− 1

61
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)2n

9n(2n
√

n + 7
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
2
√

x + 6
−2
√

x + 1
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3x , x ∈ [−4; 0]

−2x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 3]

2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)4 â ðàçëîæåíèè ôóíêöèè f(x) =
−2x + 3
x + 3

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = −1.



Ðÿäû 581

Âàðèàíò 57

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
15

+
6
32

+
11
57

+
16
90

+
21
131

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 3x + 1 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

6
) 2) ao

2
+

∞∑
1

bk sin(
kπx

6
)

3)
∞∑
1

bk sin(
kπx

6
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

5)
∞∑
1

ak cos(
kπx

6
)

3. Êîýôôèöèåíò a10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 2 | x | −3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a10 = 0 2) 1
4

4∫
−4

(2 | x | −3) cos(
10πx

4
) dx

3) 2
4

4∫
0

(2 | x | −3) cos(
10πx

4
) dx 4) 2

4

4∫
0

(2 | x | −3) sin(
10πx

4
) dx

5) 1
4

4∫
−4

(2 | x | −3) sin(
10πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
7
10
− 9

20
+

11
34
− 13

52
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
14
− 1

25
− 1

25
+

1
41

+
1
40
− 1

61
− 1

59
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 2)n

2n(n2 + 3n + 8)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

5 | x | +6.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 , x ∈ [−2; 0]

5− x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





7 , x ∈ [0; 3]

4− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 3
√−2x + 3 â ðÿä Ìàêëîðåíà.



582 Ðÿäû

Âàðèàíò 58

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
5

+
6
9

+
8
17

+
10
29

+
12
45

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 4x2 + 2x− 2 èìååò âèä
1)

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3) ao

2
+

∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5) ao

2
+

∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 3 | x | −5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(3 | x | −5) cos(
14πx

6
) dx 2) b14 = 0

3) 2
6

6∫
0

(3 | x | −5) sin(
14πx

6
) dx 4) 1

6

6∫
−6

(3 | x | −5) sin(
14πx

6
) dx

5) 2
6

6∫
0

(3 | x | −5) cos(
14πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
10
17
− 12

30
+

14
49
− 16

74
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
10

+
1
15
− 1

27
− 1

31
+

1
54

+
1
55
− 1

91
− 1

87
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 3)n

42n · √n3 + 4n + 7
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

3x + 14.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 + x , x ∈ [−4; 0]

2 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 1]

−3 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(3x− 4

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
9
− 14

22
− 18

41
− 22

66
− 26

97
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 5x2 − 4 | x | +2 èìååò âèä
1)

∞∑
1

bk sin(
kπx

3
) 2)

∞∑
1

ak cos(
kπx

3
)

3) ao

2
+

∞∑
1

ak cos(
kπx

3
) 4) ao

2
+

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = x(−2x2 − 6) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(x(−2x2 − 6)) sin(
9πx

5
) dx 2) 1

5

5∫
−5

(x(−2x2 − 6)) sin(
9πx

5
) dx

3) a9 = 0 4) 2
5

5∫
0

(x(−2x2 − 6)) cos(
9πx

5
) dx

5) 1
5

5∫
−5

(x(−2x2 − 6)) cos(
9πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
11
8
− 14

16
+

17
28
− 20

44
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
11
− 1

19
− 1

18
+

1
36

+
1
31
− 1

59
− 1

50
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(6− 2x)n(−1)n+1

3n2 + 9
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
3x + 3
−3x + 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−3; 0]

−4x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 2]

3 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−2x− 4

3
)
â ðÿä Ìàêëîðåíà.



584 Ðÿäû

Âàðèàíò 60

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
10

+
4
18

+
7
30

+
10
46

+
13
66

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 3 | x | +1 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

bk sin(
kπx

2
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

4) ao

2
+

∞∑
1

ak cos(
kπx

2
)

5)
∞∑
1

ak cos(
kπx

2
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = x(4x2 + 3)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
3

3∫
0

(x(4x2 + 3)) cos(
11πx

3
) dx 2) 2

3

3∫
0

(x(4x2 + 3)) sin(
11πx

3
) dx

3) 1
3

3∫
−3

(x(4x2 + 3)) cos(
11πx

3
) dx 4) 1

3

3∫
−3

(x(4x2 + 3)) sin(
11πx

3
) dx

5) b11 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
10
8
− 12

16
+

14
28
− 16

44
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
4
− 1

27
− 1

9
+

1
51

+
1
20
− 1

83
− 1

37
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 2)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−3x− 2
−3x + 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 , x ∈ [−5; 0]

2− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 , x ∈ [0; 2]

5− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 5x · e3−3x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
2
− 6

11
− 8

28
− 10

53
− 12

86
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2x | x | èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

bk sin(
kπx

5
) 4)

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 3x− 2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(3x− 2) sin(
9πx

2
) dx 2) a9 = 0

3) 2
2

2∫
0

(3x− 2) sin(
9πx

2
) dx 4) 1

2

2∫
−2

(3x− 2) cos(
9πx

2
) dx

5) 2
2

2∫
0

(3x− 2) cos(
9πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
11
13
− 14

33
+

17
63
− 20

103
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
7
− 1

22
− 1

19
+

1
34

+
1
41
− 1

50
− 1

73
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(3x− 4

3x− 2

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





5 + x , x ∈ [−2; 0]

7 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 , x ∈ [0; 1]

−4− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
4x− 3
x− 4

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
5

+
8
12

+
11
25

+
14
44

+
17
69

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 3x3 − 4x èìååò âèä
1)

∞∑
1

bk sin(
kπx

4
) 2) ao

2
+

∞∑
1

ak cos(
kπx

4
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

4
)

5)
∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò b10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 2x− 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(2x− 5) sin(
10πx

6
) dx 2) 2

6

6∫
0

(2x− 5) sin(
10πx

6
) dx

3) b10 = 0 4) 2
6

6∫
0

(2x− 5) cos(
10πx

6
) dx

5) 1
6

6∫
−6

(2x− 5) cos(
10πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
13
− 13

27
+

16
49
− 19

79
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
10
− 1

30
− 1

23
+

1
50

+
1
42
− 1

76
− 1

67
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 3)n

(−4)n(n4 + 2n2 + 5)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (2x + 8).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−4; 0]

4x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 1]

6 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
3x− 2
x− 2

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = 0.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 3
15

+
5
39

+
7
75

+
9

123
+

11
183

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = x(5x2 − 1) èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

4) ao

2
+

∞∑
1

ak cos(
kπx

2
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò a13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 2x2 + 6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(2x2 + 6) sin(
13πx

6
) dx 2) 1

6

6∫
−6

(2x2 + 6) cos(
13πx

6
) dx

3) 2
6

6∫
0

(2x2 + 6) sin(
13πx

6
) dx 4) 2

6

6∫
0

(2x2 + 6) cos(
13πx

6
) dx

5) a13 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
13
15
− 18

27
+

23
45
− 28

69
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
18

+
1
13
− 1

32
− 1

24
+

1
52

+
1
41
− 1

78
− 1

64
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)2n

16n(4n
√

n + 4
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (5 | x | +4).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 + x , x ∈ [−4; 0]

3 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 + x , x ∈ [0; 1]

7 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(3x + 2

4
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
7

+
10
19

+
15
37

+
20
61

+
25
91

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) =| 2x3 − 2x | −4 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

2
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

2
) 4)

∞∑
1

ak cos(
kπx

2
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 4x2 − 3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
3

3∫
0

(4x2 − 3) sin(
11πx

3
) dx 2) b11 = 0

3) 1
3

3∫
−3

(4x2 − 3) cos(
11πx

3
) dx 4) 2

3

3∫
0

(4x2 − 3) cos(
11πx

3
) dx

5) 1
3

3∫
−3

(4x2 − 3) sin(
11πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
10
17
− 14

35
+

18
61
− 22

95
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
15
− 1

27
− 1

26
+

1
49

+
1
43
− 1

79
− 1

66
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 6)n

4n(n2 + 4n + 10)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (2x2 + 7).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4x , x ∈ [−2; 0]

−3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 1]

−4− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(4x + 2

4
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 589

Âàðèàíò 65

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
13

+
5
34

+
8
67

+
11
112

+
14
169

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −2x− 1 èìååò âèä
1)

∞∑
1

bk sin(
kπx

6
) 2) ao

2
+

∞∑
1

ak cos(
kπx

6
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

4)
∞∑
1

ak cos(
kπx

6
)

5) ao

2
+

∞∑
1

bk sin(
kπx

6
)

3. Êîýôôèöèåíò b11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 5x3 − 3x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b11 = 0 2) 1
2

2∫
−2

(5x3 − 3x) sin(
11πx

2
) dx

3) 1
2

2∫
−2

(5x3 − 3x) cos(
11πx

2
) dx 4) 2

2

2∫
0

(5x3 − 3x) sin(
11πx

2
) dx

5) 2
2

2∫
0

(5x3 − 3x) cos(
11πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
6
13
− 9

26
+

12
45
− 15

70
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
16
− 1

29
− 1

31
+

1
50

+
1
52
− 1

77
− 1

79
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 3)n

22n · √n3 + 4n + 5
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
3x2 + 3
−2x2 − 3

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 , x ∈ [−5; 0]

5− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 2]

−4− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 5x · e2−2x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
11

+
15
21

+
20
35

+
25
53

+
30
75

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −3x2 + 4x + 4 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

6
) 2)

∞∑
1

bk sin(
kπx

6
)

3) ao

2
+

∞∑
1

bk sin(
kπx

6
) 4)

∞∑
1

ak cos(
kπx

6
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 4x3 − 5x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(4x3 − 5x) cos(
11πx

6
) dx 2) 1

6

6∫
−6

(4x3 − 5x) sin(
11πx

6
) dx

3) 2
6

6∫
0

(4x3 − 5x) sin(
11πx

6
) dx 4) a11 = 0

5) 1
6

6∫
−6

(4x3 − 5x) cos(
11πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
6
12
− 8

21
+

10
34
− 12

51
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
14

+
1
13
− 1

29
− 1

33
+

1
50

+
1
63
− 1

77
− 1

103
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2− 2x)n(−1)n+1

3n2 + 4
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√

2 | x | +10.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3 + x , x ∈ [−4; 0]

6 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 3]

7 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
4x− 2
x− 2

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
4

+
12
6

+
15
12

+
18
22

+
21
36

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 2x2 + 6 | x | −1 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2)

∞∑
1

ak cos(
kπx

4
)

3)
∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

bk sin(
kπx

4
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3. Êîýôôèöèåíò a10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè

f(x) = −5 | x | −6 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(−5 | x | −6) sin(
10πx

6
) dx 2) a10 = 0

3) 1
6

6∫
−6

(−5 | x | −6) cos(
10πx

6
) dx 4) 2

6

6∫
0

(−5 | x | −6) cos(
10πx

6
) dx

5) 1
6

6∫
−6

(−5 | x | −6) sin(
10πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
11
2
− 13

6
+

15
14
− 17

26
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
14
− 1

20
− 1

27
+

1
38

+
1
46
− 1

62
− 1

71
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 2)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√−4x + 11.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−2; 0]

2x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 2]

6 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)4 â ðàçëîæåíèè ôóíêöèè f(x) =
−3x + 5
x + 3

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = −4.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
10

+
4
26

+
6
50

+
8
82

+
10
122

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 3 | x | +6 èìååò âèä
1)

∞∑
1

bk sin(
kπx

2
) 2) ao

2
+

∞∑
1

bk sin(
kπx

2
)

3)
∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3. Êîýôôèöèåíò b16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = −3 | x | −1 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(−3 | x | −1) sin(
16πx

5
) dx 2) 1

5

5∫
−5

(−3 | x | −1) cos(
16πx

5
) dx

3) 2
5

5∫
0

(−3 | x | −1) cos(
16πx

5
) dx 4) 1

5

5∫
−5

(−3 | x | −1) sin(
16πx

5
) dx

5) b16 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
14
− 14

28
+

18
48
− 22

74
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
20

+
1
4
− 1

40
− 1

16
+

1
70

+
1
38
− 1

110
− 1

70
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 2)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè f(x) =
3x− 3
4x− 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





5 , x ∈ [−3; 0]

3− x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 , x ∈ [0; 3]

−2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 5
√

5x + 4 â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
12

+
12
29

+
16
54

+
20
87

+
24
128

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −3x | x | èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

6
) 2)

∞∑
1

ak cos(
kπx

6
)

3) ao

2
+

∞∑
1

ak cos(
kπx

6
) 4)

∞∑
1

bk sin(
kπx

6
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

3. Êîýôôèöèåíò a12 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(2x2− 6)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(x(2x2 − 6)) cos(
12πx

5
) dx 2) a12 = 0

3) 2
5

5∫
0

(x(2x2 − 6)) sin(
12πx

5
) dx 4) 1

5

5∫
−5

(x(2x2 − 6)) sin(
12πx

5
) dx

5) 2
5

5∫
0

(x(2x2 − 6)) cos(
12πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
6
9
− 8

22
+

10
45
− 12

78
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
13
− 1

29
− 1

22
+

1
48

+
1
35
− 1

73
− 1

52
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√−3x + 6
−3x + 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4 + x , x ∈ [−5; 0]

6 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 3]

3 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(2x + 3

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
12

+
12
29

+
15
56

+
18
93

+
21
140

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −4x3 − 2x èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

4
) 4)

∞∑
1

bk sin(
kπx

4
)

5)
∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = x(3x2 − 3)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
3

3∫
−3

(x(3x2 − 3)) sin(
13πx

3
) dx 2) 2

3

3∫
0

(x(3x2 − 3)) sin(
13πx

3
) dx

3) 2
3

3∫
0

(x(3x2 − 3)) cos(
13πx

3
) dx 4) b13 = 0

5) 1
3

3∫
−3

(x(3x2 − 3)) cos(
13πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
4
8
− 6

20
+

8
42
− 10

74
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
18

+
1
15
− 1

36
− 1

30
+

1
62

+
1
53
− 1

96
− 1

84
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 5)n

(−3)n(n4 + 3n2 + 8)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(5x + 3

2x + 3

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−2; 0]

3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 + x , x ∈ [0; 3]

4 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(3x + 4

3
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
7

+
6
19

+
10
37

+
14
61

+
18
91

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = x(−4x2 + 3) èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

6
) 2)

∞∑
1

ak cos(
kπx

6
)

3)
∞∑
1

bk sin(
kπx

6
) 4) ao

2
+

∞∑
1

ak cos(
kπx

6
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −4x + 4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
3

3∫
−3

(−4x + 4) cos(
16πx

3
) dx 2) 1

3

3∫
−3

(−4x + 4) sin(
16πx

3
) dx

3) 2
3

3∫
0

(−4x + 4) cos(
16πx

3
) dx 4) a16 = 0

5) 2
3

3∫
0

(−4x + 4) sin(
16πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
6
− 13

14
+

16
30
− 19

54
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
10

+
1
17
− 1

18
− 1

28
+

1
34

+
1
43
− 1

58
− 1

62
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 4)2n

16n(3n
√

n + 5
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−3x + 7).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 + x , x ∈ [−5; 0]

−3 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 , x ∈ [0; 1]

6− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 2x · e−2−2x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà −1
16

+
2
34

+
5
60

+
8
94

+
11
136

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) =| −5x3 − 4x | +2 èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2)

∞∑
1

ak cos(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −2x + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(−2x + 5) cos(
9πx

4
) dx 2) b9 = 0

3) 2
4

4∫
0

(−2x + 5) cos(
9πx

4
) dx 4) 1

4

4∫
−4

(−2x + 5) sin(
9πx

4
) dx

5) 2
4

4∫
0

(−2x + 5) sin(
9πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
13
7
− 17

19
+

21
41
− 25

73
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
15

+
1
15
− 1

32
− 1

30
+

1
59

+
1
53
− 1

96
− 1

84
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 2)n

3n(n2 + 2n + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (3 | x | +5).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3x , x ∈ [−5; 0]

−2x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





7 , x ∈ [0; 1]

3− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
−2x− 2
x + 3

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
7

+
6
18

+
8
35

+
10
58

+
12
87

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 3x− 5 èìååò âèä
1)

∞∑
1

ak cos(
kπx

4
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

ak cos(
kπx

4
)

5)
∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 5x2 − 2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(5x2 − 2) cos(
11πx

2
) dx 2) 2

2

2∫
0

(5x2 − 2) sin(
11πx

2
) dx

3) 2
2

2∫
0

(5x2 − 2) cos(
11πx

2
) dx 4) a11 = 0

5) 1
2

2∫
−2

(5x2 − 2) sin(
11πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
14
− 11

22
+

14
34
− 17

50
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
18

+
1
10
− 1

33
− 1

19
+

1
54

+
1
32
− 1

81
− 1

49
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 2)n

22n · √n3 + 3n + 5
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (5x2 + 5).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4 + x , x ∈ [−4; 0]

−2 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =




−2 + x , x ∈ [0; 3]

4 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 5
√−2x + 2 â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
9

+
4
24

+
6
47

+
8
78

+
10
117

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 2x2 + 4x− 1 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

2) ao

2
+

∞∑
1

ak cos(
kπx

2
)

3)
∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

bk sin(
kπx

2
)

5)
∞∑
1

ak cos(
kπx

2
)

3. Êîýôôèöèåíò b16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 2x2 − 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(2x2 − 5) sin(
16πx

6
) dx 2) 2

6

6∫
0

(2x2 − 5) cos(
16πx

6
) dx

3) 1
6

6∫
−6

(2x2 − 5) cos(
16πx

6
) dx 4) b16 = 0

5) 1
6

6∫
−6

(2x2 − 5) sin(
16πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
13
− 12

31
+

14
57
− 16

91
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
9
− 1

22
− 1

18
+

1
45

+
1
31
− 1

78
− 1

48
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(6− 2x)n(−1)n+1

2n2 + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
4x2 − 1
−2x2 + 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2x , x ∈ [−5; 0]

3x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 2]

−4 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(5x + 3

3
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
12

+
8
33

+
11
66

+
14
111

+
17
168

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3x2 + 6 | x | +8 èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò b8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −2x3 + 4x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
3

3∫
0

(−2x3 + 4x) sin(
8πx

3
) dx 2) 1

3

3∫
−3

(−2x3 + 4x) cos(
8πx

3
) dx

3) b8 = 0 4) 2
3

3∫
0

(−2x3 + 4x) cos(
8πx

3
) dx

5) 1
3

3∫
−3

(−2x3 + 4x) sin(
8πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
5
3
− 7

12
+

9
29
− 11

54
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
12
− 1

12
− 1

22
+

1
19

+
1
40
− 1

30
− 1

66
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 4)n(−3)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
−3
√

x + 1
3
√

x + 1
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−4 , x ∈ [−5; 0]

6− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 3]

−2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−2x− 2

4
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
1

+
11
4

+
14
11

+
17
22

+
20
37

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −2 | x | +4 èìååò âèä
1)

∞∑
1

bk sin(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3)
∞∑
1

ak cos(
kπx

3
) 4) ao

2
+

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò a10 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 3x3 − 4x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(3x3 − 4x) sin(
10πx

6
) dx 2) a10 = 0

3) 1
6

6∫
−6

(3x3 − 4x) cos(
10πx

6
) dx 4) 1

6

6∫
−6

(3x3 − 4x) sin(
10πx

6
) dx

5) 2
6

6∫
0

(3x3 − 4x) cos(
10πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
5
8
− 7

11
+

9
18
− 11

29
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
7
− 1

33
− 1

19
+

1
60

+
1
41
− 1

97
− 1

73
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 4)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√
−4 | x | +8.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





5 + x , x ∈ [−3; 0]

−2 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





7 , x ∈ [0; 3]

−4− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 4x · e−2+2x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
13

+
10
34

+
15
67

+
20
112

+
25
169

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −2x | x | èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

bk sin(
kπx

3
)

3) ao

2
+

∞∑
1

ak cos(
kπx

3
) 4)

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3. Êîýôôèöèåíò a14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè

f(x) = −5 | x | +3 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(−5 | x | +3) sin(
14πx

4
) dx 2) 2

4

4∫
0

(−5 | x | +3) cos(
14πx

4
) dx

3) 2
4

4∫
0

(−5 | x | +3) sin(
14πx

4
) dx 4) a14 = 0

5) 1
4

4∫
−4

(−5 | x | +3) cos(
14πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
14
16
− 18

33
+

22
58
− 26

91
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
15
− 1

13
− 1

26
+

1
21

+
1
41
− 1

33
− 1

60
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 4)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√−4x + 7.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2x , x ∈ [−5; 0]

−2x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 + x , x ∈ [0; 3]

−3 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
−2x + 3
x− 3

â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 10
10

+
15
29

+
20
58

+
25
97

+
30
146

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −3x3 + 4x èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

bk sin(
kπx

2
)

3) ao

2
+

∞∑
1

ak cos(
kπx

2
) 4)

∞∑
1

ak cos(
kπx

2
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

3. Êîýôôèöèåíò b15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè

f(x) = −3 | x | +4 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(−3 | x | +4) sin(
15πx

6
) dx 2) 1

6

6∫
−6

(−3 | x | +4) cos(
15πx

6
) dx

3) 2
6

6∫
0

(−3 | x | +4) sin(
15πx

6
) dx 4) b15 = 0

5) 2
6

6∫
0

(−3 | x | +4) cos(
15πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
9
9
− 13

21
+

17
39
− 21

63
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
19

+
1
12
− 1

39
− 1

31
+

1
69

+
1
60
− 1

109
− 1

99
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 4)2n

9n(4n
√

n + 6
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè f(x) =
5x + 1
3x− 3

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 , x ∈ [−2; 0]

−2− x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





3 + x , x ∈ [0; 1]

−4 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
3x + 6
x + 3

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = −4.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
9

+
12
22

+
16
41

+
20
66

+
24
97

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = x(−5x2 − 4) èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3)
∞∑
1

ak cos(
kπx

3
) 4)

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò a9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè

f(x) = x(−5x2 + 1) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(x(−5x2 + 1)) sin(
9πx

6
) dx 2) 1

6

6∫
−6

(x(−5x2 + 1)) cos(
9πx

6
) dx

3) 2
6

6∫
0

(x(−5x2 + 1)) cos(
9πx

6
) dx 4) 1

6

6∫
−6

(x(−5x2 + 1)) sin(
9πx

6
) dx

5) a9 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
15
5
− 20

11
+

25
23
− 30

41
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
5

+
1
7
− 1

14
− 1

15
+

1
31

+
1
31
− 1

56
− 1

55
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x− 4)n

4n(n2 + 2n + 5)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√
2x + 1
−4x− 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2x , x ∈ [−2; 0]

3x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





−2 , x ∈ [0; 3]

3− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 3
√

4x + 2 â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 5
1
− 10

5
− 15

15
− 20

31
− 25

53
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) =| −5x3 − 4x | −2 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

2
) 2)

∞∑
1

bk sin(
kπx

2
)

3) ao

2
+

∞∑
1

ak cos(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5)
∞∑
1

ak cos(
kπx

2
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = x(−4x2 + 1) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(x(−4x2 + 1)) sin(
9πx

5
) dx 2) 1

5

5∫
−5

(x(−4x2 + 1)) cos(
9πx

5
) dx

3) 2
5

5∫
0

(x(−4x2 + 1)) cos(
9πx

5
) dx 4) b9 = 0

5) 2
5

5∫
0

(x(−4x2 + 1)) sin(
9πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
14
17
− 18

33
+

22
57
− 26

89
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
7

+
1
13
− 1

16
− 1

22
+

1
29

+
1
35
− 1

46
− 1

52
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 2)n

32n · √n3 + 4n + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(−2x + 4

−3x + 2

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





7 , x ∈ [−5; 0]

−4− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−2 + x , x ∈ [0; 3]

−5 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(4x− 2

2
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
9

+
12
26

+
15
53

+
18
90

+
21
137

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −5x + 6 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

4
) 2)

∞∑
1

bk sin(
kπx

4
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

4)
∞∑
1

ak cos(
kπx

4
)

5) ao

2
+

∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò a14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 4x− 2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(4x− 2) cos(
14πx

6
) dx 2) 1

6

6∫
−6

(4x− 2) cos(
14πx

6
) dx

3) 2
6

6∫
0

(4x− 2) sin(
14πx

6
) dx 4) 1

6

6∫
−6

(4x− 2) sin(
14πx

6
) dx

5) a14 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
12
18
− 16

35
+

20
60
− 24

93
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
17

+
1
16
− 1

35
− 1

31
+

1
61

+
1
52
− 1

95
− 1

79
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2− 2x)n(−1)n+1

2n2 + 5
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (2x + 8).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 + x , x ∈ [−5; 0]

−5 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 3]

−5 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−3x− 2

4
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
6

+
9
20

+
14
46

+
19
84

+
24
134

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −2x2 + 4x + 5 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

2
) 2)

∞∑
1

ak cos(
kπx

2
)

3) ao

2
+

∞∑
1

bk sin(
kπx

2
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

2
)
)

+ bk sin(
kπx

2
)
)

5)
∞∑
1

bk sin(
kπx

2
)

3. Êîýôôèöèåíò b14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −4x + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(−4x + 5) cos(
14πx

5
) dx 2) b14 = 0

3) 1
5

5∫
−5

(−4x + 5) sin(
14πx

5
) dx 4) 1

5

5∫
−5

(−4x + 5) cos(
14πx

5
) dx

5) 2
5

5∫
0

(−4x + 5) sin(
14πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
6
7
− 10

19
+

14
41
− 18

73
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
5
− 1

35
− 1

13
+

1
64

+
1
29
− 1

103
− 1

53
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n(−2)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (3 | x | +4).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−2; 0]

−4x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 2]

2− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 2x · e2+3x â ðÿä Ìàêëîðåíà.



Ðÿäû 607

Âàðèàíò 83

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
8

+
7
23

+
12
46

+
17
77

+
22
116

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 4x2 + 5 | x | +7 èìååò âèä
1)

∞∑
1

bk sin(
kπx

4
) 2)

∞∑
1

ak cos(
kπx

4
)

3) ao

2
+

∞∑
1

bk sin(
kπx

4
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò a8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2x2 + 5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a8 = 0 2) 1
5

5∫
−5

(2x2 + 5) sin(
8πx

5
) dx

3) 2
5

5∫
0

(2x2 + 5) cos(
8πx

5
) dx 4) 2

5

5∫
0

(2x2 + 5) sin(
8πx

5
) dx

5) 1
5

5∫
−5

(2x2 + 5) cos(
8πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
8
18
− 12

36
+

16
64
− 20

102
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
15
− 1

30
− 1

36
+

1
59

+
1
67
− 1

98
− 1

108
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 5)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (4x2 + 11).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 , x ∈ [−4; 0]

−3− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 , x ∈ [0; 2]

2− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
−4x− 3
x− 3

â ðÿä Ìàêëîðåíà.



608 Ðÿäû

Âàðèàíò 84

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 11
4

+
16
10

+
21
22

+
26
40

+
31
64

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 5 | x | −2 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2)

∞∑
1

bk sin(
kπx

3
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

4)
∞∑
1

ak cos(
kπx

3
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 3x2 + 4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(3x2 + 4) sin(
13πx

4
) dx 2) b13 = 0

3) 1
4

4∫
−4

(3x2 + 4) cos(
13πx

4
) dx 4) 2

4

4∫
0

(3x2 + 4) cos(
13πx

4
) dx

5) 2
4

4∫
0

(3x2 + 4) sin(
13πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
11
16
− 13

34
+

15
62
− 17

100
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
15

+
1
12
− 1

29
− 1

22
+

1
49

+
1
40
− 1

75
− 1

66
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 3)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
2x2 + 1
−3x2 − 2

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





6 + x , x ∈ [−4; 0]

−2 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 2]

−4 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√−4x + 3 â ðÿä Ìàêëîðåíà.



Ðÿäû 609

Âàðèàíò 85

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 4
15

+
7
30

+
10
51

+
13
78

+
16
111

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 3x | x | èìååò âèä
1)

∞∑
1

ak cos(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

3
) 4)

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = 4x3 + 5x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(4x3 + 5x) sin(
9πx

2
) dx 2) 1

2

2∫
−2

(4x3 + 5x) cos(
9πx

2
) dx

3) 2
2

2∫
0

(4x3 + 5x) sin(
9πx

2
) dx 4) b9 = 0

5) 2
2

2∫
0

(4x3 + 5x) cos(
9πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
13
7
− 18

10
+

23
17
− 28

28
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
7

+
1
12
− 1

16
− 1

29
+

1
33

+
1
56
− 1

58
− 1

93
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 4)n

(−3)n(n4 + 2n2 + 4)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
2
√

x + 6
−4
√

x + 1
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−5; 0]

3x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =





6 + x , x ∈ [0; 1]

3 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(2x− 3

2
)
â ðÿä Ìàêëîðåíà.



610 Ðÿäû

Âàðèàíò 86

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
10

+
11
22

+
15
40

+
19
64

+
23
94

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 3x3 − 2x èìååò âèä
1)

∞∑
1

bk sin(
kπx

6
) 2) ao

2
+

∞∑
1

bk sin(
kπx

6
)

3) ao

2
+

∞∑
1

ak cos(
kπx

6
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

5)
∞∑
1

ak cos(
kπx

6
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 5x3 + 3x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
5

5∫
−5

(5x3 + 3x) sin(
11πx

5
) dx 2) 2

5

5∫
0

(5x3 + 3x) sin(
11πx

5
) dx

3) a11 = 0 4) 2
5

5∫
0

(5x3 + 3x) cos(
11πx

5
) dx

5) 1
5

5∫
−5

(5x3 + 3x) cos(
11πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
12
8
− 16

17
+

20
30
− 24

47
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
20

+
1
11
− 1

40
− 1

21
+

1
70

+
1
35
− 1

110
− 1

53
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 5)2n

9n(4n
√

n + 5
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√
−3 | x | +13.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−5 , x ∈ [−4; 0]

5− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





−2 , x ∈ [0; 1]

2− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(4x + 3

4
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 611

Âàðèàíò 87

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 7
3
− 12

10
− 17

25
− 22

48
− 27

79
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = x(−3x2 + 5) èìååò âèä
1)

∞∑
1

bk sin(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3) ao

2
+

∞∑
1

bk sin(
kπx

5
) 4)

∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 3 | x | −5

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
3

3∫
0

(3 | x | −5) cos(
11πx

3
) dx 2) 2

3

3∫
0

(3 | x | −5) sin(
11πx

3
) dx

3) 1
3

3∫
−3

(3 | x | −5) sin(
11πx

3
) dx 4) 1

3

3∫
−3

(3 | x | −5) cos(
11πx

3
) dx

5) a11 = 0
4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
4
13
− 6

26
+

8
49
− 10

82
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
6

+
1
4
− 1

9
− 1

14
+

1
16

+
1
32
− 1

27
− 1

58
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x− 3)n

32n · √n3 + 4n + 5
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√
4x + 7
−3x− 4

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−4 + x , x ∈ [−5; 0]

−5 , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 , x ∈ [0; 3]

−4− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 4x · e−2+3x â ðÿä Ìàêëîðåíà.



612 Ðÿäû

Âàðèàíò 88

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
13

+
5
31

+
9
57

+
13
91

+
17
133

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) =| −2x3 + 7x | +8 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

4
) 2)

∞∑
1

bk sin(
kπx

4
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

4)
∞∑
1

ak cos(
kπx

4
)

5) ao

2
+

∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò b8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 5 | x | −6

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(5 | x | −6) sin(
8πx

5
) dx 2) b8 = 0

3) 2
5

5∫
0

(5 | x | −6) cos(
8πx

5
) dx 4) 1

5

5∫
−5

(5 | x | −6) cos(
8πx

5
) dx

5) 1
5

5∫
−5

(5 | x | −6) sin(
8πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
9
9
− 12

22
+

15
45
− 18

78
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
10

+
1
11
− 1

21
− 1

21
+

1
38

+
1
35
− 1

61
− 1

53
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(5− 4x)n(−1)n+1

3n2 + 4
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(−4x + 2

−2x + 4

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−4; 0]

−4x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





5 + x , x ∈ [0; 3]

−2 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) =
−4x + 2
x + 3

â ðÿä Ìàêëîðåíà.



Ðÿäû 613

Âàðèàíò 89

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
1
− 10

6
− 12

17
− 14

34
− 16

57
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2x + 5 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2)
∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

bk sin(
kπx

5
)

5)
∞∑
1

ak cos(
kπx

5
)

3. Êîýôôèöèåíò a15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = x(3x2− 5)

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a15 = 0 2) 1
6

6∫
−6

(x(3x2 − 5)) sin(
15πx

6
) dx

3) 2
6

6∫
0

(x(3x2 − 5)) sin(
15πx

6
) dx 4) 1

6

6∫
−6

(x(3x2 − 5)) cos(
15πx

6
) dx

5) 2
6

6∫
0

(x(3x2 − 5)) cos(
15πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
11
9
− 16

22
+

21
45
− 26

78
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
4
− 1

20
− 1

8
+

1
38

+
1
16
− 1

62
− 1

28
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 4)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (3x + 4).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





6 , x ∈ [−5; 0]

5− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 1]

4 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
4x + 5
x− 2

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = −1.



614 Ðÿäû

Âàðèàíò 90

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
7

+
10
23

+
14
51

+
18
91

+
22
143

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = −4x2 + 2x− 5 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

2)
∞∑
1

bk sin(
kπx

4
)

3) ao

2
+

∞∑
1

ak cos(
kπx

4
) 4)

∞∑
1

ak cos(
kπx

4
)

5) ao

2
+

∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè

f(x) = x(−2x2 + 5) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b13 = 0 2) 2
3

3∫
0

(x(−2x2 + 5)) cos(
13πx

3
) dx

3) 2
3

3∫
0

(x(−2x2 + 5)) sin(
13πx

3
) dx 4) 1

3

3∫
−3

(x(−2x2 + 5)) cos(
13πx

3
) dx

5) 1
3

3∫
−3

(x(−2x2 + 5)) sin(
13πx

3
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
5
8
− 7

13
+

9
24
− 11

41
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
13

+
1
12
− 1

25
− 1

24
+

1
43

+
1
46
− 1

67
− 1

78
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 4)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−4 | x | +5).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 + x , x ∈ [−4; 0]

6 , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a3 ðàçëîæåíèÿ ôóíêöèèf(x) =





−5 , x ∈ [0; 2]

3− x , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 3
√−3x + 2 â ðÿä Ìàêëîðåíà.



Ðÿäû 615

Âàðèàíò 91

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
3
− 5

8
− 9

19
− 13

36
− 17

59
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = 4x2 + 5 | x | +10 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

6
) 2)

∞∑
1

bk sin(
kπx

6
)

3)
∞∑
1

ak cos(
kπx

6
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

6
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −4x− 3

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
6

6∫
0

(−4x− 3) cos(
16πx

6
) dx 2) 1

6

6∫
−6

(−4x− 3) sin(
16πx

6
) dx

3) a16 = 0 4) 1
6

6∫
−6

(−4x− 3) cos(
16πx

6
) dx

5) 2
6

6∫
0

(−4x− 3) sin(
16πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
15
15
− 20

28
+

25
47
− 30

72
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
9

+
1
9
− 1

19
− 1

26
+

1
33

+
1
53
− 1

51
− 1

90
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 5)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (2x2 + 8).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−4; 0]

−2x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò b5 ðàçëîæåíèÿ ôóíêöèèf(x) =





−5 , x ∈ [0; 1]

−3− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x5 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(3x− 4

2
)
â ðÿä Ìàêëîðåíà.



616 Ðÿäû

Âàðèàíò 92

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
13

+
12
36

+
16
71

+
20
118

+
24
177

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 5 | x | +4 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2)

∞∑
1

ak cos(
kπx

3
)

3) ao

2
+

∞∑
1

ak cos(
kπx

3
) 4)

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3. Êîýôôèöèåíò b15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −3x− 1

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
2

2∫
−2

(−3x− 1) cos(
15πx

2
) dx 2) 2

2

2∫
0

(−3x− 1) cos(
15πx

2
) dx

3) b15 = 0 4) 2
2

2∫
0

(−3x− 1) sin(
15πx

2
) dx

5) 1
2

2∫
−2

(−3x− 1) sin(
15πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
9
6
− 14

17
+

19
38
− 24

69
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
16

+
1
17
− 1

30
− 1

31
+

1
52

+
1
51
− 1

82
− 1

77
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 4)2n

4n(4n
√

n + 7
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
5
√

x + 1
−3
√

x + 2
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−2 , x ∈ [−4; 0]

5− x , x ∈ (0; 4]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 + x , x ∈ [0; 2]

3 , x ∈ (2; 4]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 4].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(−4x− 2

3
)
â ðÿä Ìàêëîðåíà.



Ðÿäû 617

Âàðèàíò 93

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
15

+
6
33

+
11
59

+
16
93

+
21
135

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = −4x | x | èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2)

∞∑
1

ak cos(
kπx

3
)

3)
∞∑
1

bk sin(
kπx

3
) 4) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò a11 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−2; 2] ôóíêöèè f(x) = −2x2 − 4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
2

2∫
0

(−2x2 − 4) sin(
11πx

2
) dx 2) 2

2

2∫
0

(−2x2 − 4) cos(
11πx

2
) dx

3) a11 = 0 4) 1
2

2∫
−2

(−2x2 − 4) cos(
11πx

2
) dx

5) 1
2

2∫
−2

(−2x2 − 4) sin(
11πx

2
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
7
9
− 11

22
+

15
45
− 19

78
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
8

+
1
4
− 1

11
− 1

13
+

1
18

+
1
30
− 1

29
− 1

55
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x + 4)n

2n(n2 + 2n + 5)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√
−4 | x | +15.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a5 + b5 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2 + x , x ∈ [−3; 0]

4 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =




−3 + x , x ∈ [0; 1]

5 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x6 â ðàçëîæåíèè ôóíêöèè

f(x) = 2x · e3+3x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 6
7

+
8
21

+
10
43

+
12
73

+
14
111

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −4x3 + 5x èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

2)
∞∑
1

bk sin(
kπx

5
)

3)
∞∑
1

ak cos(
kπx

5
) 4) ao

2
+

∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò b15 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) = −4x2 + 2

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
6

6∫
−6

(−4x2 + 2) cos(
15πx

6
) dx 2) 2

6

6∫
0

(−4x2 + 2) sin(
15πx

6
) dx

3) b15 = 0 4) 1
6

6∫
−6

(−4x2 + 2) sin(
15πx

6
) dx

5) 2
6

6∫
0

(−4x2 + 2) cos(
15πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
13
2
− 16

7
+

19
18
− 22

35
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
18

+
1
11
− 1

36
− 1

18
+

1
62

+
1
31
− 1

96
− 1

50
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 6)n

32n · √n3 + 3n + 6
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln
√−4x + 15.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−3x , x ∈ [−5; 0]

3x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò a4 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 3]

2− x , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)4 â ðàçëîæåíèè ôóíêöèè f(x) =
3x− 2
x + 2

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = 1.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 2
13

+
6
29

+
10
53

+
14
85

+
18
125

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = x(−5x2 − 3) èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

2)
∞∑
1

ak cos(
kπx

4
)

3) ao

2
+

∞∑
1

bk sin(
kπx

4
) 4)

∞∑
1

bk sin(
kπx

4
)

5) ao

2
+

∞∑
1

ak cos(
kπx

4
)

3. Êîýôôèöèåíò b8 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −5x3 − 4x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) b8 = 0 2) 2
5

5∫
0

(−5x3 − 4x) cos(
8πx

5
) dx

3) 1
5

5∫
−5

(−5x3 − 4x) sin(
8πx

5
) dx 4) 1

5

5∫
−5

(−5x3 − 4x) cos(
8πx

5
) dx

5) 2
5

5∫
0

(−5x3 − 4x) sin(
8πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
10
1
− 15

4
+

20
11
− 25

22
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
19

+
1
17
− 1

40
− 1

35
+

1
71

+
1
63
− 1

112
− 1

101
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 2)n(−4)n

n!
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
5x + 1
−4x + 1

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a4 + b4 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





−3 , x ∈ [−2; 0]

−4− x , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =




−4 + x , x ∈ [0; 3]

−2 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x2 â ðàçëîæåíèè ôóíêöèè

f(x) = 4
√−3x + 5 â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 11
9
− 16

18
− 21

31
− 26

48
− 31

69
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè f(x) =| −4x3 + 7x | −5 èìååò âèä
1) ao

2
+

∞∑
1

(
ak cos(

kπx

6
)
)

+ bk sin(
kπx

6
)
)

2) ao

2
+

∞∑
1

bk sin(
kπx

6
)

3)
∞∑
1

bk sin(
kπx

6
) 4)

∞∑
1

ak cos(
kπx

6
)

5) ao

2
+

∞∑
1

ak cos(
kπx

6
)

3. Êîýôôèöèåíò a16 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −5x3 + 5x

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
5

5∫
0

(−5x3 + 5x) sin(
16πx

5
) dx 2) a16 = 0

3) 2
5

5∫
0

(−5x3 + 5x) cos(
16πx

5
) dx 4) 1

5

5∫
−5

(−5x3 + 5x) sin(
16πx

5
) dx

5) 1
5

5∫
−5

(−5x3 + 5x) cos(
16πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
12
2
− 16

7
+

20
18
− 24

35
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
11

+
1
16
− 1

25
− 1

30
+

1
47

+
1
52
− 1

77
− 1

82
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 4)n · n!
(2n)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = 3

√
5x + 3
−4x− 3

.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





2 + x , x ∈ [−2; 0]

−4 , x ∈ (0; 2]

9. Âû÷èñëèòü êîýôôèöèåíò b4 ðàçëîæåíèÿ ôóíêöèèf(x) =




−2 + x , x ∈ [0; 1]

2 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x3 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 cos
(−4x− 4

4
)
â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 8
2
− 10

11
− 12

28
− 14

53
− 16

86
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−3; 3] ôóíêöèè f(x) = 2x− 2 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

3
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

3
)
)

+ bk sin(
kπx

3
)
)

3)
∞∑
1

ak cos(
kπx

3
) 4)

∞∑
1

bk sin(
kπx

3
)

5) ao

2
+

∞∑
1

ak cos(
kπx

3
)

3. Êîýôôèöèåíò a14 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−6; 6] ôóíêöèè

f(x) = −2 | x | −1 âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a14 = 0 2) 2
6

6∫
0

(−2 | x | −1) cos(
14πx

6
) dx

3) 2
6

6∫
0

(−2 | x | −1) sin(
14πx

6
) dx 4) 1

6

6∫
−6

(−2 | x | −1) cos(
14πx

6
) dx

5) 1
6

6∫
−6

(−2 | x | −1) sin(
14πx

6
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
8
16
− 11

29
+

14
48
− 17

73
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
6

+
1
5
− 1

16
− 1

10
+

1
34

+
1
21
− 1

60
− 1

38
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(3x− 4)n · (−1)nn!
(2n + 1)!!

.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) =
√(−3x + 7

−4x− 1

)3
.

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4x , x ∈ [−3; 0]

−4x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





−3 , x ∈ [0; 1]

5− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 100 sin
(2x + 2

4
)
â ðÿä Ìàêëîðåíà.



622 Ðÿäû

Âàðèàíò 98

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 9
14

+
12
33

+
15
62

+
18
101

+
21
150

+ · · · .
2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = 2x2 + 6x− 5 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

5
) 2)

∞∑
1

bk sin(
kπx

5
)

3) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

4)
∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò b13 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 3 | x | +4

âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 2
4

4∫
0

(3 | x | +4) cos(
13πx

4
) dx 2) 1

4

4∫
−4

(3 | x | +4) sin(
13πx

4
) dx

3) b13 = 0 4) 1
4

4∫
−4

(3 | x | +4) cos(
13πx

4
) dx

5) 2
4

4∫
0

(3 | x | +4) sin(
13πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.05)
8
14
− 10

31
+

12
58
− 14

95
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
4

+
1
13
− 1

11
− 1

30
+

1
24

+
1
57
− 1

43
− 1

94
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(2x + 6)n

(−3)n(n4 + 2n2 + 7)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−2x + 6).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a3 + b3 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





3 , x ∈ [−5; 0]

−3− x , x ∈ (0; 5]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





7 , x ∈ [0; 1]

5− x , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) = 2x · e2+3x â ðÿä Ìàêëîðåíà.
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1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà −1
4
− 1

13
− 3

30
− 5

55
− 7

88
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè f(x) = 5x2 − 2 | x | +7 èìååò âèä
1) ao

2
+

∞∑
1

bk sin(
kπx

4
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

4
)
)

+ bk sin(
kπx

4
)
)

3)
∞∑
1

ak cos(
kπx

4
) 4) ao

2
+

∞∑
1

ak cos(
kπx

4
)

5)
∞∑
1

bk sin(
kπx

4
)

3. Êîýôôèöèåíò a12 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè

f(x) = x(−5x2 + 2) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) a12 = 0 2) 2
5

5∫
0

(x(−5x2 + 2)) cos(
12πx

5
) dx

3) 2
5

5∫
0

(x(−5x2 + 2)) sin(
12πx

5
) dx 4) 1

5

5∫
−5

(x(−5x2 + 2)) sin(
12πx

5
) dx

5) 1
5

5∫
−5

(x(−5x2 + 2)) cos(
12πx

5
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.06)
7
13
− 9

28
+

11
49
− 13

76
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
4

+
1
5
− 1

6
− 1

10
+

1
12

+
1
21
− 1

22
− 1

38
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 3)2n

4n(4n
√

n + 6
√

n)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (4 | x | +10).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =





4 + x , x ∈ [−3; 0]

−2 , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò a5 ðàçëîæåíèÿ ôóíêöèèf(x) =





4 + x , x ∈ [0; 3]

6 , x ∈ (3; 6]
â ðÿä Ôóðüå ïî êîñèíóñàì íà îòðåçêå [0; 6].

10. Íàéòè áåç âû÷èñëåíèÿ ïðîèçâîäíûõ êîýôôèöèåíò ïðè x4 â ðàçëîæåíèè ôóíêöèè

f(x) =
−2x + 2
x + 3

â ðÿä Ìàêëîðåíà.



624 Ðÿäû

Âàðèàíò 100

1. Âû÷èñëèòü ñóììó p + q + c + d + e ôîðìóëû îáùåãî ÷ëåíà an =
pn + q

cn2 + dn + e

÷èñëîâîãî ðÿäà 1
7
− 4

16
− 7

29
− 10

46
− 13

67
+ · · · .

2. Ðàçëîæåíèå â ðÿä Ôóðüå íà îòðåçêå [−5; 5] ôóíêöèè f(x) = −3 | x | +3 èìååò âèä
1) ao

2
+

∞∑
1

ak cos(
kπx

5
) 2) ao

2
+

∞∑
1

(
ak cos(

kπx

5
)
)

+ bk sin(
kπx

5
)
)

3)
∞∑
1

bk sin(
kπx

5
) 4)

∞∑
1

ak cos(
kπx

5
)

5) ao

2
+

∞∑
1

bk sin(
kπx

5
)

3. Êîýôôèöèåíò b9 ðàçëîæåíèÿ â ðÿä Ôóðüå íà îòðåçêå [−4; 4] ôóíêöèè

f(x) = x(−3x2 + 2) âû÷èñëÿåòñÿ ïî ôîðìóëå

1) 1
4

4∫
−4

(x(−3x2 + 2)) cos(
9πx

4
) dx 2) b9 = 0

3) 1
4

4∫
−4

(x(−3x2 + 2)) sin(
9πx

4
) dx 4) 2

4

4∫
0

(x(−3x2 + 2)) cos(
9πx

4
) dx

5) 2
4

4∫
0

(x(−3x2 + 2)) sin(
9πx

4
) dx

4. Îïðåäåëèòü êîëè÷åñòâî ÷ëåíîâ äàííîãî ÷èñëîâîãî ðÿäà, íàõîäÿùèõñÿ âíå ε-îêðåñòíîñòè

òî÷êè x = 0 (ε = 0.04)
10
12
− 13

23
+

16
40
− 19

63
+ ...

5. Âû÷èñëèòü ñóììó äàííîãî ÷èñëîâîãî ðÿäà ñ èñïîëüçîâàíèåì êðèòåðèÿ Ëåéáíèöà

ñ òî÷íîñòüþ íå ìåíåå 10−4

1
5

+
1
5
− 1

15
− 1

7
+

1
33

+
1
13
− 1

59
− 1

23
+ ...

6. Âû÷èñëèòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑

n=1

(4x + 5)n

2n(n2 + 2n + 10)
.

7. Íàéòè äëèíó îáëàñòè ñõîäèìîñòè ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà ôóíêöèè

f(x) = ln (−4x2 + 9).

8. Âû÷èñëèòü ñóììó êîýôôèöèåíòîâ a6 + b6 ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

f(x) =




−2x , x ∈ [−3; 0]

2x , x ∈ (0; 3]

9. Âû÷èñëèòü êîýôôèöèåíò b3 ðàçëîæåíèÿ ôóíêöèèf(x) =





2 + x , x ∈ [0; 1]

6 , x ∈ (1; 2]
â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0; 2].

10. Íàéòè êîýôôèöèåíò ïðè (x− xo)3 â ðàçëîæåíèè ôóíêöèè f(x) =
2x + 2
x− 3

â ðÿä

Òåéëîðà â îêðåñòíîñòè òî÷êè xo = 2.


