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1. Ïîñòðîèòü ëèíèè óðîâíÿ ñëåäóþùèõ ñêàëÿðíûõ
ïîëåé

1.1. ϕ =
√

x2 + y2

1.2. ϕ =
2√

x2 + y2
+ 1

1.3. ϕ = 2x2 + 3y2

1.4. ϕ = 5x2 + 2y2

1.5. ϕ = e−x2−y2

1.6. ϕ = 3xy + 2

1.7. ϕ =
1

xy
1.8. ϕ = 2x + 3y + 4
1.9. ϕ = 3x− 2y + 1
1.10. ϕ = 4y − 3x + 4

1. Ïîñòðîèòü âåêòîðíûå ëèíèè ñëåäóþùèõ
âåêòîðíûõ ïîëåé

1.11. ~a = x~i + y~j
1.12. ~a = 2x~i− y~j
1.13. ~a = −x~i + 2y~j
1.14. ~a = −2x~i− 3y~j
1.15. ~a = 4x~i + 2y~j

1.16. ~a = 3x~i− 2y~j
1.17. ~a = −x~i + 3y~j
1.18. ~a = −2x~i− 5y~j
1.19. ~a = 3x~i + 6y~j
1.20. ~a = 2x~i− 3y~j

2. Âû÷èñëèòü ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ u
ïî íàïðàâëåíèþ îò A ê B

2.1. u = x2yz3,
A(1, 1, 1), B(2, 3, 4)

2.2. u = xy sin(y − z),
A(1, 3, 5), B(5, 6, 5)

2.3. u = x3y2 − yz2,
A(2, 3, 1), B(4, 4, 6)

2.4. u = xexyz,
A(1, 2, 4), B(4, 5, 8)

2.5. u = xy + ln(yz),
A(0, 1, 1), B(2, 1, 2)

2.6. u = xey cos z,
A(1, 0, 0), B(4, 3, 5)

2.7. u =
xy

x + z
,

A(2, 1, 1), B(7, 6, 5)
2.8. u = ln(x + yz2),

A(2, 2, 2), B(1, 3, 5)
2.9. u = x2y + y2z + xz2,

A(3, 2, 1), B(1, 2, 3)

2.10. u =
x− y

y − z
+ xz,

A(3, 3, 3), B(5, 6, 7)
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2.11. u = x tg y + y ctg z,
A(1, 1, 3), B(5, 3, 4)

2.12. u = xz + xy + yz,
A(1, 2, 5), B(9, 8, 7)

2.13. u = x + xy + xyz,
A(3, 3, 3), B(8, 7, 9)

2.14. u = xy(x + y + z)(),
A(0, 0, 0), B(6, 8, 9)

2.15. u = xyz ln(xyz),
A(2, 3, 4), B(5, 6, 7)

2.16. u = x3 + y3 − z3,

A(3, 2, 3), B(6, 5, 7)

2.17. u =
√

x2 + y2 + z2,
A(4, 2, 3), B(6, 5, 4)

2.18. u =
x

y
+

x

z
+,

A(4, 2, 1), B(1, 3, 6)
2.19. u = x tg(y2 + z2),

A(5, 3, 1), B(2, 4, 6)
2.20. u = ex · cos(y2 − z2),

A(4, 2, 5), B(5, 6, 7)

3. Âû÷èñëèòü ïðîñòåéøèì ñïîñîáîì èíòåãðàëû

3.1.
(2;3)∫

(−1;2)

(x + 2)dy + (y − 2)dx

3.2.
(2;4)∫
(0;1)

(x + y)dx− (y − x)dy

3.3.
(1;3)∫

(−1;1)

(x+ y + 2)dx+ (x+ 3)dy

3.4.
(0;2)∫

(−2;0)

(2x− 4)dx− (5− y)dy

3.5.
(2;4)∫

(−2;2)

(2x−y+3)dx−(x−2)dy

3.6.
(3;2)∫

(−1;1)

ydx + (x + y + 1)dy

3.7.
(2;4)∫

(−2;−2)

(3x−y)dx+(2y−x)dy

3.8.
(1;2)∫

(−3;0)

(2y + 1)dx + (2x− 1)dy
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3.9.
(3;1)∫

(−1;−3)

(2x + y)dx +

(2y − x + 3)dy

3.10.
(1;4)∫

(−1;−2)

(4x− 2y)dx +

(3y − 2x)dy
3.11.
(1;2)∫

(0;−2)

(x+y+2)dx+(x+y+5)dy

3.12.
(−1;0)∫

(−4;−2)

(y − x + 1)dx +

(x− y − 1)dy

3.13.
(2;2)∫

(−1;1)

(2 + 3y)dx +

(3x + 5y − 7)dy
3.14.
(0;3)∫

(−3;0)

(6 + y)dx + (x− 2)dy

3.15.
(2;5)∫
(1;3)

(2x− 3)dx + (3y + 4)dy

3.16.
(5;4)∫
(1;0)

(4x− 2y)dx + (6− 2x)dy

3.17.
(3;6)∫
(2;2)

(1 + y)dx + (1 + x)dy

3.18.
(1;5)∫

(−2;−2)

(4+3y)dx+(3x+2y)dy

3.19.
(5;7)∫
(3;3)

(5− y)dx + (2− x− y)dy

3.20.
(4;3)∫
(2;1)

(2 + y)dx + (8 + x− y)dy
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4.Âû÷èñëèòü èíòåãðàëû îò ïîëíûõ
äèôôåðåíöèàëîâ

4.1.
(5;2;2)∫

(1;0;−2)

(x + 1)dx− (y + 2)dy + 3dz

4.2.
(1;0;−2)∫

(−1;−1;0)

3dx + (y + 1)dy − 4dz

4.3.
(2;3;6)∫
(1;1;2)

(2− x)dx + (1 + y)dy + 5dz

4.4.
(2;3;4)∫
(0;1;1)

(x + 3)dx + (y − 4)dy + zdz

4.5.
(5;4;6)∫
(2;4;1)

(2x + y + z)dx + (x + 2y + z)dy + (x + y + 2z)dz

4.6.
(1;2;3)∫
(0;0;0)

(3x2 + 2y2 + 3z)dx + (4xy + 2y− z)dy + (3x− y− 2)dz

4.7.
(1;4;8)∫
(1;1;2)

(
1

y
− z

x2
)dx + (

1

z
− x

y2
)dy + (

1

x
− y

z2
)dz

4.8.
(3;3;6)∫
(2;2;3)

(3x + 2y + z)dx + (2x + 3y + z+)dy + (x + 2y + 3z)dz

4.9.
(3;2;4)∫
(0;1;1)

(x + 2y + 3z)dx + (3x + y + 2z)dy + (2x + 3y + z)dz

4.10.
(2;3;5)∫
(1;2;2)

(x + y − z)dx + (x + y + z)dy + (x− y + z)dz
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4.11.
(3;4;5)∫
(5;4;3)

(x + 2y − 2z)dx + (2x + y − 2z)dy + (2x− 2y + z)dz

4.12.
(2;2;2)∫
(1;1;0)

(x · ex2+y2+z2
)dx + (y · ex2+y2+z2

)dy + (z · ex2+y2+z2
)dz

4.13.
(2;4;3)∫
(1;0;0)

(ln(yz))dx + (x · x
y
)dy + (x · x

z
)dz

4.14.
(2;3;4)∫
(1;1;1)

(yzexyz)dx + (xzexyz)dy + (xyexyz)dz

4.15.
(3;5;7)∫
(2;4;2)

(yz sin(xyz))dx + (xz sin(xyz))dy + (xy sin(xyz))dz

4.16.
(2;2;2)∫
(0;1;1)

(cos(x + yz))dx + (z cos(x + yz))dy + (y cos(x + yz))dz

4.17.
(1;4;7)∫
(3;3;3)

(2xz)dx + (2yz)dy + (x2 + y2)dz

4.18.
(5;4;4)∫
(3;4;3)

(y sin z)dx + (x sin z)dy + (xy cos z)dz

4.19.
(4;4;4)∫
(2;3;1)

(
x√

x2 + y2 − z2
)dx + (

y√
x2 + y2 − z2

)dy −

(
z√

x2 + y2 − z2
)dz

4.20.
(3;4;5)∫
(1;2;1)

(
x + 1

yz
)dx− (

x + 1

y2z
)dy − (

x + 1

yzY 2
)dz
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5. Íàéòè ôóíêöèþ ïî åå ïîëíîìó äèôôåðåíöèàëó

5.1. du = (x4 + 4xy3)dx + (6x2y2 − 5y4)dy

5.2. du =
xdy − ydx

(x− y)2

5.3. du = (3x2y +
1

y
)dx + (x3 − x

y2
)dy

5.4. du = (
x√

x2 + y2
+ y)dx + (

y√
x2 + y2

+ x)dy

5.5. du = xdx + ydy − zdz
5.6. du = yzdx + xzdy + xydz

5.7. du =
xdx + ydy + zdz√

x2 + y2 + z2

5.8. du = 4(x2 − y2)(xdx− ydy)

5.9. du =
(x + 2y)dx + ydy

(x + y)2

5.10. du =
3ydy + 3xdx

x2 + y2

5.11. du = (2x + 3y)dx + (3x− 4y + 2)dy
5.12 du = (2x2 + 2x2y3)dx + (2x3y2 − 9y3)dy
5.13. du = (x + y)(dx + dy)

5.14. du =
ydy − xdx

y2

5.15. du = (x2 − 2xy2 + 3)dx + (y2 − 2x2y + 3)dy
5.16. du = (y + 1)dx + (z − 1)dy + (x + 2)dz
5.17. du = (3x2 + 6xy2)dx + (6x2y + 4y3)dy
5.18. du = (x3 − 3xy2 + 2)dx− (x− 2y2 + 3)dy
5.19. du = (3x2y + y)dx + (x− 2y2 + 3)dy
5.20. du = (cos x + 3x2y)dx + (x3 − y2)dy
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6. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë
âòîðîãî ðîäà ïî êðèâîé L

6.1.
∫
L

(2x + 3y + 4)dx + (4x− 3y + 2)dy, L - ëîìàíàÿ
ABC: A(3, 6), B(3, 0), C(2, 4).

6.2.
∫
L

y2dx + x2dy, L - âåðõíÿÿ ïîëîâèíà ýëëèïñà

x2

4
+

y2

9
= 1, ïðîáåãàåìàÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

6.3.
∫
L

xdx + (y + 3)dy, L - âåðõíÿÿ ïîëîâèíà ýëëèïñà

x2

9
+

y2

4
= 1, ïðîáåãàåìàÿ ïî ÷àñîâîé ñòðåëêå.

6.4.
∫
L

(y + z + 1)dx + (x + y + 2)dy + (x + z + 3)dz,
L : x = 2 cos t, y = 2 sin t, z = 4t, 0 ≤ t ≤ 2π.

6.5.
∫
L

(x2 + y2)dx, L - îêðóæíîñòü x2 + y2 = 9,
ïðîáåãàåìàÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

6.6.
∫
L

(x2 + y2)dy, L - ïðàâàÿ ïîëóîêðóæíîñòü

x2 + y2 = 16, ïðîáåãàåìàÿ ïðîòèâ ÷àñîâîé ñòðåëêè.
6.7.

∫
L

(2x− 3y + 4)dx, L - âåðõíÿÿ ïîëóîêðóæíîñòü

x2 + y2 = 1, ïðîáåãàåìàÿ ïî ÷àñîâîé ñòðåëêå.
6.8.

∫
L

(4x + 5y + 6)dy, L - íèæíÿÿ ïîëóîêðóæíîñòü

x2 + y2 = 4, ïðîáåãàåìàÿ ïî ÷àñîâîé ñòðåëêå.
6.9.

∫
L

(x + y)dx + (x− y)dy, L : - y = x2 îò A(0, 0) äî
B(2, 4).
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6.10.
∫
L

xydx− ydy, L - ïàðàáîëà AB, ñèììåòðè÷íàÿ
îòíîñèòåëüíî Ox, A(4, 0), B(0, 2).

6.11.
∫
L

xdx + xydy, L - ïàðàáîëà AB, ñèììåòðè÷íàÿ
îòíîñèòåëüíî Oy, A(2, 0), B(0, 4).

6.12.
∫
L

(x2 + 4)dy, L - ëîìàíàÿ ABC:
A(1, 1), B(1, 4), C(0, 4).

6.13.
∫
L

(3y − y2 + 1)dx, L - ëîìàíàÿ ABC:
A(1, 2), B(1, 4), C(−2, 1).

6.14.
∫
L

(x + 1)dx + xyzdy + y2zdz, L - îòðåçîê AB:
A(2, 3,−1), B(3,−2, 0).

6.15.
∫

AB

(x2 − 2xy2 + 3)dx + (y2 − 2x2y + 3)dy, AB -

îòðåçîê ïàðàáîëû y = ax2: A(0, 0), B(2, 8).
6.16.

∫
L

(3x + 2y)dy, L - ëîìàíàÿ ABC:
A(4, 1), B(4, 4), C(0, 0).

6.17.
∫
L

(3y3 − 2y2 + 2)dx, L - ëîìàíàÿ ABC:
A(−1, 2), B(3, 4), C(−5, 4).

6.18.
∫
L

(y + 1)dx + (x + y + z)dy + x2zdz, L - îòðåçîê AB:
A(0, 3, 1), B(2,−1, 4).

6.19.
∫

AB

(x2y − xy2 + 1)dx + (y2 − 2xy + 3)dy, AB -

îòðåçîê ïàðàáîëû y = ax2: A(0, 0), B(3, 18).
6.20.

∫
L

(z + 2)dx + xzdy + (yz + 1)dz, L - îòðåçîê AB:
A(−2, 0, 1), B(3, 2, 2).
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7. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ ~a
âäîëü çàìêíóòîãî êîíòóðà L

7.1. ~a = y~i− x~j + z2~k;
L : {x =

√
2 cos t; y =

√
2 sin t; z = 2 sin t}

7.2. ~a = (y − z)~i + (z − x)~j + (x− y)~k;
L : {x = 2 cos t; y = 2 sin t; z = 1− cos t}

7.3. ~a = (y + z)~i + (x + z)~j + (x + y)~k;
L : {x = 4 cos t; y = 4 sin t; z = 4}

7.4. ~a = (x + 1)~i + (y + 2)~j + (z + 3)~k;
L : {x = 3 sin t; y = 3 cos t; z = 1 + sin t}

7.5. ~a = (x2 − y)~i + x~j + ~k; L : {x2 + y2 = 1; z = 1}
7.6. ~a = (x2 − y2)~i + x~j + z~k; L :

{x2 + y2 + z2 = 4; x2 + y2 = 4}
7.7. ~a = x~i + yz~j − x~k; L : {x2 + y2 = 1; x + y + z = 1}
7.8. ~a = xy~i + yz~j + xz~k; L : {x2 + y2 = 9; x + y + z = 1}
7.9. ~a = yz~i + 2xz~j + y2~k;

L : {x2 + y2 + z2 = 25; x2 + y2 = 16(z > 0)}
7.10. ~a = y~i + (1− x)~j − z~k;

L : {x2 + y2 + z2 = 4; x2 + y2 = 1(z > 0)}
7.11. ~a = 4x~i + 2~j − xy~k; L : {z = 2(x2 + y2) + 1; z = 7}
7.12. ~a = (yz + 1)~i + (xz + 2)~j − (x2 − 3)~k;

L : {4x2 + 4y2 − z2 = 0; z = 2}
7.13. ~a = yz~i− xz~j + xy~k; L :

{x2 + y2 + z2 = 4; x2 + y2 = 4}
7.14. ~a = (x + y)~i + (2− x)~j + 4~k;

L : {z = 8− (x2 + y2)/2 + 1; z = 0}
7.15. ~a = −x2y3~i + 4~j + x~k;

L : {x = 2 cos t; y = 2 sin t; z = 4}
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7.16. ~a = y~i− 9x~j + 3x~k;
L : {x = 3 sin t; y = 3 cos t; z = 1− 3 sin t− 3 cos t}

7.17. ~a = (x− z)~i + (y + z)~j + (x + y)~k;
L : {x = sin t; y = cos t; z = 5}

7.18. ~a = (x− 2y)~i + (y − 2x)~j + 2~k;
L : {x = 4 cos t; y = 4 sin t; z = 2}

7.19. ~a = (1 + 2x)~i + (2 + y)~j + (3− z)~k;
L : {x = 2 sin t; y = 2 cos t; z = 2 + cos t}

7.20. ~a = (z − 2x)~i + (y − 2z)~j + ~k;
L : {x = 5 sin t; y = 5 cos t; z = sin t + cos t}

8. Âû÷èñëèòü ðàáîòó ñèëîâîãî ïîëÿ ~F âäîëü
ëèíèè L îò òî÷êè A äî òî÷êè B

8.1. ~F = {x2 + y2; x2 − y}; L : {y = |x|},
A(−1; 1), B(2; 2)

8.2. ~F = {x2 − 2xy; y2 − 2xy}; L : {y = x2},
A(−1; 1), B(1; 1)

8.3. ~F = {2xy; x2}; L : {x2 + y2 = 1}, A(1; 0), B(0; 1)

8.4. ~F = {x2 + 2xy; x2 + y2}; L : {y = x2},
A(0; 0), B(1; 1)

8.5. ~F = {1 + xy2; 1 = x2y}; L : {y = 4− |x|},
A(−2; 2), B(4; 0)

8.6. ~F = {x2 − 2y; y2 − 2x}; L : {y = 2|x| − 2},
A(−1; 0), B(3; 4)

8.7. ~F = {x + y + 1; x− y − xy}; L : {y = x3},
A(−1;−1), B(1; 1)

8.8. ~F = {xy; x2 + y2}; L : {y = 4− x2},
A(−1; 3), B(3;−5)
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8.9. ~F = {x3; x− 3y}; L : {y = 4− 2x}, A(−2; 8), B(2; 0)

8.10. ~F = {3x + 2; 4− y2}; L : {y = sin(πx)},
A(0; 0), B(1; 0)

8.11. ~F = {x− y3; y − x3}; L : {y = 6− 3|x|},
A(0; 6), B(2; 0)

8.12. ~F = {x2− 1; y2 + 1}; L : {y =
√

x}, A(0; 0), B(4; 2)

8.13. ~F = {xy + 1; 1− xy}; L : {y =
√

4− x2},
A(−2; 0), B(0; 2)

8.14. ~F = {x2y; xy2}; L : {y = −√1− x2},
A(−1; 0), B(0;−1)

8.15. ~F = {1 + x + y; xy}; L : {y = x4}, A(0; 0), B(1; 1)

8.16. ~F = {2xy − 1; x− y + 2}; L : {y = x
√

x},
A(0; 0), B(4; 8)

8.17. ~F = {sin(πx) · cos(πy); cos(πx) · sin(πy)};
L : {y = 2x + 4}, A(−1; 2), B(1; 6)

8.18. ~F = {sin π(x + y); sin π(x− y)};
L : {y = 2− x}, A(0; 2), B(0.5; 1.5)

8.19. ~F = {cos π(x− y); cos π(x + y)};
L : {y = 2/x}, A(1; 2), B(2; 1)

8.20. ~F = {ex sin y; ey cos x}; L : {xy = 1},
A(0.5; 2), B(2; 0.5)

9. Âû÷èñëèòü ïîâåðõíîñòíûå èíòåãðàëû âòîðîãî
ðîäà ïî ïîëîæèòåëüíîé ñòîðîíå ïîâåðõíîñòè P

9.1.
∫∫
P

(x + 1)dydz + (y + z)dxdz + (z − 2x)dxdy;
P : {−1 ≤ y ≤ 2; 0 ≤ z ≤ 4; x = 3}
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9.2.
∫∫
P

(x− y)dydz + (y + 2z)dxdz + (x− 3z)dxdy;
P : {−4 ≤ x ≤ −2; 1 ≤ z ≤ 4; y = 2}

9.3.
∫∫
P

(2− x)dydz + (3 + y)dxdz + (4− z)dxdy;
P : {−1 ≤ x ≤ 3; −2 ≤ y ≤ 2; z = 3}

9.4.
∫∫
P

(z − x)dydz + (x + 1)dxdz + (2− y)dxdy;
P : {2 ≤ y ≤ 3; 3 ≤ z ≤ 5; x = 6}

9.5.
∫∫
P

(x + 5)dydz + (x− 2)dxdz + (z − y)dxdy;
P : {3 ≤ y ≤ 5; 1 ≤ z ≤ 5; x = 3}

9.6.
∫∫
P

(z + 2)dydz + (x + 3)dxdz + (y + 4)dxdy;
P : {0 ≤ y ≤ 2; 1 ≤ z ≤ 3; x = 5}

9.7.
∫∫
P

(y − 3)dydz + (z − 2)dxdz + (x− 1)dxdy;
P : {1 ≤ x ≤ 2; 3 ≤ z ≤ 4; y = 8}

9.8.
∫∫
P

(y + 1)dydz + (2− x)dxdz + (z + 3)dxdy;
P : {−3 ≤ x ≤ 3; −2 ≤ y ≤ 2; z = 0}

9.9.
∫∫
P

(x + y + z)dydz + (y + z)dxdz + zdxdy;
P : {2 ≤ y ≤ 4; −4 ≤ z ≤ −2; x = 1}

9.10.∫∫
P

(x− y + z)dydz + (x + y − z)dxdz + (x + y + z)dxdy;
P : {0 ≤ x ≤ 1; 3 ≤ y ≤ 5; z = 0}

9.11.
∫∫
P

(x + 4)dydz + (y + z cos z)dxdz + (z − 2ey)dxdy;
P : {−2 ≤ y ≤ 2; 0 ≤ z ≤ 3; x = 3}

9.12.
∫∫
P

(x4 − 4y)dydz + (y + 2)dxdz + (x2 − z3)dxdy;
P : {−3 ≤ x ≤ −1; 2 ≤ z ≤ 4; y = 2}
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9.13.
∫∫
P

(2x− xy2)dydz + (3x + y5)dxdz + (4− z)dxdy;
P : {−4 ≤ x ≤ 0; −2 ≤ y ≤ 2; z = 3}

9.14.∫∫
P

(y + 1)dydz + (y + z − x2)dxdz + (z − 2x + y)dxdy;
P : {−2 ≤ y ≤ 1; 2 ≤ z ≤ 5; x = 3}

9.15.∫∫
P

(x− y ln y)dydz + (x + z)dxdz + (x− 3z − ey)dxdy;
P : {−5 ≤ x ≤ −2; 0 ≤ z ≤ 2; y = 2}

9.16.
∫∫
P

(2− xyz)dydz + (3 + yz)dxdz + (12 + z)dxdy;
P : {−1 ≤ x ≤ 3; −2 ≤ y ≤ 2; z = 3}

9.17.
∫∫
P

(z + 2)dydz + (y + sin z)dxdz + (z − 2 cos x)dxdy;
P : {−2 ≤ y ≤ 0; 0 ≤ z ≤ 6; x = 3}

9.18.
∫∫
P

(x− y2z)dydz + (2x− z)dxdz + (x− 3yz)dxdy;
P : {−4 ≤ x ≤ −1; 1 ≤ z ≤ 4; y = 2}

9.19.
∫∫
P

(2xy − xz)dydz + (3xz + yz)dxdz + (4− x)dxdy;
P : {−1 ≤ x ≤ 2; −3 ≤ y ≤ 1; z = 3}

9.20.∫∫
P

(x2 − 1)dydz + (x− y + z)dxdz + (z − 2x + 3y)dxdy;
P : {−4 ≤ y ≤ −2; 1 ≤ z ≤ 3; x = 3}
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10. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ ~a ÷åðåç
÷àñòü ïëîñêîñòè P , ðàñïîëîæåííóþ â ïåðâîì

îêòàíòå
(íîðìàëü îáðàçóåò îñòðûé óãîë ñ îñüþ Oz)

10.1. ~a = x~i− y~j + z~k; P :{x+2y+z=2}
10.2. ~a = −2x~i + 3y~j + 4~k; P :{2x+y+z=4}
10.3. ~a = 3x~i + 4~j + 5z~k; P :{2x+y+2z=2}
10.4. ~a = x~i + 5~j + y~k; P :{x+y+3z=3}
10.5. ~a = z~i + 2y~j + 3x~k; P :{x+3y+z=6}
10.6. ~a = y~i− z~j + y~k; P :{2x+4y+z=4}
10.7. ~a = z~i + x~j + z~k; P :{2x+3y+z=6}
10.8. ~a = y~i + y~j + x~k; P :{x+3y+2z=12}
10.9. ~a = 2y~i + 3x~j + 4z~k; P :{3x+2y+4z=12}
10.10. ~a = 3z~i + 2x~j + 3y~k; P :{x+3y+4z=12}
10.11. ~a = 2x~i− 3y~j + 4~k; P :{x+2y+2z=4}
10.12. ~a = 5~i + 2~j + 3z~k; P :{3x+y+3z=91}
10.13. ~a = (1− x)~i + z~j + z~k; P :{2x+2y+z=21}
10.14. ~a = 3~i− y~j − 3z~k; P :{x+3y+5z=15}
10.15. ~a = 3x~i + 4~j − x~k; P :{3x+2y+z=12}
10.16. ~a = −~i + 2y~j + 3x~k; P :{4x+3y+2z=12}
10.17. ~a = y~i + z~j + z~k; P :{3x+3y+z=91}
10.18. ~a = z~i + 4~j + y~k; P :{2x+3y+2z=6}
10.19. ~a = y~i + x~j − z~k; P :{3x+2y+3z=12}
10.20. ~a = 2~i− z~j − y~k; P :{2x+4y+2z=4}
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11. Âû÷èñëèòü ïîâåðõíîñòíûå èíòåãðàëû âòîðîãî
ðîäà ïî ïîëîæèòåëüíîé ñòîðîíå ïîâåðõíîñòè Γ

11.1.
∫∫
Γ

(x + y + 2)dydz + (x− z + 1)dxdz + (z − 2)dxdy;

Γ :{z = 4− x2 − y2; z > 0}
11.2.

∫∫
Γ

(x2 + y2)dydz + (y2 + z2)dxdz + (x2 + z2)dxdy;

Γ :{z =
√

x2 + y2; 0 ≤ z < 1}
11.3.

∫∫
Γ

yzdydz − xdxdz − ydxdy;

Γ :{z2 = x2 + y2; −4 < 0 ≤ 0}
11.4.

∫∫
Γ

(x + 1)dydz + (y + 2)dxdz + (z + 3)dxdy;

Γ :{z = x2 + y2 − 9; −9 ≤ 0 < 0}
11.5.

∫∫
Γ

2xdydz + (1− 2y)dxdz + 2zdxdy;

Γ :{x2 + y2 = 1− 2y =; z = 0; y ≥ 0}
11.6.∫∫

Γ

(x2 + y2)dydz + (y2 + z2)dxdz + (x2 + y2 + z2)dxdy;

Γ :{z = 0; x2 + y2 ≤ 1}
11.7.

∫∫
Γ

xdydz + (x + y)dxdz + (x + y + z)dxdy;
Γ :{∆ABC; A(1; 0; 0), B(0; 2; 0), C(0; 0; 2)}

11.8.
∫∫
Γ

x2dydz + y2dxdz + z2dxdy;

Γ :{y =
√

4− x2 = z2; y > 0}
11.9.

∫∫
Γ

(1− x2)dydz + (1− y2)dxdz + (1− z2)dxdy;

Γ :{z =
√

9− x2 − y2 + 1; z > 1}
11.10.

∫∫
Γ

(x + y)dydz + (y + 6)dxdz + (z + 10)dxdy;

Γ :{x = −
√

16− y2 − z2; x < 0}
17



Âû÷èñëèòü ïîâåðõíîñòíûå èíòåãðàëû âòîðîãî
ðîäà ïî ïîëîæèòåëüíîé ñòîðîíå ïîâåðõíîñòè Γ,

âûðåçàííîé ïëîñêîñòÿìè P1 è P2

11.11.
∫∫
Γ

xdydz + ydxdz + zdxdy;

Γ :{x2 + y2 = 1; P1 : z = 0; P2 : z = 2}
11.12.

∫∫
Γ

xdydz + ydxdz − zdxdy;

Γ :{x2 + y2 = 4; P1 : z = 1; P2 : z = 2}
11.13.

∫∫
Γ

xdydz + ydxdz + (2z − 1)dxdy;

Γ :{x2 + y2 = 3; P1 : z = −1 =; P2 : z = 1 =}
11.14.

∫∫
Γ

xdydz + ydxdz + z3dxdy;

Γ :{x2 + y2 = 2; P1 : z = 0; P2 : z = 1 =}
11.15.

∫∫
Γ

xdydz + ydxdz + xyzdxdy;

Γ :{x2 + y2 = 5; P1 : z = 0; P2 : z = 5}
11.16.

∫∫
Γ

(x + 1)dydz + (y + 2)dxdz + (z − 1)dxdy;

Γ :{x2 + z2 = 4; P1 : y = 1; P2 : y = 3}
11.17.

∫∫
Γ

(x− 1)dydz + (y − 1)dxdz + (z − 1)dxdy;

Γ :{y2 + z2 = 1; P1 : x = 3; P2 : x = 4}
11.18.

∫∫
Γ

(x + 2)dydz + (y − 2)dxdz + (z + 2)dxdy;

Γ :{x2 + z2 = 2; P1 : y = 0; P2 : y = 2}
11.19.

∫∫
Γ

xdydz + (y + 2)dxdz + z2dxdy;

Γ :{x2 + y2 = 3; P1 : z = 1; P2 : z = 3}
11.20.

∫∫
Γ

(x + 3)dydz + (y + 2)dxdz + (z + 1)dxdy;

Γ :{y2 + z2 = 4; P1 : x = 1; P2 : x = 4}
18



12. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ ~a
÷åðåç âíåøíþþ ñòîðîíó çàìêíóòîé ïîâåðõíîñòè Γ

12.1. ~a = (x + z)~i + (x + y)~k; Γ: {x2 + y2 = 9; z = x;
z = 0(z ≥ 0)}

12.2. ~a = 2x~i + z~k; Γ: {z = 3x2 + 2y2 + 1; x2 + y2 = 4;
z = 0}

12.3. ~a = 2x~i + 2y~j + z~k; Γ: {y = x2; y = 4x2;
y = 1(x ≥ 0); z = y; z = 0}

12.4. ~a = 3x~i− z~j; Γ: {z = 6− x2 − y2; z2 = x2 + y2;
(z ≥ 0)}

12.5. ~a = (z + y)~i + y~j − x~k; Γ: {x2 + y2 = 2y; y = 2;}
12.6. ~a = x~i− (x + 2y)~j + y~k;

Γ: {x2 + y2 = 1; z = 0; x + 2y + 3z = 6}
12.7. ~a = 2(z − y)~i + (x− z)~k;

Γ: {x2 + 3y2 + 1 = z; z = 0; x2 + y2 = 1}
12.8. ~a = x~i + z~j − y~k;

Γ: {z = 4− 2(x2 + y2); z = 2(x2 + y2)}
12.9. ~a = z~i− 4y~j + 2x~k; Γ: {z = x2 + y2; z = 1;}
12.10. ~a = 4z~i− 2y~j − z~k;

Γ: {3x + 2y = 12; 3x + y = 6; x + y + z = 6;
y = z = 0}
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Âû÷èñëèòü ïîâåðõíîñòíûå èíòåãðàëû âòîðîãî
ðîäà ÷åðåç âíåøíþþ ñòîðîíó çàìêíóòîé

ïîâåðõíîñòè Γ ñ ïîìîùüþ ôîðìóëû
Îñòðîãðàäñêîãî-Ãàóññà

12.11.
∫∫
Γ

xdydz + ydxdz + zdxdy; Γ :{x2 + y2 + z2 = a2}
12.12.

∫∫
Γ

yzdydz + xzdxdz + xydxdy;

Γ :{x2 + y2 = a2; 0 ≤ z ≤ h}
12.13.

∫∫
Γ

(y − z)dydz + (z − x)dxdz + (x− y)dxdy;

Γ:{x2 + y2 = z2; 0 ≤ z ≤ h}
12.14.

∫∫
Γ

xdydz + ydxdz + zdxdy;

Γ :{z = 1−
√

x2 + y2; 0 ≤ z ≤ 1}
12.15.

∫∫
Γ

ydydz + zdxdz + xdxdy;
Γ :{x + y + z = a; x = 0; y = 0; z = 0}

12.16.
∫∫
Γ

x3dydz + y3dxdz + z3dxdy;

Γ :{x2 + y2 + z2 = a2}
12.17.

∫∫
Γ

x2dydz + y2dxdz + z2dxdy;
Γ :{ïîâåðõíîñòü êóáà 0 ≤ x ≤ a; 0 ≤ y ≤ a; 0 ≤ z ≤ a}

12.18.
∫∫
Γ

x3dydz + y3dxdz + z3dxdy;

Γ :{x2 + y2 + z2 = a2; z = 0}
12.19.

∫∫
Γ

(x + 1)dydz + ydxdz + (z − 1)dxdy;

Γ :{y2 + z2 = 4 x = 0; x = 2}
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12.20.
∫∫
Γ

xdydz + ydxdz + zdxdy;

Γ :{x2 + z2 = 9 y = 1; y = 3}

13. Ïîñòðîèòü ñåìåéñòâî ýêâèïîòåíöèàëüíûõ
ëèíèé ñëåäóþùèõ âåêòîðíûõ ïîëåé

13.1. ~a = x~i + y~j
13.2. ~a = x~i− y~j
13.3. ~a = −x~i + y~j
13.4. ~a = −x~i− y~j

13.5. ~a =
x~i + y~j√
x2 + y2

13.6. ~a =
x~i−~j√
x2 + y2

13.7. ~a =
−~i + y~j√
x2 + y2

13.8. ~a =
−~i−~j√
x2 + y2

13.9. ~a =
x~i + y~j

(x2 + y2)2

13.10 ~a =
x~i−~j

(x2 + y2)2

13.11. ~a = 2~i + 3~j
13.12. ~a = 3~i− 4~j

13.13. ~a = − y

x2
~i +

1

x
~j

13.14. ~a = −1

y
~i− x

y2
~j

13.15. ~a = xy2~i + x2y~j
13.16. ~a = y~i + x~j
13.17. ~a = y~i− x~j
13.18. ~a = 2x~i +~j
13.19. ~a = 3~i + 2y~j
13.20. ~a = 4~i− y~j
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14. Ïðîâåðèòü ïîòåíöèàëüíîñòü ñëåäóþùèõ
âåêòîðíûõ ïîëåé

14.1. ~a = (yz2 − 1)~i + xz2~j + 2xyz~k

14.2. ~a = (x2 + y − z)~i + (xy − xz)~j + x2z~k
14.3.
~a = cos(2y + 3z)~i− 2y sin(2y + 3z)~j + 3z sin(2y + 3z)~k

14.4. ~a = x2~i + y2~j + z2~k
14.5. ~a = yz~i + xz~j + xy~k
14.6. ~a = y2z2~i + (2xyz3 + z2)~j + (3xy2z2 + 2yz + 1)~k
14.7. ~a = (2xy3 + 2xy sin(x2y)~i + (3x2y2 + x2 sin(x2y))~j

14.8. ~a = y2(1− z)~i + 2xy(1− z)~j − (xy2 − 3z2)~k

14.9. ~a = (x2 − xz)~i + (y2 + xz)~j + (z2 − xy)~k

14.10. ~a = xyz~i + x2z~j + xy2~k

Ïðîâåðèòü ñîëåíîèäàëüíîñòü ñëåäóþùèõ
âåêòîðíûõ ïîëåé

14.11. ~a = (x2 − yz + 2)~i− 2xy~j + (yx3 − 1)~k
14.12.
~a = (xy − yz + xz)~i + (yz − xz + xy)~j + (xz − xy + yz)~k

14.13. ~a = x2y~i + y2(z − x)~j + y(x− z2)~k

14.14. ~a = 3x2~i + 2y~j + (x + y + z)~k

14.15. ~a = xy~i− (x + y)~j + z(1− y)~k

14.16. ~a = x2yz~i + 2xyz~j − xz2(1 + y)~k

14.17. ~a = (y2 + z2)~i− (xy + z3)~j + (y2 + xz)~k

14.18. ~a = (x2yz − x3)~i + yx3~j + (x2z − y)~k

14.19. ~a = (xy2 − z)~i + (z − xy)~j + z(x− y2)~k

14.20. ~a = (xy + xz)~i + (xz − xy)~j + xyz~k
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15. Âûïîëíèòü ñëåäóþùèå äèôôåðåíöèàëüíûå
îïåðàöèè âòîðîãî ïîðÿäêà

15.1. ~a = xy~i + yz~j + xz~k; rot rot~a =?
15.2. ~a = xz~i + xy~j + yz~k; rot rot~a =?
15.3. ~a = (x2 + y2)~i + (y2 + z2)~j + (x2 + z2)~k; rot rot~a =?

15.4. ~a = (x2 + z2)~i + (x2 + y2)~j + (y2 + z2)~k; rot rot~a =?

15.5. ~a =
√

xy~i + yz2~j + x2z2~k, rot rot~a =?

15.6. ~a =
√

x− y~i +
√

y − z~j +
√

x− z~k; rot rot~a =?

15.7. ~a =
x

y
~i +

y

z
~j +

x

z
~k; rot rot~a =?

15.8. ~a =
x + y

z
~i +

y + z

x
~j +

x + z

y
~k, rot rot~a =?

15.9. ~a = x2~i + y3~j + z4~k; grad div~a =?
15.10. ~a = (x2 + y3)~i + (y3 + z4)~j + (z4 + x5)~k;

grad div~a =?
15.11. ~a = (x3− y2− z)~i + (y3−x2− z)~j + (z3−x2− y)~k;

grad div~a =?
15.12. ~a = x2y~i + y2z~j + z2x~k; grad div~a =?
15.13. ~a = x~i + xy~j + xyz~k; grad div~a =?

15.14. ~a =
y

x
~i +

z

y
~j +

x

z
~k; grad div~a =?

15.15. ϕ = ln(xy2z3); div gradϕ =?
15.16. ϕ = x sin(y + z)− y cos(y + z); div gradϕ =?

15.17. ϕ = ex2+2y−3z; div gradϕ =?
15.18. ϕ = sin x · cos y · tg z; div gradϕ =?
15.19. ϕ = sin2(2x− 3y + 4z); div gradϕ =?
15.20. ϕ = e2x · tg y · ln z; div gradϕ =?
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